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PREFACE : 


Tue object of the following pages is mainly to set forth the theory 
of the simpler structures so far as it relates to strength, stiffness, and 
stability. The subject is largely based upon statics and the elastic 
properties of material, and has much in common with that called 
Strength of Materials, Consequently I have taken a considerable 
amount of matter in seven chapters out of the first nine, without great 
modification from my earlier book, “ Strength of Materials,” to which 
the present volume forms a companion , 

Worked-out examples form an important feature of the text, and 
are generally essential to obtaining a sound knowledge of. the subject. 
I have not hesitated to use examples which may be called academic, 
because they are simplified to illustrate particular points without un- 
necessary arithmetic complication; this is particularly the case with 
statically indeterminate structures and secondary stresses on which little 
more than the principle is given as an introduction to the larger 
treatises. Students are apt to forget how many stress computations in 
structural design are necessarily of a conventional nature, and the 
attempt bas been made to point out when this is specially the case, 
In some instances more exact estimates have been made to indicate 
the nature and degree of possible error involved by conventional 
assumptions. 

Fairly free use has been made of influence lines, which form such 
clear and instructive means of understanding the stresses arising from 
moving loads. 

‘The practical design of structures involves so much outside of what 
may reasonably be called theory that it can only be thoroughly learned 
in the drawing office, but a few examples have been included to 
illustrate the application of the theory to practice. 

Reinforced concrete structures are becoming so important as to 
demand a complete volume for their treatment, and no attempt has 
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been made to deal with this subject except incidentally as an example 
of a beam of composite cross section. 

I take this opportunity of thanking numerous friends who have 
generously assisted me in reading proofs, preparation of designs or 
diagrams, and checking examples; particularly Messrs, S. W. Budd, 
R. T. McCallum, B.Sc, and W. N. Thomas, B.Sc, I also thank 
Sir Wm. Arrol & Co., Ltd., Messrs. Dorman Long & Co., Ltd., and 
Messrs. R. A. Skelton & Co., for the use of tables, diagrams, and 
technical information; and Mr. H. S. Prichard for much information 
regarding American practice relating to the treatment of live loads, 

I should be grateful for intimation of any errors which readers may 
observe in the book. 

ARTHUR MORLEY. 


UwrvzssrrY Corrzas, 
NOTTINGHAM. 


April, 191%. 








CONTENTS 


, CHAPTER 1 


Y STRESS AND STRAIN 


Strem—Strain—Elastic limits—Elastic constants—Resolution of stress— 
Ellipse of stress—Circle of stress—Principal planes and stresses— Principal 
оа ее са заа лш жЕ Ө ел, э S ЭИ 


y CHAPTER II 
WORKING STRESSES 


Elasticity—Ductile strains—Ultimate and elastic strength—Factor of safety— 
Mechanical properties—Effects of temperature—Resilience—Live loade— 
Impact stresses—Fatigue of metals—Experiments of Wóhler and others— 


Working loads and stremes-—Tables of properties « & . « . . . 26-63 


M. CHAPTER III 
STATICS 


Graphical statics—Bow's Notation—Funicular or link polygon Conditions of 
equilibrium-—Moments from funicular polygon—Moments, centroids, and 


moments of inertia—Momental ellipse. » + » ee ee 6493 
ó 
CHAPTER IV bs. 
BENDING MOMENTS AND SHEARING FORCES Ж 


Straining actions—Shearing fc and bending moments—Diagrams— Actual 
and effective span—Use of funicular polygon Relation bawwece Асы 
moment and shearing force» ss 6 es se ee ee 94-114 





viii CONTENTS 


J. CHAPTER V 


А STRESSES IN BEAMS NS 


Theory of bending—Simple and other bending—Modulus of section—Steel 
sections—Castiron girders—Reinforced concrete beams—Unsymmetrical 
bending — Uniform strength — Distribution of shear stress— Principal 


ЕАУ ае улс», Жаа. +5 а ie" aM ROT 


E CHAPTER VI 
MOVING LOADS 


Maximum shearing forces and bending moment—Various cases—Maximam 
pressure on supporti—Equivalent uniformly distributed load— Conventional 
Ioads-—Infiuence lines for solid beams and for trusses. . » + + + 158-190 


Ji CHAPTER VII 
d DEFLECTION OF BEAMS 


Relations of curvature, slope, and deflection— Various cases—Propped beams— 
Deflection and slope from bending-moment diagrams—Other graphical 
methods—Beams of varying cross-section . s e e + 6 в н а 091-22) 


ү CHAPTER VIII 
A ELASTICITY OF BEAMS (continued) 


Built-in beams—Effect of end fixture—Symmetrical and unsymmetrical loading— 
Continuous beams—Theorem of three moments— Wilson's method— 
Resilience of beams—Deflection due to shear . + + « + « . 228—266 


ar. у CHAPTER IX 
DIRECT AND BENDING STRESSES 
Combined bending and direct stress—Eecentric loads—S-Polygon—Pillars, 
columns, stanchions, struts—Euler's theory—Rankine's and other formulae 
—Built-up stanchions and struts—Proportions of lattice bars—Eccentric 
loads on Iong columns—Struts and tie rods with lateral loads—Bending 
сонро а аар os c+ нл a.u m n MUT E 


MT 





CONTENTS ix 


A CHAPTER X 
FRAMED STRUCTURES =,“ 
Frames, perfect and imperfect—Roofs and roof trusses, chief types—Braced 


girders, chief types—Dead loads on roofe—Wind loads—Dead loads on 
bridges—Moving loads—Incidence and distribution of loads on framed 


LL MT 


A 


g CHAPTER XI 
STRESSES IN FRAMES |“ 
Stress dingrams and examples—Simple roof design—Principle of super- 


position—Method of resolution—Method of sections—Stresses from co- 
efiicients—Some special framed girders. . . » © o o © « «335-358 


/ 


= 


CHAPTER XII . 
MOVING LOAD STRESSES IN FRAMES 
Stresses due to roiling loads— Chord stresses— Web stresses— Conventional and 


exact methods for parallel and for curved chord types—Stresses in counter- 
braces—Stress in wind bracing» + e e e'e s e s + + 359-372 


Ё 


CHAPTER XIII 
SELECTED TYPICAL FRAMED STRUCTURES 


Cantilever bridges types, influence lines, and methods—Two-span swing- 
^00 bridges— Rim-bearing swing-bridge—Draced piers—Space frames . . 373-398 


y 
CHAPTER XIV 


a Enon AND INDETERMINATE FRAMES ^ : 
ры perfect frames, arithmetical and geometrical methods—Statically 
indeterminate structures—Method 


of deformations—Other methods—Stress " 
due to charges in length—Continuous framed girders . e e e 2 393-412 








x CONTENTS 


CHAPTER XV 
SOME INDETERMINATE COMBINATIONS 


"Trussed beams—Simple braced sheds and portals with various types of fixture— 
Stanchions with cross beams—Effect of distributed side loads—Wind 
stresses in complex structures—Applications to steel buildings— Vertical 
loads on rectangular frames—Secondary stresses . e + + 2 + + 413-444 


р 





CHAPTER XVI 
‘ FRAME MEMBERS AND STRUCTURAL CONNECTIONS 


Determination of sectional areas—Forms of sections—Riveted joints—Group- 
ing of rivets—Design for N or Pratt girder—Pin joints—Beam and 
stanchion connections—Anchorage of stanchions . . + « + + + 445-463 


CHAPTER XVII X 

PLATE GIRDERS AND BRIDGES 
Types and proportions Curtailment of flange plates—Flange splices—Web 
stresses and. stiffeners—Pitch of tivets— Web splices—Plate girder deck 


bridge—Plate girder through bridge—Bridge floors and bearings—Skew 
Вама ара ЕНИН О. Тенеси анте аба 


CHAPTER XVIII 
SUSPENSION BRIDGES AND METAL ARCHES P f 


Hanging cable—Simple suspension bridge—Stiffened suspension bridges 
‘Three-hinged stiffening girder—Two-hinged stiffening girder—Tempera- 
ture stresses in stiffening girders—Stiffened cables—Metal arched rib— 
‘Three-hinged spandrel-braced arch—Flexural deformation of curved rib 
Arched rib hinge at ends— Temperature stresses in two-hinged rib 
‘Two-hinged spandrel-braced arch—Arched rib fixed at ends— Temperature. 
stresses in fixed rib e o p o s о n 488-528 


CHAPTER XIX у ү, 


EARTH PRESSURE, FOUNDATIONS, MASONRY STRUCTURES 


Earth pressure, Rankine's theory, graphical constructions— Wedge theories— 
Resistance and stability of masonry, brickwork, etc.— Foundations 





м. 


CONTENTS 


Footings—Grillage foyndations—Resistance of retaining walls— Masonry. 
dams—Masonry arches—Winkler’s criterion—Fuller’s_ device—Elastic 
o I E DE MM MM MEI 


Arrenprx I, CIRCULAR DIAGRAM OF STRESS, TABLE OF PROPERTIES 557-565 


APPENDIX II, DIMENSIONS AND PROPERTIES OF BRITISH STANDARD 
E 2:771 


MATHEMATICAL TABLES s o s s 4 € © + «© 6 + n n + 576-580 
ANSWERS TO EXAMPLES. . ‚ . o s soos o o o a = 582-588 


DDE o o o o oce o savno ona a pó o ano а а 589-504 


LIST OF PLATES 


nate racina paar 
1. DETAILS OF ROOFS SHOWN IN FIG, 2014. . s s s e s s + 338 


IL Design ron N ов Рклтт Ginper BRIDGE . . . . 0. . . . 446 
II. Deck PLATE GIRDER BRIDGE . o s s s © sss s on. 466 


IV. PLATE GIRDER THROUGH BRIDGE, , . 4 + « e. e 4 « 474 





CENTRAL APCHAEOLOGICAL 
LIBSARY. 


THEORY OF STRUCTURES 


CHAPTER I 


STRESS AND STRAIN 
1, Introduotory—The subject generally known as the Theory of 
Structures or Mechanics of Structures includes the study of the forces 
carried by structures and by the individual members of structures, It 
is largely an application of the subject of statics, but frequently the 
complexity of a structure or the uncertainty of the conditions of 
loading prevent anything like an exact mathematical analysis of the 
stresses, and assumptions have to be made which it is necessary to test 
by experiment and practical experience. It is important to realise the 
limits of much of our theory and the extent to which stress computations 
are frequently quite conventional rather than representing an actual 
physical state; eg. the maximum intensity of stress in a flat bar 
EA PURE anoto miinaa limits if the bar is perforated 
by a'single hole. 
^ The mechanics of structures is fundamental to structural design, 
but successful design involves commercial questions, such as cost and 
durability, which are not treated as theory, and which cannot well 
be taken into account except as the result of practical experience, 
The “Theory of Structures” is closely related to the subject of 
. the, “Strength of Materials" and any boundary between the two is 
“hecessarily an arbitrary one. “Strength of Materials” has been 
treated in a separate volume, but to make this book serviceable to the 
reader who is concerned with structures only and not with machines, 
` sufficient of the theory of stresses and strains in single pieces has been 
included to make it complete in itself. 
^` 9. Stress. —The equal and opposite action and reaction which take 
Bare between two bodies, or two parts of the same body, transmitting 
forces constitute a stress. If we imagine a body which transmits a 
force to be divided into two parts by an ideal surface, and interaction 
takes place across this surface, the material there is said to be stressed 
or in a state of stress. The constituent forces, and therefore the stress 
itself, are distributed over the separating surface either uniformly or in 
Some other manner. The intensity of the stress at a surface, generally 
referred to with less exactness as merely the stress, is estimated by the 


B 





2 THEORY OF STRUCTURES (Cu 2 
force transmitted per unit of area in the case of uniform distribution 3 
if the distribution is not uniform, the stress intensity at a point in the 
surface must be looked upon as the limit of the ratio of units of force 
to units of area when each is decreased indefinitely. The intensity 
of stress is also sometimes called the unit stress. 

3. Simple Stresses.— There are two specially simple states of stress 
which may exist within a body. More complex stresses may be split 
into component parts. 

- (1) Tensile stress between two parts of a body exists when each 


draws the other towards itself The simplest example of material 
~ subject to tensile 


x stress is that of 
a tie-bar sustain- 


the pull on the 
Fic. 1, tie-bar- is. say 
х P lbs, and we 


consider any imaginary plane of section X perpendicular to the axis 
of the bar, of area a square inches, dividing the bar into two parts 
A and B (Fig. 1), the material at the section X is under a tensile 
stress, The portion B, say, exerts a pull on the portion A which just 
balances P, and is therefore equal and opposite to it, The average 
force exerted per square inch of section is 
P 

Zw 

and this value 3 із the mean intensity of tensile stress at this section, 


(2) Compressive stress between two parts of a body exists when 
аў each pushes the other 


from it. 
P If a bar (Fig. 2) 
еы ы ез» „зыны 
of P tons at each end, 
at a transverse section 


ЛЕ X of area a square 
inches, dividing the bar into two parts A and B, the material is under 
compressive stress. The portion A, Say, exerts a push on the portion 
B equal and opposite to that on the far end of B, The average forée 
per square inch of section is x 

P 
?=, s 

and this value ? is the mean intensity of compressive stress at the 

section X, к 
Shear stress exists between two parts of a body in contact when the 
two parts exert equal and opposite forces on ea other laterally in a 
direction tangential to their surface of contact. As an example, there is 
A shear stress at the section XY of a pin‘or rivet (Fig. 3) when the two 
which it holds together sustain a pull P in the plane of the section 
É If the area of section XY is a square inches, and the pull is P 


| 


ART. 5] STRESS AND STRAIN 3 
tons, the total shear at the section XY is P tons, and the average force 
^ per square inch is $ 
fhe 
This value g is the mean intensity of shear stress at the section XY, 


4 Strain,—Strain is the alteration of shape or dimensions resulting 


ffom stress. | 
(1) Tensile strain is the stretch, and often results from a pull which 


Causes a con TS 





dition of tensile 
stress to be set 
up. Itisinthe P. - 
direction of the 
tensile stress, 
and is measured 
by the fractional 
elongation. Thus, if a length 7 units is increased to 4 4- 8l, the strain is 

& 

1 


The strain is obviously equal numerically to the stretch per unit of 









Fic, 3. 


length, 

(2) Compressive strain is the contraction which is often due to 
compressive stress, and is measured: by the ratio of the contraction to 
the original length. If a length 7 contracts to / — 82, the compressive 
strain is 

a 
7 » 
Tensile stress causes a contraction perpendicular to its own direction, 
and compressive stress causes an elongation perpendicular to its own 
4 


direction. 

(3) Distortional or shear strain is the angular displacement pro- 
duced by shear stress. If a piece of material be subjected to a pure 
shear stress in a certain plane, the change in inclination (estimated in 
radians) between the plane and a line originally perpendicular to it, is 
the numerical measure of the resulting shear strain (see Art. ro). 

5. Elastic Limits. "The limits of stress for a given material within 
which the resulting strain completely disappears after the removal of 
the stress are called the elastic limits, If a stress beyond an elastic 
limit is applied, part of the resulting strain remains after the removal 
of the stress; such a residual strain is called a permanent set. The 
determination of an elastic limit will evidently depend upon the detec- 
tion of the smallest Possible permanent set, and gives a lower stress 
when instruments of great precision are employed than with eruder- 
methods. In some materials the time allowed for strain to develop or 
to disappear will affect the result obtained. 

Elastic strain is that produced by stress within the limits of elasticity; 


`феф À 
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but the same term is often applied to the portion of strain which dis- 
appears with the removal of stress even when the elastic limits have 
been exceeded. 

-Hookés Law states that within the elastic limits the strain produced 
is proportional to the stress producing it, The law refers to all kinds 
of stress. 

This law is not exactly true for all materials, but is approximately 
so for many. 

% 8, Modulus of Elasticity.—Assuming the truth of Hooke's Law, 
we may write 

inténsity of stress cc strain 
or stress intensity = strain x constant 


The constant in this equation is called the modulus or coefficient 
of elasticity, and will vary with the kind of stress and strain contem- 
plated, there being for each kind of stress a different kind of modulus. 
Since the strain is measured as a mere number, and has no dimensions 
of length, time, or force, the constant is a quantity of the same kind as 
a stress intensity, deing measured in units of force per unit of area, 
such as pounds or tons per square inch. We might define the modulus. 
„of elasticity as the intensity of stress which would cause unit strain, 
if the material continued to follow the same law outside the elastic 
limits as within them, or as the intensity of stress per unit of strain. 

7. Components of Oblique Stresses.—When the stress across any 
given surface in a material is neither normal nor tangential to that 

surface, we may 
conveniently re- 
solve it into rect- 
angular compo- 
nents, normal to 
the surface and 
tangential to it. 
The normal 
stresses aré ten- 
sile or compres- 
s sive according to 
their directions, and the tangential components are shear stresses, 

A simple example will illustrate the method of resolution of stress, 
It a parallel bar of cross-section a square inches be subjected to a pull 


of P tons, the intensity of tensile stress 2 is P in the direction of the . 
length of the bar, or, in other words, normal to a surface, AB (Fig. 4), 
perpendicular to the line of pull. 

Let 5, and f, be the component stress intensities, normal and 
tangential respectively, to a surface, CD, which makes an angle 0 with 
the surface AB. Resolving the whole force P normal to CD, the 


component is 





во. 4 


Р. = Р соз 6 
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and the area of the surface CD is a sec 6, hence 


Pcos@_P 

bn = Fee 4 009 0= P cos 9 
and resolving along CD, the tangential component of the whole 
force is 

P, 2 P sin " 
po Pneu =? sin 6 cos @ = p sin @ cos 6, or? sin 20 

Evidently 2, reaches a maximum value 4p when 6 = 45°, so that all 
surfaces, curved or plane, inclined 45° to AB (and therefore also to 
the axis of pull) are subjected to maximum shear stress, In testing 
materials in tension or compression, it often happens that fracture takes 
place by shearing at surfaces inclined at angles other than 9o? to the 


axis of pull. 
ExAMPLE,—The material of a tie-bar has a uniform tensile stress 


of 5 tons per square inch. What is the intensity of shear stress on a 
plane the normal of which is inclined 40° to the axis of the bar? 
What is the intensity of normal stress on this plane, and what is the 


resultant intensity of stress? 
Considering a portion of the bar, the section of which is 1 square 


inch normal to the axis, the pull is 5 tons. The area on which this load 
is spread on a plane inclined 40° to the perpendicular cross-section is 
(x. X sec 40°) square inch 
and the amount of force resolved parallel to this oblique surface is 
(5 X sin 40°) tons 
Bence ths intensity Of seme: stress is 
5 sin 40° + sec 40° = 5 sin 40° cos 40° = 5 X 0°6428 X 0°7660 
= 2۰462 tons per square inch 
The force normal to this oblique surface is 5 cos 40°, hence the 
intensity of normal stress is 
5 cos 40° + sec 40° = 5 С05 40° = 5 X 0°766 X 0°766 
= 2'933 tons per square inch 
‘The resultant stress is in the direction of the axis of the bar, and its 
t ity is 
5 + sec 40° =5 cos 40° = 383 tons per square inch 

8. Complementary Shear Stressed. State of Simple Shear.—A 
shear stress in a given direction cannot exist without a shear 
stress of equal intensity in a direction at right angles to it. 

If we consider an infinitely small! rectangular block, ABC of 
material (Figs 9) 5) under shear stress of intensity g, we cannot hay ve 
equilibrium with merely equal and opposite tangential forces on the 

% ааыа ЗЕ И 
produce a couple. 
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> 
parallel pair of faces AB and CD: these forces constitute a couple, 
and alone exert a turning moment. Statical considerations of 
equilibrium show that in this case no additional system of forces can 
balance the couple and produce the equilibrium unless they result 


1 


В — с 











D‏ و 
Fio. $. Fic. 6.‏ 
in a couple contrary to the previous one ; hence there must be tangential‏ 
components along AD and CB, such as to balance the moments of‏ 
the forces on AC and CD whether there are in addition normal forces‏ 
ornot. If there is a tangential stress exerting force along AD and CB‏ 
(Fig. 6), and its intensity be g’, and the thickness of the block ABCD‏ 
i to the figure be /, the forces on AB, BC, CD, and DA are‏ 
AB./.g, BC./.d, CD.4.4, and DA.7.g‏ 
respectively, and equating the moments of the two couples produced‏ 
AB./.¢ x BC = BC./.¢ x AB‏ 
hence g=¢‏ 
"That is, the intensities of shearing stresses across two planes at right‏ 
angles are equal; this will remain true whatever normal stresses may‏ 
act, or, in other words, whether g and 7‏ 4 
B C ^ are component or resultant stresses on the‏ 
perpendicular planes.‏ 
Simple Shear.—The state of stress shown‏ 
in Fig. 6, where there are only the shear‏ 
ql stresses of equal intensity g, is called simple‏ 
shear. To find the stress existing in other‏ 7 
special directions, take a small block ABCD‏ 
(Fig. 7), the sides of the square face ABCD‏ 
being each s and the length of the block‏ 
A TT RD perpendicular to the figure being 4 Con-‏ 
вог, чаша 0 cuum of the piece BCD,‏ 
resolve the forces g perpendicularly to the‏ " 
diagonal BD, and we must bave a force‏ 





Е 


2.0.7.105 45° ог2 a 


acting on the face BD, > 
The area of BD is BD x /= / 2.5.2 E 
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Therefore, if 2, is the intensity of normal stress on the face BD, 


PX 3.4 m m uud 


hence ћһ= 
and 2, is evidently compressive, 

Similarly the intensity of fensile stress on a plane AC is evidently 
equal numerically to g. 

Further by resolving along BD or AC the intensity of the tangential 
stress on such planes is evidently zero, Hence a state of simple shear 
produces pure tensile and compressive stresses across planes inclined 
45° to those of pure shear, and the intensities of these direct stresses 
are cach equal to the intensities of the pure shear stress. 

„ 9, Three Important Elastic Constants,—Three moduli of elasticity 
(Art. 6) corresponding to three simple states of stress are important. 

Young's Modulus, also called the Stretch or Direct Modulus, is the 
Modulus of Elasticity for pure tension with no other stress acting; it 
bas in most materials practically the same value for compression ; it is 
always denoted by the letter E. This direct modulus of elasticity is 
equal to the tensile (or compressive) stress per unit of linear strain 
(Art. 6). Ifa tensile stress ? tons per square inch cause a tensile strain 
¢ (Art, 4), intensity of tensile stress = tensile strain x E 


or p=exE 
2 _ tensile stress intensity 

fone e САЙДЫН stralh 
and is expressed in the same units (tons per square inch here) as the 
stress 2. 

“The value of E for steel or wrought iron is about 13,000 tons per 
square inch. 

ExAMPLE r.—fFind the elongation in a steel tie-bar ro feet long 
and r'5 inches diameter, due to a pull of ra tons. 


Area of section = 1'5 X 1'5 X 07854 — 1767 square inch 
Stress intensity — е = 6°79 tons per square inch 

679 

13,000 

6'79 3 i * 
15,000 X 10 X 12 2 070627 inch 





Strain — 





Elongation = 
' 

EXAMPLE 2.—A copper and a steel wire, both exactly the same 
length, the former o'r and the latter o'2 square inches in cross-sectional 
area, are joined together at their ends and are then stretched by a force, 
W. Find the tension taken by each wire, taking E as 6000 for copper 
and 13,000 for steel in tons per square inch. 

The essential fact is that the stretch of the two wires myst be "he 
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same, Let P be the pull in the steel; then W — P is the pull borne by 
the copper. Then, if Z = length of both wires x 


it str P 
Stretch of the steel = 7x ES = 7 x rx 16599 


f EE 
Stretch of the copper = ¢ x = doo 


Equating the two stretches 


See 
367 6 
hence P=}W and W-P=3W 


10, Modulus of Rigidity, Modulus of Transverse Elasticity, or 
Shearing Modulus, is the modulus expressing’ the relation between the 
intensity of shear stress and the amount of shear strain. It is denoted 
by the letter N, also sometimes by C or G. If the shearing strain 
(Art. 4) is $ (radians) due to a shear stress of intensity g tons per 
square inch, then 

shear stress = shear strain X N 
or g=oxN 
shear stress 


i 1 
# N (tons per square in.) = hear E 


The value of N for steel is about 3 of the value of E. 
Strains in Simple Shear.—A square face,"ABCD (Fig. 8), of a piece 
of material under simple shear stress, as in Art. 8, will suffer a strain 


n— — B B c i 


о 
а) 
D 
_ Fic, 8. Fic. 9 
such as is indicated, by taking thë new shape AB'C'D', For expressing 
the strain it is slightly more convenient to consider the side AD, say, 
fixed, and the new shape accordingly, as in Fig. g, AB"C"D. The 
strains being extremely small quantities, the straight line BB" practically 
coincides with an arc Struck with centre A, and a line CE deve per- 
pendicular to AC" is substantially the same as an arc centred at Ay 
"The shear strain (Art. 4) $ radians is (Fig 9) 
Heec. 
AB Ср” 


and is equal to y, as above. 
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The elongation of the diagonal AC is equal to EC", and the linear 
strain is 


I 

EC' CC x2. ,.CC* # 

АС” Сох: СО H4: 
That is, the in in this direction is numerically half the amount of the 
shear strain. Similarly, the strain along the direction BD is }¢, but 
dimensions in this direction are shortened. These are the strains 
huens UU AD MERE LTD Cm S d 
across di: planes, as in Art. 8, by the shear stresses. Note that the 
strain along AC is nof simply 2s, because in addition to the tensile stress 


, there is a compressive stress of equal intensity at right angles to it. 

11, Bulk Modulus is that corresponding to the volumetric strain 
resulting from three mutually perpendicular and equal direct stresses, 
such as the slight reduction in bulk a body suffers, for example, 
when immersed in a liquid under pressure: this modulus is generally 
denoted by the letter K. 

If the intensities of the equal normal stresses are each 2, 

$ = volumetrie stain = Зале in volume 

"The volumetric strain is three times the accompanying linear strain, 

for if we consider a cube of side a strained so that each side becomes 


at da, 
where Ba is very small, the linear strain is 3 


"The volumetric change is (a + 8a)! — &*, or * заа 
to the first order of small quantities, The strain then is 


gaa L, ba 
а r: 





which is three times the linear strain S, or in other words, the linear 
strain is one-third of the volumetric strain. 

12. Poisson's Ratio—Direct stress produces a strain in its own 
direction and an opposite kind of strain in every direction perpendicular 
to its own. Thus a tie-bar under tensile stress extends longitudinally 
and contracts laterally. Within the elastic limits the ratio 

lateral strain 
longitudinal strain 
generally denoted by ~, is a constant for a given material. ‘The value 
` 
of т is usually from 3 to 4, the ratio Z being about for many metals. 
‘This ratio, which was formerly suggested as being for all materials }, is 
known as Poisson's Ratio. ва 
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13. Relations between the Elastic Constants.—Some relations ` 


between the above quantities E, N, K, and m may be simply deduced. 
The strain of the diagonal of a square block of material in simple 


shear of intensity g or P was (Art. ro) found to be i$ whichby Art. 8 
may be replaced by d where f is the intensity of the equal and 


opposite direct stresses across diagonal planes. 

"The resulting direct stress p (Art. 8) in the direction of a diagonal 
would, if acting alone, cause a strain ^ in the direction of that diagonal, 
and the opposite kind of direct stress in the direction of the diagonal 
perpendicular to the fürst would, acting alone, cause a similar kind 
of strain to the above one, amounting toL f in the direction of 


the first-mentioned diagonal. 
Hence, the total strain of the diagonal is 


eio 


o psu Aree, 
or BaN(r+2) o. в) 


Note that if m = 4, БЕП 


Again, consider a cube of material under a direct normal stress 2, 
say compressive, in each of the three perpendicular directions parallel 
to its edges (Fig. x0). Each edge is shortened by the action of the 
forces parallel to that edge, and the amount of such strain is 


Again each edge is lengthened by the action of the two pairs of 
£ forces perpendicular to that edge 
and the amount of such strain is 
12 
XE 
The total linear strain of each 
edge is then 
№, 2 
f - z 
and the volumetric strain is there- 
fore 


sh- å) an 





ae 
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which is also by definition 


Vs 


where K is the bulk modulus, 
ae SENT Se 
E= 3K(r-3) SE Eos salle Aha) 
Hence from (1) and (2) 
к=зн(т+Д)=зк(1- 5) 


Eliminating E, this gives i 


1: 3K-2N 
m~6K+2N cott o 
also, eliminating m, 
9KN 
E=}: jm mw oor O 


14 Compound Stresses.— When a body is under the action of 
several forces which cause wholly normal or wholly tangential stresses 
across different planes in known directions, we may find the state of 
stress across other planes by adding algebraically the various tangential 
components and the components normal to such planes, and combining 
the sums according to the rules of statics. 

Principal Planes.—Planes through a point within a material such 
that the resultant stress across them is wholly a normal stress are called 
Principal Planes, and the normal stresses across them are called the 
Principal Stresses at that point: the direction of the principal stresses 
are called the axes of stress. 

However complex the state of stress at a point within a body, there 
always exist three mutually dicular principal planes, and stresses 
at that point may be resol wholly into the three corresponding 
normal stresses: further, the stress intensity across one of these 
principal planes is, at the point, greater than in any other direction, 
and another of the principal stresses is less than the stress in any 


other direction. 
In many practical cases there is a plane perpendicular to which 
there is practically no stress, or in other words, the princi 


P 
stresses across two y icular planes and no stress 
across the plane li to both of them, it is required to find 
to that plane across 


the stress across any oblique is 
4 
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which there is no stress. Іеї д, апі , be the given stress intensities 
normal to the mutually perpendicular planes, say in directions OX and 
OY. If, and 

û, vary along the 
directions OX 
and OY, we might 
consider the 
equilibrium of an 
indefinitely small 
element of ma- 
terial. If not, 
however, we may 
take a piece such 
as EGFH (Fig. 
11), of unit thick- 
ness perpendicu- 
Flo. ı1. lar to the figure. 

. Our problem is 

to find the magnitude and direction of the resultant stress on a plane 
face EF, inclined 8 to all planes which are perpendicular to the axis 
OX, or the normal ON of which is inclined 6 to OX, (7 — 6) to OY 


and in the plane of the figure, perpendicular to which the stress 
is mi. The stresses 2, and 2, are here shown alike, but for unlike 
stresses the problem is not seriously altered. 

"The whole normal force on the face FG is P, — 2, x FG, the area 
being FG x unity. 

The wholly normal force on EG is P, = , x EG. 

Let 5, and f, be the normal and tangential stress intensities respec- 
tively on the face EF reckoned positive in the directions ON and OF. 
‘Then considering the equilibrium of the wedge EGF, resolving forces 
in the direction ON, 

7. x EF = P, cos 6+ P, cos (Z — 0) 
— f. FG.cos 0 4 2, EG. sin 6 





4 
. dividing by EF 1 
Ф. = paco" 0 +p, sin 0 ..... (0 
Resolving in direction OF 
RS BE Retin 6 = Be 
dividing by EF = û, . FG. sin Û — û,. EG .cos 0 
f= (A. —#) دنھ‎ 6 E 
If 6 = 45°, the shear stress intensity Я 
و‎ 
a 


and is a maximum. 


а Ай дь 
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Across the same plane the direct (tensile) stress intensity is 
pa = pa cost 45° + pu sint 45° =E Ae 
Combining (x) and (a), if 2 is the intensity of the resultant stress, 
since the two forces P, and P, are equal to the rectangular components 
of the force û xX EF, . 
p.EF = /Р#+Р/' 
= /(p.. FG) + (p,- EGY 
= EF соз? 0 + 9,* sin’ 
ټول دم‎ FA sine NAFA .. (3) 
and since the component forces in directions OX and OY on unit area 
of the plane EF are f, cos 6 and 2, sin 6, A evidently makes an angle e 
with OX such that » 


une cA баа yt) 


And f makes an angle B with the plane EF, across which it acts, such 
that 


ba og 20080 +f, sin’ 
tan B=" ог (р, cos 8 sin 8 =cotġ . . (5) 
where ¢ is the angle which the resultant stress makes with the normal 
to the plane EF. 
‘EXAMPie.—Find the plane across which the resultant stress is most 
inclined to the normal. 
Let be the maximum inclination to the normal. Then 
—f,) cos 0 sin · 
tan g = Bt = me © 


When ¢ is a maximum, tan ¢ is a maximum, and 
tan $) =0 


Therefore, differentiating and dividing out common factors, 1 
(A cos* 0 + p, sin? 6) cos 20 - (д, — у) зїп б соз х sin 20 = о 
fa COS 28 + û, sin 20 = o 


ч‏ (۶ +7( د cot y=‏ د کے = 9ر ما 
2+4 = 
Fe‏ 
Substituting this value of @ in equation (6) we get‏ 


4) cos $ 
unb tgp ded) FA FR 


` 
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PIELII 

hence "bur Y BC (8) 
pfe Pr 

or in$eb e rer tre tio 


Equation (9) gives the maximum inclination to the normal, and 
equation (7) gives the inclination of the normal to the axis of the direct 


stress A, 
Unlike Stresses.—1f the two given stresses f, and P, are unlike, say 
Ф. tensile and , compressive, we have the slight modifications 
Pa =f. cos" 0 — A, sin" 0 (tensile) 
317 (F1) sin 0 cos 6 = (9.+2,) sin 20 
These results 
might be obtain- 
ed just as before, 
but using Fig. 12. 
The maximum 
Shear is again 
when 6 — 45^, and 
its value is ” 
PS 
2 
In the special case 
of unlike stresses, 


where f, and 2, 
are numerically 





equal, the valued for 6 =45” are 
pae b ey up, 


Р. = о 

These correspond exactly with the case of pure shear in Art. 8. 

16. Ellipse of Stress,—In the last article we supposed two principal 
stresses f, and , given, and the third to be zero, i4. no stress per- 

i to Figs. rr and r2. In this case, using the same notation 
and like stresses, the direction and magnitude of the resultant stress on 
any plane can easily be found ically by the following means. 

‘Describe, with O as centre (Fig. 13), two circles, CQD and ARB, 
their radii being proportional to  , and 4, respectively. Draw O! 
normal to the interface EF (Art. 15) to meet the larger circle in Q 
and the smaller in R. Draw QN perpendicular to OX and RP per- 
pendicular to OY to meet QN in P. Then OP represents the resultant 
stress both in magnitude of intensity and in direction. The locus of 
P for various values of 6, i.e. for different oblique interfaces, is evidently 
an ellipse, for the co-ordinate ON along OX is 


OQ cos@ or p, cos 
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and PN, the co-ordinate along OY, is 
OR sin 8 or й, зіп 6 





Fic. 13.—Ellipse of stress. 
The axes of the ellipse are the axes of stress (Art. 14). 


Also that an a= о E ECL 


is obvious from the figure. 
In the second case where, say, y is negative and 2, is positive, OP 





"M 
(Fig. 14) will represent the 
tan a is negative and f is obvi 
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ExAMPLE.—A piece of,material is subjected to tensile stresses ot 
6 tons per square inch, and 3 tons per square inch, at right angles to 
each other. Find fully the stresses on a plane, the normal of which 
makes an angle of 30° with the 6-ton stress. 
The intensity of normal stress on such a plane is 
Bn = 6 cost 30° + 5 sin* 30° 
=6х2+3х1= 414$ = 5} tons per square inch 
And the intensity of tangential stress is 
2, = 6 sin 30° cos 30° — 3 sin 30° cos 30° 
=3xįx E = 3553 — 1:299 tons per square inch 


‘The resultant stress then has an intensity, 
(2) : Jen - pd = 5°41 tons per sq. in. 
and makes an angle a with the direction of the 6-ton stress, such that 
pe 
tan a = fom tan 30° = 0'288 
which is the tangent of 16? 4'. 

This is the angle which the resultant stress makes with the 6-ton 
stress, It makes, with the normal to the plane across which it acts, an 
angle 

go? — 16° 4! = 13° 56’ 4 
To check this, the cotangent of the angle the resultant stress makes 
with the normal, or the tangent of that it 
makes with the plane, is 





fe S35 م ے‎ 
Misi) os 


which is tangent of 76° 4', and therefore 
the cotangent of 13° 56’ 

17. Circle of Stress.—In the particular 
cases when the principal stress intensities 
û, and û, are of equal magnitude the ellipse 
of stress evidently becomes a circle (see 
Fig. 15). And if the principal stresses 

Fro. 15.—Circle of stress, are of the same sign the resultant stress 

‘ on any and every oblique plane EF per- 
pendicular to the figure, is normal to that plane. If the stress 2, is of 
opposite sign to 2, the resultant stress is in the direction OP. 

Cases of unequal principal stress may be treated by the circle 
of stress by writing Г 

© ..... ميو 


e emt e (а) 
м клад идет 
Lg ditt deem e шы р ушш At 6h ad 18 
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Every unit area of the face EF is then subject to equal like 
normal stresses ^ Pr and to equal and opposite normal stresses 


fe-s, The resultant of the two like stresses -ÈA (Fig, 16) isa 


leo 


s 
A LL en 





te 


le 
F10. 16.—Circles of stress, 
normal stress of magnitude ZA shown at OP. The resultant of 


the two unlike stresses 4Z, is of magnitude — /* inclined 20 to 
the normal to EF, as shown at OP. "These two stresses represented 
by OP and O'P' may then be geo- Р 

metrically added as shown in Fig. 
17, where the vector aû of length 


ath represents OP (Fig. 16). 
and be of length 4, — Py represents 
2 


ОР. The resultant is ae, and all 
the results of Art. 15 may easily be 
deduced from the trigonometrical о, 17.—Resultant by vectors. 


solution of the triangle ac, eg. 
# oraf = alî + hê — aab. bc cos 20 
£O, A RAT ~ PY 4 UA + $.) (2: ~2,) coe 20 
f=} 241 + cos 26) + 12,2 (1 — соз 20) 
Ет суе а зена (а 


“э nent with (5) Art T$ ple given in Art 25 follows par 
larly say by tis mood, ferie Fig. x7 the eagle ot (cr 4) 
. 
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is to be a maximum. If the fixed length ad be set off in any 
direction (Fig. 18) to represent 2-Р 
and a circle of radius representing 2 
be described about 4 as centre, the side 
ac which meets the circle is evidently 
еН most inclined to a when ac is tangent 
1G. 18.— Most oblique re to the circle, £e, when ac and à are at 

right angles. Then from the right-angled 


triangle adc it follows clearly that 








26 = $ + [as in (7) Art 15 see enge (a) 





8 be تق‎ 
Also that ва фа рр, 0 (9) Art 5 +s (5) 
‘fp _1—sing 
and hence жуй» "esse. (9 
a result used in the theory of earth 


pressure. 

18. Principal Stresses.— When bodies are subjected to known 
stresses in certain directions, and these are not all wholly normal stresses, 
the stresses on various planes may be found by the methods of the two 
previous articles, provided we first find the principal planes and principal 
stresses (see Art. 14). It is also often important in itself, in such cases, 
to find the principal stresses, as one of these is, as previously stated, the 
greatest stress to which the material is subjected. We proceed to find 
principal stresses and planes in a few simple, two-dimensional cases 
where the stress perpendicular to the figure is mil. : 

As a very simple example, we have found in Art. 8 that the two 
shear stresses of equal intensity, on two mutually perpendicular 
with no stress on planes perpendicular to the other two, give principal 
stresses of intensity equal to that of the shear stresses, on planes inclined 
to the two perpendicular planes to which the pure shear stresses are 
tangential. 

As a second example, let there be, on mutually perpendicular planes, 
normal stresses, one of intensity ^, and the other of intensity A, in 
addition to the two equal shear stresses of intensity g, as in Fig. 19, 
which represents a rectangular block of the material unit thickness per- 
pendicular to the plane of the figure, across all planes parallel to which 
there is no stress; we may imagine the block so small that the variation 
of stress intensity over any plane section is negligible. The stresses Aj, 
f» and g may be looked upon as independent known stresses arising 
from several different kinds of external straining actions, or as rectangular 
components, normal and tangential (Art. 7), into which oblique stresses, 
on the faces perpendicular to the figure, have been resolved. 

It is required to know the direction of the principal planes and the 
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intensity of the (normal) principal stresses upon them. Fig. rg тергс- 
sents the given normal stresses as tensions: the work is practically the 


‘same in the case of compressive stresses, or if one stress be compressive 
and the other tensile, 


БИИ в 
= hr M 
= Be ж 
E а 
Ри 2 


БЕРП, Калел 


Ет. 19, Fio. 20. 
Let Ø be the inclination of one principal plane to the face BC. 
Then an interface, AB, is a principal plane, and the stress ¢ upon it is 
wholly normal to AB. Consider the equilibrium of a wedge, ABC 
(Figs. 19 and 20), cut off by such a plane, 
‘Resolving forces parallel to AC 
4. AB x cos 2 4. BC +g. AC 
=% . AB cos 6 +9. AB sin 9 


hence (2 — 4) cos 0 — 2 sin 6 i 
B-h-$4unÓ. . . 2 ee (0) 
Resolving parallel to BC 
2. AB x sin û = f. AC +g. BC 
= fy. AB sin 6 + gAB cos 6 


- in 6 = 6 
Ini zs qr IRA EO 


Subtracting equation (1) from equation (2) 
A Am (eot 6 — tan 0) = ب‎ 
Mer ttn 
0 lee (з) 
angle may be found, 


From which two values of 6 differing by a right le 
іе. the inclinations to BC of two principal planes which are mutually 


سف 


perpendicular. 
Further, multiplying (1) by (2) w 


ооё < 
تم‎ T (P—A^)-o 

PE EEE 9 
E =A +A) + = 
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These two values of û are the values of the (normal) stress intensities 

on the two principal planes. The larger value (where the upper sign is 

taken) will be the stress intensity on 

TAE such a plane as AB (Figs. r9 and 20), 

Je and will be of the same sign as /, and 

#2; the smaller value, say #, will be that 

on such a plane as ED (Figs. 19 and 21) 

perpendicular to AB, and will be of 

g opposite sign to 7, and 4, if * is greater 
than 


|, 22» 

The planes on which there are maxi- 
mum shear stresses are inclined 45° to 
the principal planes found, and the 
maximum intensity of shear stress is (Art. 15) 


ЁР РРР РААТ 


"The modifications necessary in (3) and (4), if /, or ^, is of negative 
sign, are obvious. If, say, f» is zero, the results from substituting this 
value in (3) and (4) are simple. This special case is of sufücient 
importance to be worth setting out briefly by itself in the next article 
instead of deducing it from the more general case. 

19. Principal Planes and Stresses when complementary shear 
stresses are accompanied by a normal stress on the plane of one 
shear stress.—Fig. 22 shows the forces on a rectanglar block, GHCF, 
of unit thickness perpendicular to the figure, and o indefinitely small 
dimensions parallel to the figure, unless the stresses are uniform. 

@ be the inclination of a principal plane AB to the plane BC, which 
has normal stress of intensity ^ and a shear stress of intensity g acting 
on it, and let ^ be the intensity of the wholly normal stress on AB. 


Fic. 21. 





1 
اا‎ ES 8 
eer — 
S — Р 
Р, Pi Ean 
4 ا‎ E. 
-— ыы P 
Sr جو‎ 
A 
Е ? 
7 7 
Fic. 22, Fic. 23. 


. The face FC has only the shear stress of intensity g acting tangentially 


to it. 
Consider the equilibrium of the wedge ABC; resolving the fo 
parallel to AC (Figs. 42 and 23) : ind 
3. See also Art. 194 on Circular Stress Diagram in Appendix I. 


бламы 


абы Алба аайы 
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$. AB X cos 6 — A. BC 4- g. AC 
=A AB cos Ø + g. AB sin 8 





(2 — 4) cos 0 
(А) аа ате ао (0) 
Resolving parallel to BC 
B. AB.sin 0 2 4. ВС = 9. АВ соѕ 0 
О. 
Substituting for tan 6 in (1) 
Q-2-5 
P-pp-P=o 
ЫЕ) 
and the values of ô may be found by substituting these values of # 
in (2). The two values differ by a right angle, the principal planes 
being at right angles, AB (Fig. 23) shows a principal plane of greatest 
stress corresponding to 
р.= з + УМ + {* 


Е / 
and ED (Fig. 24) shows the other А / 
principal plane on which the normal —45— Het 
Stress is —n 
P-iA- ip . Fio. a. 

of opposite sign to f. 

‘The planes of greatest shear stress are (Art, 15) those inclined 45° 
to the principal planes, and the intensity of shear stress upon them is 


tifa TEP. 00...00 


ExaMPLE.At a point in material under stress the intensity of 
the resultant stress on a certain plane is 4 tons per square inch (tensile) 
inclined 30° to the normal of that plane. The stress on a plane at 
right angles to this has a normal tensile component of intensity 2} tons 
per square inch. Find fully (1) the resultant stress on the second plane, 
(2) the principal planes and stresses. 

(x) On the first plane the tangential stress is 

g= 4 sin 30° 3 tons per square inch 

Hence on the second plane the tangential stress 1s 3 tons per 

square inch (Art. 8). And the resultant stress is 


p= 95" + 2? = 44 4a = 3°2 tons per square inch 
(a) The intensity of stress normal to the first plane is 
4 cos 30° = 3'464 tons per square inch 





22 THEORY OF STRUCTURES (Cz. 1. 


Hence the principal stresses are (Art, 18 (5)) 
= $464 E25, у 
2 

= 2982 + М023 +4 

= 2:982 + 2°06 
= $042 tons per square inch tension and o'922 ton 

per squate inch tension. 

If 6 be the angle made by a principal plane with the first-mentit 
plane, by Art. 18 (3), 





опей 





2X2 2.4. 24 
tan 20 = 576, — r$ c9 4749 
20 = 76° 27' 
0 = 38° 135, 


he principal planes and stresses are then one plane inclined 

38? 135 to the first given plane, and having a tensile stress 5'042 tons ` 
r square inch across it, and a second at right angles to the other 
or inclined 51° 46's’ to the first given plane, and having a tensile stress 
0'922 ton per square 


J inch across it. The 
‘planes are shown in 
ig. 2 


5. 
20. Principal 
. Strains.—lIn a bar of 

material within limits 
—z%, of perfect elasticity « 
(say tensile) stress in- 
tensity f alone will 

roduce a strain én in 
its own direction such 


ls that A 


=f 
жо, 25.—Direction of principal planes, AS 
«il where E is Young's 
modulus of elasticity or the stretch modtlus, provided there is freedom 
of lateral contraction, The contraction in all directions at right angles 
to the axis of the stress /, will be represented by a strain 
A 


mE 
> 


= 
346 





where = is Poisson's ratio. 

_ Inan isotropic material, £e. one baving the same elastic 

in all directions, the effect. of a stress 2, acting alone at right angles to 
the биеси НЕ ER own direction, 4 
s 


and 
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and at right angles to this, including the direction of the strain 8 
contraction strain 

B 

mE 
Similarly a stress fy the direction of which is perpendicular to bott 
the previously mentioned stresses, will produce in addition to its 
longitudinal strain a contraction strain 

үл 

mE 
in all directions perpendicular to its direction, including the directior. 
of the stress fj. 

If we have at a point in isotropic material three principal, stresses 
of intensities Z, A» and A each will independently produce the same 
strains which it would cause if acting alone. "Taking all the stresses 
of the same sign the total strain produced in the direction of the stress 
A: will then be 
4 E gE 


nm. 

In the direction of A, the strain 
acm o en ore a (9) 

and in the direction of f, the strain 


о ВА оа) 


1f any one of the above stresses is of opposite kind, £e. compressive 
in this case, the strains will be found by changing the sign of that stress 
in each of the above equations. Е 

EXAMPLE.—=The intensities of the three principal stresses in a 
boiler-plate are at a certain point 4 tons per square inch tensile in one 
direction, 3 tons per square inch tensile in a second, and zero in a 
third. Find what stress acting alone would produce the same strain 
in the direction of the 4-ton stress, given the ratio of Young’s modulus 


to the modulus of rigidity is $. 
By Art. 13 (1) * 
UP 
aN TF 
=$-1=} 
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g alone 


24 
If û is the stress intensity to produce this strain when actin 


Z1 
E Е 


4 = 17 = 3 tons per square inch 


EXAMPLES I. 


4 A round tie-bar of mild steel, 18 feet long and 1} inch diameter, 
lengthens jy inch undera pull of 7 tons. Find the intensity of tensile stress 
in the bar, the value of the stretch modulus, and the greatest intensity of 
shear stress on any oblique section. 

“A. A rod of steel is subjected to a tension of 3 tons per square inch 
of cross-section. The shear stress across a plane oblique to the axis is I ton 
per square inch. What is the inclination of the normal of this plane to the 
Pis?! What is the intensity of the normal stress across the plane, and what 
is the intensity of the resultant stress across it? Of the two possible solu- 
tion, take the plane with normal least inclined to the dots of he 

On a plane oblique to the axis of the bar in question 1, the intensity 
of shear stress is 1°5 ton per square inch. What is the intensity of normal 
stress across this Me? Also what is the intensity of resultant stress across 
it? , Take the plane most inclined to the axis. 

/4. A hollow cylindrical cast-iron column is 16 inches external and & inches 
internal diameter and 10 feet long. How much will it shorten under a load 
of 6o tons? Take E as 8000 tons per square inch. 

Ms The stretch modulus of elasticity for a specimen of steel is found 
to 28,500,000 Ibs. per square inch, and the transverse modulus is 

_ 11,000,000 Ibs. per square inch. What is the modulus of elasticity of 
bulk for this material, and how many times greater is the longitudinal strain 
cauzed by a pull than the accompanying lateral strain ? 

The tensile (principal) stresses at a point within a boiler-plate across 

the three principal planes nena 4 tons per square inch. © Find the 
ponent normal and tangential stress intensities, and the intensity and 
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stress of 2 tons per square inch on that section. Find the principal planes 
and stresses, 

12. In a shaft there is at a certain point a shear stress of 3 tons per 
square inch in the plane of a cross-section, and a tensile stress of 2 tons per 
square inch normal to this plane. Find the greatest intensities of direct 
stress and of shear stress. 

13. In a boiler-plate the tensile stress in the direction of the axis of the 
shell is 2j tons per square inch, and perpendicular to a plane through the 
axis the tensile stress is 5 tons per square inch. Find what intensity ol 

ing alone would produce the same maximum tensile strain 






14. A cylindrical piece of metal undergoes compression in the direction 
of its axis, A well-fitted metal casing, extending almost the whole length, 
reduces the lateral expansion by half the amount it would otherwise be. 
Find in terms of “m” the ratio of the axial strain to that in a cylinder quite 


free to expand in diameter, (Poisson's ratio = i) 

15. Three long parallel wires, equal in length and in the same vertical 
plane, jointly support a load of 3000 lbs, he middle wire is steel, and 
Phe (wd outer ones are brass, and each is} square inch in section. After 


the wires have been so adjusted as to each carry } of the load a further load 
of 7000 Ibs. is added, Find the stress in each wire, and the fraction of the 
Whole load carried by the steel wire. E for steel 3o x Tof Ibs. per square 


inch, and for brass 12 x 10* lbs. per square inch. 


CHAPTER II 
WORKING STRESSES 


21. Elasticity.—A material is said to be perfectly elastic if the whole 
of the strain produced by a stress disappears when the stress is removed. 
Within certain limits (Art. 5) many materials exhibit practically perfect 
elasticity. 

Pii A material may be said to be ferfedly plastic when no 
strain disappears when it is relieved from stress. 

In a plastic state, a solid shows the phenomenon of “ flow” under 
unequal stresses in different directions, much in the same way as a 
liquid. This property of “flowing” is utilized in the “squirting” of 
lead pipe, the drawing of wire, the stamping of coins, forging, etc. 

Ductility is that property of a material Which allows of its being 
drawn out by tension to a smaller section, as for example when a wire 
is made by drawing out metal through a hole. During ductile extension, 
a material generally shows a certain degree of elasticity, together with 
a considerable amount of plasticity. Brit#leness is lack of ductility, 

When a material can be beaten or rolled into plates, it is said to be 
malleable; malleability is a very similar property to ductility. 

22. Tensile Strain of Ductile Metals—If a ductile’ metal be 
subjected to a gradually increasing tension, it is found that the resulting 
strains, both longitudinal and lateral, increase at first proportionally to 
the stress. When the elastic limit is reached, the tensile strain begins 
to increase more, quickly, and continues to grow at an increasing rate 
as the load is augmented. At a stress a little greater than the elastic 
limit some metals, notably soft irons and steels, show a marked break- 
down, the elongation becoming many times greater than previously 
with little or no increase of stress. The stress at which this sudden 
stretch occurs is called the “ yield point” of the material. 

Fig. 26 is a “stress-strain” curve for a round steel bar ro inches 
long and x inch diameter, of which the ordinates represent the stress 
intensities and the absciss the corresponding strains. The limit of 
elasticity occurs about.A, the line OA being straight. The point B 
marks the “yield point,” AB being slightly curved. After the yield- 
point stress is reached, the ductile extensions take place, the strains 
increasing at an accelerating rate with greater stresses as indicated by 
the portion of the curve between C and D. Strains produced at loads 
above the yield point do not develop in the same way as those below 





ts +, 
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the elastic limit. The greater part of the strain occurs very quickly, 
but this is followed without any further doading by a small additional 
extension which increases with time but at a diminishing rate. The 
phenomenon of the slow growth of a strain under a steady tensile stress 
has been called “creeping” by Prof. Ewing. The stress necessary to 
initiate yielding is probably considerably greater than that necessary 
to continue it and when a ductile metal is able to relieve itself of stress, 
yielding (up to a strain much greater than that at the elastic limit) will 
continue with a very considerable reduction in the stress applied. 
Messrs. Cook and Robertson, using a slender bar of mild steel in 
parallel with two stout bars, 
found a reduction of 23 per 
cent. of that necessary to start 
the yield. On account of the 
part which takes time to 
develop, the total amount of 
strain produced by a given 
load and the shape of the stress- 
strain curve will be slightly 
modified by the rate of loading. 
At D, just before the greatest 
load is reached, the material 
is almost perfectly plastic, the 
tensile strain increasing greatly 
for very slight increase of 
load. It € noted that 
in this diagram both stress in- 
tensity and strain are reckoned 
on the original dimensions of 
the material — ^ 

During the ductile elon- 
gation, the area of cross- 5 
section decreases in practically 
the same proportion that the 
length increases, or in other 
words, the volume of the material remains practically unchanged. The 
reduction in area of section is generally fairly uniform along the bar. 

After the maximum load is reached, a sudden local stretching takes 
Pace, extending over a short length of the bar and forming a “waist.” 

local reduction in area is such that the load necessary to break the 

bar at the waist is considerably less than the maximum load on the bar 
before the local extension takes place, * Nevertheless the breaking load 
divided by the reduced area of section shows that the “actual stress 
intensity” is greater than at any previous load. If the load be divided by 
the original area of cross-section, the result is the “nominal intensity of 
stress,” which is less, in such a ductile material as soft steel, at the breaking 
load than at the maximum load sustained at the point D on Fig. 26. 

2 The Transition from the Elastic to the Plastic State in Mild Steel,” Free. 
Roy. Soc., A. vol. 83, 1913, pp- 462-471. 
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93, Elastic Limit and Yield Point.— The elastic limit (Art. 5) in 
tension is the greatest stress after which no permanent elongation 
remains when all stress is removed. ‘In nearly all metals, and par- 
ticularly in soft and ductile ones, instruments of great precision will 
reveal slight permanent extensions resulting from very low stresses, 
and particularly in material which has never before been subjected 
to such tensile stress, In many metals, however, notably wrought iron 
and steel, if we neglect permanent extensions less than, say, y of 
the length of a test-bar (ie. strains less than o’odoor), stresses up 
to a considerable proportion of the maximum cause purely elastic and 
proportional elongation. The proportionality of the strain to the stress 
in Fig. 26 is indicated by OA being a straight line. For such metals 
as wrought iron and steel, the proportionality holds good up to the 
elastic limit—that is, the end of the straight line at A indicates the elastic 
limit, or in other words, Hooke's Law (Art. 5) is substantially true. 

Commercial Elastie Limit.—ln commercial tests of metals exhibiting 
a yield point, the stress at which this marked breakdown occurs is often 
called the elastic limit; it is generally a little above the true elastic 
limit. 

"There are, then, three noticeable limits of stress. 

1) The elastic limit, as defined in Art. 5. 
2) The limit of proportionality of stress to strain. 
|3) The stress at yield point—the commercial elastic limit, " 

n wrought iron and steel the first two are practically the same, and 
the third is somewhat higher. 

24, Ultimate and Elastio Strength and Factor of Safety.—The 
maximum load necessary to rupture a specimen in simple tension or 
shear, divided by the original area of section at the place of fracture, 
gives the nominal maximum stress necessary for fracture, and is called 
the ultimate strength of the material under that, particular kind of 
stress. It is usually reckoned in pounds or tons per square inch. The 
altimate strength in tension is also called the Tenacity. The greatest 
calculated stress to which a part of a machine or structure is ever sub- 
jected is called the working stress, and the ratio 


ultimate strength 
working stress 
is called the Factor of Safety. 
Itis, of course, usual to ensure that the working stress shall be below 





‘the elastic limit of the material ; but this is not sufficient, and designers, 


when allowing a given working stress, generally specify or assume, 
amongst other properties, an ultimate strength for the material, greater 
than the woi Stress in the ratio of a reasonable factor of safety. 
The factor of safety varies very greatly according to the nature of the 
stresses, whether constant, varialile or alternating, simple or compound, 
it is frequently made to cover an allowance for straining actions, such 
as shocks, no reliable estimate of which can in some instances be made, 
diminution of section by corrosion, and other contingencies. 
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Elastic Strength.—1t it is desired to ljmit working stresses to values 
that leave a certain margin within the elastic limit it becomes important 
to know how the limit of elasticity changes (in one and the same metal) 
with the ratio of the principal stresses. It has long been recognised, 
for example, that the elastic limit is lower for shear stress (fe. equal 
and opposite principal stresses) than for simple tension. Several 
hypotheses have been advanced from time to time, and of these four 
may be mentioned. According to these hypotheses perfect elasticity 
breaks down and plastic flow starts under complex stress when certain 
limiting values are reached by— 

(x) the greatest of the three principal stresses ; 

(2) the greatest of the three principal strains ; 

(3) the shear stress on any plane ; 

(4) the energy that is stored elastically in, say, unit volume of 
the metal. 

The four hypotheses have been compared with experiments carried 
out by J. J. Guest, Mason, and others.* 

From the notable experiments carried out by Cook and Robert- 
son 2 on thick tubes under internal pressure, it is possible to conclude 
that, (1) the first’ hypothesis appears to be valid for cast iron and 
perhaps brittle materials generally, and (2) the first and second over- 
estimate the true elastic strength for very ductile metals, while the third 
hypothesis underestimates it by about 25 per cent. Prof. B. P. Haigh * 
has shown that the fourth hypothesis agrees closely with the tests of 
Cook and Robertson and with the mean of a large collection of data 
from other sources. The fourth may be regarded as the best approxi- 
mation to reality for ductile’ materials though the third remains in 
more general use, being much more convenient in its application. All 
the hypotheses are of an empirical nature: one is nearest to reality for 
brittle metals and another for very ductile metals. 

A common English and American practice is to estimate the 
strength from the greatest principal stress. It must be justified by 
the choice of a factor of safety reckoned on the ultimate and not on the 
elastic strength, and varying with circumstances, including the presence 
or absence of other porca stresses. But probably it is better to 
estimate the strength from the greatest shear stress. 

The different conclusions from the first three theories may be well 
illustrated by the common case of one direct stress, A1, with shear 
stress, g, on the same lane as in Art. 18. 

‘The first hypothesis gives a maximum principal stress— — . 

=h + VERF ..... 0 
Я ab aatan CE DOED pene Mati SS ee 
ritish Association, Section G, in B. A. Reports 191, ‘onwards, 
ыз detailed information and further references. ME rn. 
E ur nd Dec. 15, 1919. See also Experimental Results in Art. 1224, 
. 161 

ан Strain-Energy Function and the Elastic limit," in B. A. Report, Section. 

G, 1919, and Engineering, Jan. 30, 1920. 
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The second hypothesis gives a maximum principal^strain (see 
Art. 19)— ; i : , 

* а= У діл УЕР] 





or, Eer=} 2(1 —1/r) + VEAP F(1) á 
where 1/m is Poisson's ratio (Art. 12). р 
If m = 4, equivalent simple stress Ee, 14-1 VT71$3-2* *() 
The third hypothesis gives a maximum shear stress (see Art. 


18 (4)) of Y 
Ke-2n-vispte ......Q* 

The simple stress equivalent to this special case of comple stress 
according to this and other hypotheses is given in Art. 46.0f the 
Author's * Strength of Materials " (ninth edition). > 

25. Importance of Ductility—In a machine or structure it is^ 
usual to provide such a section as shall prevent the stresses within'the 
material from reaching the elastic limit. But the elastic limit.can, in 
manufacture, by modification of composition or tréatment be made 
high, and generally such treatment will reduce the ductility and cause 
greater brittleness or liability to fracture from vibration or shock. 
Ductile materials, on the other hand, are not brittle, and a lower elastic 
limit is usually found with greater ductility. Local ductile yielding in 
a complex structure will relieve a high local stress, due to imperfect 
workmanship or other causes thereby preventing a member accidentally 
stressed beyond its elastic limit from reaching a much higher stress ich: 
as might be produced in a less plastic material. Thus in many applica- 
tions the property of ductility is of equal importance to that, of. E 

lt is the practice of some engineers to specify that the steel » 
in a structure shall have an ultimate tensile stréngth between certain ` 
limits ; the reason for fixing an upper limit is the possibility that greater 
tensile strength may be accompanied by a decrease in ductility or ip 
power to resist damage by shock. 
` The usual criteria of the ductility of a metal are the percentages ot 
elongation and contraction of sectional area in a test piece fractured by 
tension, Probably the percentage elongation is the better one} smaller 
elongation is sometimes accompanied by greater contraction of area. 

26, Percentage Elongation.—It was noticed in Art. 22 that in 
fracturing a piece of mild steel by tension there was produced previous * 
to the maximum load a fairly uniform elongation, and subsequently an, 


лое Ме » NZ 
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FiG. 27.— Elongation of tensile test piece on 1o" length. ‘ 


increased local elongation about the section of fracture (see Fig. ap 
In such a case the extensions on each of ro inches, marked out on a 
bar т inch diameter before straining, were as follow ;— 
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Fracture occurs near the division, 6 inches from one end of the 
marked length. Reckoning percentage extension on the 2 inches 
néarest to the fracture, which include a large proportion of the 
local'extension, the elongation is r'o4 inch, or 52 per cent. On any 
greater length the local extension will not affect so large a part ot 
^the length, and the percentage extension will accordingly be less. 
. Thus, always including, the fracture as centrally as possible, the elonga- 
tions are 
» 


6 8 10 
357 336 3ro 
» 


1f any fength increases to a length Z, then the elongation expressed 
as a percentage of the origina/ length is 
$9 


1-1 
7 x<1 


* Length (in inches) 
Elongation per cent. 

















* 


on ys thé above fgures it is evident that in stating a percentage 
elon; 


tion itis necessary to state the length on which it has been 
measured. © Extensions are often measured on a length of 8 inches. 
This does not give truly comparative results for bars of different 
sectional areas. For example, if on a rotind bar x inch diameter the 
local contraction of section and extension of length is mainly on, say, 
2 inches, £e on a quarter of the whole length, in a bar of $ inch in 
diameter the local effect will be mainly on about 1 inch, i. on one- 
, eighth of the whole length. "The local contraction on the thicker bar 
will, consequently add more to the total percentage elongation on the 
8 inches, since the, 2-inch length undergoing much locaf strain is a 
greater proportion of the whole. The general extension which occurs 
_ before the maximum load is reached is practically independent of the 
area of section of thé bar, and would form a suitable criterion of 
ductility were it not too troublesome to measure it just before any 
~ waist is formed. It cannot be measured satisfactorily after fracture, as 
the contraction of fracture influences the ultimate extension for some 
distance from the fracture, the metal “ flowing” in towards the waist. 
It i8, however, sometimies calculated by subtracting the local extension 
on 2 inches*at fracture from the whole extension, and expressing the 
difference as a general extension on a length 2 inches shorter than the 
whole gauge length. І x 

Professor Unwin’ has pointéd out that another possible method of 
comparing the ductilities,of two bars of unequal areas of cross-section 

is to'make the length over which elongation is measured і 
а акаа ае са 
round bars) ; іп other words, to use pieces whi geometrically 
similar. Tue Qua M ip te Gaby, whery the ЧЫ BE E 

* 4 
$ Proc. Inst. C.E., vol. clv. р. 170, 
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the gauge length / over which extension is measured, and the area of 
cross-section d, is z 
* 42ar34a 


This corresponds with a length of 8 inches (or centimetres) for a bar 
of half-a-square-inch (or centimetre) area. 
The British Standard practice is to use a gauge length of 8 inches 
irrespective of the area Pj section, and test pieces in which the ratio 
` length 5 s 
Square root of area of section ® constant have not been commercially 
adopted on account of increased expense involved'in preparing speci- 
mens. Professor Unwin finds that With fixed length and fixed area 
of section the shape of the cross-section in rectangles, having sides of 
different proportions, does not seriously affect the percentage elongation. 
,, Within considerable limits the variation in percentage extension, 
due to various dimensions, may be very clearly stated algebraically thus— 
If e = total extension and /= gauge length, ¢ is made up of a 
general extension proportional to /, say 4 x 4, and a local extension a 
nearly independent of £ That is ۹ 


FLILI 


and percentage elongation, roo’ 5 = (2 DI a quantity which (for 


a given sectional area) decreases and approaches roo? as 7 is increased, 
Further, the local extension a is practically proportional to the 
square root of the area of cross-section À, say 


a-UWAÀ _ 
Hence — ." percentage elongation = хоо cA +) 


a quantity which increases with increase of A and decreases with 
increase of /. 

The Engineering Standards Committee have not, on account of the 
increased cost which would be involved in machining test pieces, con- 
sidered it desirable to depart from the standard length of 8 inches for 
measurement of elongation for strips of plate ; but on account of the 
greater elongation produced on this fixed length by using larger cross- 
sectional areas, a maximum allowable limit of width has been fixed 
for every thickness of plate, thus limiting the area without making it 
absolutely fixed for the fixed gauge length. R 

27. Percentage Contraction of Section—If a test piece is of 
uniform section throughout its length, and düring extension uniform 
contraction of area goes on throughout the length, as in perfectly plastic 
material, the percentage contraction of area reckoned on the original 
area,isthe same as the percentage elongation reckoned on the final 
length at the time of measurement. This statement will only hold 
good provided that the volume of the gauged length of material remains 


> . 
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constant, which is always very nearly true, as shown by density tests. 
For if / and 7 are the initial and final lengths, and A and A’ the 
initial and final areas of cross-section respectively, since the volume 
is practically constant . 

1 


7 2 
LAN, or =A 


and subtracting unity from each 
Um t AT 
а ILIA PLATA 


The left-hand side represents the elongation reckoned on the final 
length, and the right-hand side represents the proportional reduction 
of the original area. In materials which finally draw out to a waist 
or neck, the proportional contraction af fracture will be greater than 
this amount, which may be looked upon as a minimum of contraction 
possible, except in the rare case of a specimen breaking owing to local 
hardness or brittleness at a place where the section is substantially 
larger than the remaining portions, which have become reduced by 
drawing out. 

28. Tenacity and Other Properties of Various Metals—The 
behaviour of a typical ductile metal has been described fully in Art. 23. 
Stress-strain curves for two varieties of steel and a very good quality of 
wrought iron are shown in Fig. 28; all of these refer to round pieces 
of metal 1 inch diameter, and extensions are measured on a length of 
8 inches. | The straight line representing the elastic stage of extension 
has been plotted on a scale 250 times larger than that for the later 
stages of strain. $ 

Cast iron is a brittle material, j,e. it breaks with very little elongation 
or lateral contraction, and at a rather low stress. ‘The stress-strain 
curve for a sample of good cast iron is shown on the large scale of 
Fig. 28, the ultimate strength or tenacity being just over ro tons per 
square inch, and the strain being then just above zl; Little if any 
part of the curve for cast iron is straight, the increase of extension per 
ton increase of stress being greater at higher stresses. It is to be noticed 
that the value of the direct or stretch modulus of elasticity (E), which is 
proportional to the gradient of the curve, will differ according as it is 
measured on, say, the first ton per square inch of stress or over the 
whole range; in the former case it would be about 6000 tons per 
square inch, and in the latter about 4000 tons per square inch. The 
higher value is the more correct, as measurement should be made 
within the elastic limit, The elastic limit is very low for cast iron, 
it may be almost zero, for slight permanent sets may be detected under 
very low stresses. 

The ultimate strength of cast iron in tension is usually from 7 to 10 
tons per square inch; in compression it is often about so tons per 
square inch. Great differences are found in test pieces from different 
parts of a casting, and the properties are much modified by the rate of 
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cooling. Thus a cast bar would generally give a different result 
tested in the rough with the skin on from that obtained from a similar 
bar with the outer material machined off; the former would show 
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Fic. 28.—Tensile stress-strain curves. 


1 ton per square inch in tension and 8 tons per square inch in com- 


pression, 

_ Wrought Iron —Wrought iron is a typical ductile metal, and con- 
tains over 99 per cent. of pure iron, and only about one-tenth per cent. 
of carbon. It comes from the puddling furnace in a spongy or pasty 
state (not liquid), and subsequent hammering and rolling do not expel 
all traces of slag, which may be traced in layers in the finished 
The structure appears from a fractured specimen to be fibrous or 
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laminated: this results from thé rolling and working up of the crude 
product, but the metal itself, when examined under the microscope, is 
found to consist of crystalline grains. Both the tenacity and ductility 
are greater in the direction of the fibres than across them. The 
mechanical properties differ considerably in different qualities; those 
of a high quality are represented in Fig, 28; lower qualities have a 
lower ultimate strength and smaller elongation (see table at end of 
chapter), 

"The composition of wrought iron varies in different qualities. It is 
desirable to keep phosphorus below $ рег cent. and sulphur below 
о'оѕ рег cent. Phosphorus makes the metal brittle when it is cold, 
and sulphur causes brittleness at a red heat. 

Steel—Steel was the term formerly applied to various qualities of 
iron which hardened by being cooled quickly from a red heat. Such 
material contained over $ per cent, of carbon chemically combined with 
the iron, The tenacity.and ductility of these steels is not of so much 
interest as that of the softer varieties. The high carbon steels are not 
ductile, but have a high tensile strength. 

Now, much more ductile materials, having a lower tensile strength, 
are produced by the Bessemer, Siemens, and other processes, and are 
classed as mild steels, The mild steels have for many purposes replaced 
wrought iron, being stronger, more uniform, and more ductile ; unlike 
wrought iron they can be cast, and when required for bars, etc., they are 
first cast in ingots and then rolled; the ingot being obtained from the 
liquid state no fibre is produced in the subsequent rolling or forging, 
and the metal is more homogenèous than wrought iron, and often has 
as little carbon present, but it is not so reliable for welding, and when 
a weld is necessary good wrought iron is used. These steels contain 
less than $ per cent. of carbon, the quantity varying according to the 
purpose for which the steel is requi: "Thus steel rails may have from 
03 to 0'4 per cent., structural steel about 0'25 per cent., and rivet steel 
about o'z per cent. of carbon, ы 

Other constituents even in small quantities also ly modify the 
properties of steels, and apart from chemical composition the mechanical 
and thermal treatment which the metal receives will greatly modify the 
strength and ductility. Comparatively recently, steels containing small 
quantities of nickel, chromium, vanadium, or manganese have been 
produced, having very high tensile strengths combined with a con- 
siderable degree of ductility, 7 

The qualities desirable in steel for structural ship-building and 
machine purposes are indicated by the Standard Specifications drawn 
T the British Standards Institution and published for them. The 
chi uirements with respect to tensile tests and composition (when 
specified) are shown in the following table. All the strengths and 


3 See paper by Mr. Hadfcld on “ Alloys of Iron and Nickel,” in Pree. Inst. 
C.E., vol. cxxxviii. ; also paper on “ Chrome-Vanadium Steel,” Proe, Jast. Mech, 
Eng, Dec, 1904; and a paper in the Pree, Inst, C.£., vo. xciii, on “ 
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elongations are to be measured on test pieces of standard dimensions 
(see complete specifications), and other mechanical tests are specified. 
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building construction, 
lates, angles, etc. 

Rivet bars for above . | — — 


Ship plates. . . , 
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The strength and ductility of steel forgings and castings is dependent 
upon many circumstances, and varies considerably in different parts of 
large pieces of material. Some idea of the values is given in the table 
at the end of the chapter. 

29. Compression —Metals have generally practically the same limit 
of elasticity and modulus of elasticity (E) in direct compression as in 
tension, and the tension test being much easier to make than a satis- 
factory compression test, it is quite usual to rely on tension test as an 
index of mechanical properties for nearly all metals, 

For stresses beyond the elastic limit, hard or brittle materials, 
including stone and brick, under compression generally fracture by 
shearing across some plane oblique to the direct compressive stress ; 
more plastic. materials, on the other hand, shorten almost without limit, 
expanding laterally at the same time, and so increasing the area of cross. 
section as to require higher loads to effect further compressive strain, 
An ultimate crushing strength is therefore difficult to specify clearly. 
"Typical ci ive stress-strain curves are shown in Fig. 29, If the 
metal reached a state of perfect plasticity the actual stress intensity under 
which the material “flows” would be constant, Then, assuming no 
change of volume, if /= original length of a bar, 4 = reduced length. 

A = original area of section, and A, = increased area of section. 
А, = AJ (see Art, 27). 


Actual finali ity of E = exh 
2 
4 
load X 4 





ot, constant pressure intensity 2 load(/ — reduction in /) 


of plastic flow volume of bar 
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Hence the loads (or the nominal intensity of stress), when plotted 
as ordinates against the compressive strains as abscisse, would give a 
rectangular hyperbola, since their product is a constant. The asym- 
ptotes of the hyperbola are the axis along which strains are measured, 
and a line perpendicular to it corresponding to a position of unit strain. 
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Fic, 29.—Compressive stress-strain curves, 


Fig. 29 shows the manner in which the stress-strain curves for such 
plastic materials as copper and aluminium approach to a hyperbola, 
i.e. how nearly the materials reach to a condition of perfect plasticity, 
in which the metals flow continuously without increase of the actual 
intensity of pressure; the pressure intensity then reached is called the 
pressure of fluidity. d Ў 

30. Effect of Temperature on Mechanical Properties, — The tenacity, 
ductility, and elasticity of the most important metals do not vary to any 
serious extent within the limits of ordinary atmospheric temperatures ; 
but it is, of course, well known that the strength of many metals is 
greatly reduced at ‘‘ white hot” temperatures. М ` 

i show the following effects in statical tests for wrought 
iron and steel at high temperatures, and at ordinary rates of test 
loading :— 
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(1) The tenacity (a) at ordinary temperatures falls off with increased 
temperatures until between 200° and 300° F., when it is something of 
the order of s per cent. less than at 6o? F. (8) It rises from this 
temperature to a maximum value at some temperature between 400° 
and 600° F,, when it is something of the order of 15 per cent, more than 
at 60° F. (c) It falls continuously with further increase of temperature 

2) The elastic limit falls continuously with increase of temperature. 

(3) Zhe elongation (a) falls with increase of temperature above the 
normal to a minimum value in the neighbourhood of 300° F., and then 
(b) rises again continuously with increase of temperature, 

The elongation under tension between 200° and 400° F. does not 
take place steadily, but at intervals during the application of the load. 
When the stress and strain are plotted they present a serrated curve 
instead of a smooth one. 

(4) The modulus of direct elasticity (E) decreases steadily with 
increase of temperature, metals which give a value of about 13,000 
tons per square inch at atmospheric temperature falling to about 12,000 
tons per square inch at 500° F, y 

Low Temperatures—Experiments 1 on a very mild steel at very low 
temperature show progressive increase of tenacity with decrease of 
temperature; while the elongation practically vanishes, the material 
behaving like a very britte substance. On return to ordinary tempera- 
tures no permanent change from the original properties is observed. 

81. Stress due to Change of Temperature.—It is well known that 
metals, when free to do so, change their dimensions with change of 
temperature. If, however, such chance of dimensions is resisted and 
prevented, stress is induced in the material corresponding to the strain 
or change of dimension prevented, ‘Thus if a long bar is lengthened 
by heat, and then its ends firmly held to rigid supports, so as to prevent 
contraction to its original length, the bar on cooling will be in tension, 
and will exert a pull on the supports, Numerous applications of this 
means of applying a pull are to be found, such as tie-bars holding two 
parallel walls together, and tyres shrunk on to wheels, 

The linear expansion under heat is for moderate ranges of temperature 
closely proportional to the increase of temperature. The proportional 
extension, or extension per unit of length per degree of temperature, is 
called the coefficient of linear expansion. Thus if a is the coefficient 
of expansion, a length / of a bar at 4,° becomes 


Ar + alh = 4) 
at a temperature 4°. 
If subsequently the bar is cooled to 4° and contraction is wholly 


prevented, a proportional strain 
alh = h) 
remains, and the corresponding tension and pull on the constraints is 
Еа(д – 4) 
' See Hadfield in 4r i 
Nos Were d dm nd inl nitis 1900 UE npe 
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per unit area of cross-section of the bar, where E is Young’s modulus 


for the material. 
The following are the approximate linear coefficients of expansion 


for Fahrenheit degrees :— 
Wrought iron . . . . —. . 0'0900067 


Steel o s ee . . « « . 60000062 
Copper . « & + « м. 0'000010 
Castiron. . . . о'оооообо 


For steel the tensile strain per degree Fahrenheit if contraction is 
prevented will be o'0000062, and taking the stretch modulus as 13,000 
tons per square inch, this corresponds to a stress intensity of. 

13,000 X 0'0000062, or o'0806 ton per square inch 
Thus the cooling necessary to cause a stress of 1 ton per square inch 
would be 
эркек 0r about 12? F. 

"The different amounts of expansion in different metals in a machine 
may cause serious stresses to be set up due to temperature changes. 
Occasionally use is made of the different expansions of two parts. 

EXAMPLE 1.—1Í a bar of steel 1 inch diameter and 10 feet long is 
heated to 100° F. above the temperature of the atmosphere, and then 
firmly griped at its ends, find the tension in the bar when cooled to 
the temperature of the atmosphere if during cooling it pulls the end 
fastenings zl" nearer together. Assume that steel expands 0'0000062 
of its length per degree Fahrenheit, and that the stretch modulus is 
13,000 tons per square inch, 

The final proportional strain of the bar is 
о'оооооб2 Х 100 — 5 120 
о'оооб2 — 0'00021 = o'00041 


Intensity of stress = 13,000 Х 0'00041 
= 5°33 tons per square inch 


and total pull on a bar x inch diameter is 
$733 X 07854 — 4718 tons 

82. Work done in Tensile Straining,— During the application of a 

шау increasing tensile load to a bar, elongation takes place in 

direction of the applied force and work is done, If during an 
indefinitely small extension àx inch, the variable. stretching force is 
sensibly constant and equal to F tons, the work done is 

F x &x inch-tons 

During a total elongation / the work may be conveniently repre 

sented by the summation of all such quantities as F . &z, i.e. by 


AE ba) or | Pae 


or 
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Graphical Representation; —In a  load-extension diagram the 
ordinates represent force and the abscisse represent the elongation 
produced, and therefore the area under the curve, viz. 
, JE. 8x 
represents the work done in stretching. Thus, in Fig, 3o the shaded 
area represents the work done, 

Scale.—If the force scale is ~ tons to r inch and the extension 
scale is g inches to r inch, r square inch of area on the diagram 
represents 2 , 2 inch-tons, which is the scale of the work diagram. 

In ductile metals the whole work done up to fracture may be 
taken as roughly equal to the product of the total extension and the 
yield-point load plus $ of the product of the extension and the excess 
of the maximum load over the yield-point load. In other words, the 
average load is 

yield load + $(maximum load — yield load) 
This approximation is equivalent to neglecting the strain up to yield 
point, and taking the remainder of the stress-strain curve as parabolic. 





5 
Р, 
3 t 
ч S 
У 
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33. Elastic Strain Energy.—The work done in producing an 
elastic strain is stored as s/raim emergy in the strained material and 
reappears in the removal of the load. On the other hand, the work 
done during non-elastic strain is spent in overcoming the cohesion of 
the particles of the material and causing them to slide one over another, 
and appears as heat in the material strained. In materials which follow 
Hooke's Law, the elastic portion of the load-extension diagram being 
a straight line, the amount of work stored as strain energy for loads 
not exceeding; the elastic limit in tensile straining is equal to 

1. load x extension 
in Fig. 31 the work stored when the load reaches an amount PN 
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is represented by the shaded area OPN, or by į. PN. ON, which is 
proportional to ў 
$- load x extension 

84. Resilience.—Colloquially, resilience is understood to mean the 
power of a strained body to spring back on the removal of the 
straining forces, but technically the term! is slightly modified and 
restricted to the amount of energy restored by the strained body. 
Within the elastic limit this is generally, as above for tensile straining, 
the product of half the load and the extension, 

In a piece of metal under uniform intensity of tensile stress 5, 
below the elastic limit, if A is the area of cross-section and / the 
length, the load is. 

pA 
and the extension is 


Zx proportional strain, or 7 x 2 (Art. 9) 
where E is the stretch modulus. Hence the resilience is 
ВРА. = pf. - p x volume of piece 
or the resilience is. 5 
per unit volume of the material. Where the tension is not uniform the 
expression is of similar form, but the factor is less than } if p is the 
maximum intensity of stress. Some particular cases will be noticed 
later. 
Proof Resilience—The greatest strain energy which can be stored 
in a piece of material without permanent strain is called its proof 
resilience. If f is the (uniform) intensity of stress at the elastic limit 
or proof stress, the proof resilience is then 


Ys x volume 


This is represented in Fig. 31 by the area OP’N’ for a tmaterial obeying 
Hooke's Law. 
The proof resilience is often stated as a property of a material, and 
js then stated per unit volume, viz. 
i 
Е 
35. Live Tensile Loads within the Elastic Limit.—If a tensile 
load is suddenly applied to a bar and does not cause a stress beyond 
the limit of elasticity, the bar behaves like any other perfect spring, 
and makes oscillations in the tension, the amplitude on either side of 
the equilibrium position being to the extension which would be 
Produced by the same load ly applied. Hence the maximum 
instantaneous strain produced is double that which would be produced 
by the same load applied gradually. vs 


42 THEORY OF STRUCTURES (Cu. n. 


Suppose, for example, that a tensile load W is suddenly applied to 
a bar of cross-sectional area A, The instantaneous strain produced is 
Ww 
«= + Е 
and the instantaneous intensity of stress produced is 
Ф = Бе = 2. X z 


which is twice that for a static or gradually applied load W. It is here 
assumed that the stress-strain curve (or 


value of Young's modulus) within the 
elastic limit is independent of the rate 
of loading, which is probably nearly 
true, 







The instantaneous stress-strain dia- 


' 
3 gram is shown in Fig. 32. Its area is 
gl proportional to 
М HEA or pE 
اپا‎ + 
© which is the work for unit volume of 
ё | material. 

S If a bar already carries, say, a “dead” 

E tensile load We, and another “lives load 

Fic, 32. W of the same kind is applied, the 
greatest stress reached, provided the 
elastic limit is not exceeded, will be 
У, 277 
ATE 
WW , ch of I 


_ If, on the other hand, the live load W causes a stress of opposite 
kind (say compressive) to that already operating, the instantaneous 
stress would be 


W, aW 

A A 
& W, — W _ change in load 
Eis Б Бонева 


ExAMPLE.—Find the statical load which would produce the same 
maximum stresses as (a) a tensile dead load of 4o tons and a tensile liva 
load'of ro tons; (7) a tensile dead load of 20 tons and a compressive 
live load of 3o tons, > 

@ Equivalent static load = 50 + 10 = 60 tons tension, 

(2) Equivalent static load = 20 — 3o — 3o — — 4o tons, £.z. 4o tons 
compression, 
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36. Impacts producing Tension.—If an impulsive tensile load, such 
as that of a heavy falling weight, is applied axially to a light bar 
and the limits of proportionality of stress to A Y 
strain are not exceeded, the strain ene Ё NE 
instantaneously: taken up by the, г ы СС 
nearly equal to thé kinetic energy lost by 
the falling weight if all the connections і 
“except the bar are infinitely rigi 

If a heavy weight W lbs. (Fig, 33) falls — | 
through a height 4 inches on to a stop in l 
such a way as to bring a purely axial tensile 
stress on a bar of length Z inches and cross- T 

| 





section A square inches, causing a stretch 
a7 =%, strain ¢, and an instantaneous tensile 


stress of intensity >, then, if the stop, the 
falling weight, and the supports of the bar 
be supposed infinitely rigid, neglecting the 
small loss in impact, 

WE 4-N)-4EeX AX M or JF. & 
where F is the equivalent statical load on 
the bar in pounds, and E is the stretch modulus of elasticity in pounds 
per square inch ; hence 

Wi + 1) = Fe x A x al 
= }Её x volume of bar 


Wi + 8) = 32 x volume of bar 


aEXW(i--M)  aEWA 
cu P7 "volume ofbar ° volume 
approximately when 8/ is very small compared to the fall 4. 
From this may be calculated if E is known. If, as a particular 
case, we take Å = o, the equation 
f= 2EW(A 4- ) 
volume of bar 
w 
becomes pte = а.у.Е.у= a . ip and = 2. asin the 
previous article. 
, Taking account of the loss of energy at impact consequent on the * 
inertia of the bar, from the principle of the conservation of ‘momentum, 
the velocity v of the weight W and the free end of the bar immediately 
after impart may be found by assuming the stretch to be distributed as 
for a static load W, as if the tension were to instantaneously 
throughout the length. Thus if w = weight of bar, 


м. of = Wo + FF nae = (W + lupe, = Vihar ts 


or, since £ = е, 
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The total мово energy after impact is 
1 AT _ (W + eW? 
KE. -24w7 x SE = и дођо = у рур: 


‘Then equating this kinetic energy plar the gravitational work done by 
W and w to the gain in strain energy,’ 











KE. wget .د‎ г 
Waist WEW) ma 
ао NS 


-OLAIAE(W Edw) , 
о АУА 


I 4o Pm 2 as in the previous article and above. If 4 is 


large compared to the extension 8/ ће term in ? vanishes, and 
2E QV Tiv) 
ом а Wie" * 
If w is fixed in magnitude and W is variable, it is instructive to 
notice that the айо of the impact stress 9 — — to the stress y is 


WE = QV + s "E 
(Wiw) 
which decreases with the increase in W, 

37. Fatigue of Metals.—It has been found by experience that 
metals used in construction ultimately fracture under Деу 
repeated stresses very much lower than their ultimate statical 
Further, that if the stresses are not merely repeated, but reversed, that i is, 
the material is subjected to repeated stresses of opposite kinds, the 
resistance to fracture is less than if the same intensity of only one kind 
of stress were repeated. In such cases the material is often said to 
have become “ fati ? Since the cause of failure under varying 
stress is still imperfectly understood, it is doubtful whether the term 
“fatigue of the whole p the metal" gives a correct idea of what 
occurs to the material. 

Moreover, the limitation of term fatigue to phenomena associated 
va pene ER plications of stress is scarcely justified, since in some 
circumstances prolonged application of a а stress produces 

' deterioration in materials. As a matter of common practice, how- 
ever, the term “fatigue” is now generally limited to the effects of 
repeated stress, 

1 The Fee eae a ened te saben om ЫШЫ ГАШ EEE 
& Ate 5 Ads from the final, dt Ads, 


* Proc, Roy Soc., Feb., 1905. ы EOE EIS 1909. 
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It may be pointed out that the treatment to which metals are 
subjected in slowly or quickly repeated variations of stress is quite 
distinct from the blows or impacts mentioned in the previous articles. 

It is desirable to distinguish between different types of varying 
stresses, The term “ fluctuating” stresses is used when the stress 
varies between a maximum and a minimum value of the same sign or 
kind of stress or “ repeated” stresses if the minimum value is zero, 
while the term “reversed” stress refers to stresses varying between 
maxima and minima of opposite sign, e.g. change from tension to 
compression. 

88. Brief History of Researoh on Fatigue.—The first important 
research on fatigue was published by Fairbairn in 1864. 

Wohler's Experiments. —Much light is thrown on the behaviour 
of iron and steel under fluctuating stresses by the lengthy researches of 
Wóhler. Theexperiments included torsional, bending, and simple direct 
stresses, The most important deductions from these experiments are : 
(1) That the resistance to fracture under fluctuating stresses depends 
within certain limits on the range of fluctuation of stress, #.e. upon the 
algebraic difference between the maximum and minimum stress, rather 
than upon the maximum stress ; and (2) that reversed stresses (tensile 
and compressive) much below the static breaking stress, and even well 
within the ordinary elastic limit, are sufficient to cause fracture if 
repeated a great number of times. T 

The second point may be illustrated by the following Table I. and 
Fig. 34. The material selected is an axle-iron made by the Phoenix 
Co., and subjected to equal and opposite tension and compression pro- 
duced by bending action on a rotating bar. The ultimate strength 
of this material, as determined by ordinary statical tension tests, 
was about 23 tons per square inch, and the elongation about 20 per 
cent. 


TABLE I, 
(STRESSES IN TONS PER SQUARE INCH.) 





rA iption is given in Engineering, vòl. xin 1871. Also a good account 
Sik aaea E E nis gives in Unwin's "Testing of Materials” 
5) i also in Brit, Assoc. Report, 1887, р. 424. 
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Fig. 34 shows the ranges of stress plotted as ordinates against the 
repetitions necessary to cause fracture as abscissa. or an indefinitely 
great number of repetitions the curve approaches a value of about 
15'2 tons per square inch range, corresponding to a maximum tensile 
or compressive stress of about 7'6 tons per square inch, a value probably 








o 7 z 3 + = gv 0 

Wumber of Repetitions (in Mittions) 
Fic. 34. 

well below the ordinary elastic limit of the material. The range is 

called the '' limiting range of stress," for which the number of repetitions 

necessary to cause fracture becomes infinite. 

"These results, although rather more regular than some others, inay 
be regarded as typical in character of those for wrought irons and 
steels of various strength. The harder high carbon steels show a 
higher limiting range of stress than the softer or milder steels. 

The dependence of endurance under fluctuating stress upon the 
range of stress may be illustrated by the following table (II.) of results 
of pure tension tests of the above metal :— 


TABLE II. 
(STRESSES IN TONS PEK SQUARE INCH.) 
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Here the limiting maximum stress for repeated stresses is about 
15:28 tons per square inch with application and complete removal of 
the load and about 21 tons per square inch when only about half the 
load is removed. Thus the limiting maximum stress for the three 
types of fluctuating load are somewhat as shown in the following table 








in which the stresses are stated in tons per square inch :— & 
а en 
Kind of repeated load. Linking masiman | rating range, 
Completely reversed . , . 76 152 
From maximum to zero 15728 1528 
From maximum to half load . | 2гог about 10 





From these figures it is evident that in such tests the question of 
endurance or failure under fluctuating stress depends more upon the 
range than upon the maximum stress imposed. т 

Spangenberg continued Wóhler's experiments onthe samemachines, 
and obtained similar results for iron and steel and copper alloys. 
Extensive results of the same kind have been published by Bauschingeri 
and by Sir B. Baker! for iron and'steel. Bauschinger’s results and 
conclusions which he drew from them, had much effect in developing 
the study of fatigue and its meaning. His work, published in 1886, 
stimulated inquiries and experiments made over 2o years later 
No discussion of his work is possible here, but in the following article 
references are given to books and papers which contain accounts of 
these historical researches and discussion of the important con- 
clusions deduced from them. A few results are quoted for various 
irons and steels in Table III. These are selected from more extensive 
tables to be found in Unwin’s “ Testing of Materials,” all except the 
first being from Bauschinger’s experiments. The stresses stated in 
tons per square inch are those which the metals withstood for over 
two million times before fracture. 

‘Table III. shows that the “ complete reversal ” limit of stress varies 
from about } in harder steels to } in the most ductile irons and steels, 
of the ultimate statical strength of the material. Also that the repetition 
limit varies from 40 to 60 cent. of the ultimate strength, being 
cent. for the ductile irons and mild steels. 
Further, that the reversal and repetition limits in the high tenacity 
steels (high carbon values) are higher than in the milder and more 
ductile material, although mof so large a proportion of the ultimate 
statical strengths. 

* See summaries in Unwin’s “ Testing of Materials,” and in Brit. Assoc. Report, 
1887, p. 424. 
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TABLE IIL 


ست ل ا ا 
Ratio of‏ 


Minimum | Maximum | Limitin a 
range of | maximum to 








Material and tenacity. stress stress 
Gimiting). | imiting | stres | te 

Krupp axle steel, 52 tons , ~1406 | +1406 | 281 0727 
. ` o 20'5 20'5 0'39 
17'5 3775 2025 073 
Wroughtiron plate, 228 tons. . | —715 +715 14°30 o31 
о 1310 | 1370 0°57 

ITA 19'2 78 o 
Bessemer steel, 28'6 tons , . + =8'55 +855 17'10 0'30 
o 5 157 0'55 
143 23" 95 9°83 
Steel rail, 3g tons. s e s s| -97 +97 194 025 
о 54 184 047 

195 o'85 | 11739 07 
Mild steel boiler plate, 26:6 tons 28, dis 173 [2 ун 
о 15'8 158 0'59 
133 22'55 9°25 oss 





Research of Reynolds and Smith:—For a long period after Wóhler's 
work was published there was no notable development of the subject 
until in 1902 Dr. J. H. Smith published! in conjunction with Professor 
Osborne Reynolds, the results of a long research on reversals of stress 
in various materials applied by means of the inertia forces of a recipro- 
cating weight (see Art. 182). The opposite simple tensile and 
compressive stresses were of approximately equal magnitudes, and 
the rapidity of reversal, which in Wobler’s experiments had been 
from about 6o to 8o fluctuations per minute, was much higher than 
in any previous work, being from 1300 to 2500 per minute. 

These experiments appeared to indicate that for reversals of stress 
the “limiting range of stress,” and the number of reversals necessary 
to cause actual Ine with any fixed stress, are much smaller at these 

stated diminish with increase of 


high speeds, and between the 

speed. Numerous later nes however, have indicated that the 
limiting range of alternating stress at air temperatures has no variation 
with change of frequency between 1300 and 2500 cycles per minute. 
But the iments of Reynolds and Smith form a landmark in the 
history of fatigue research and brought about a revival of interest in 
the subject which was reinforced by the general increased speed of 
reciprocating engines and other machinery, and later the need for a 
minimum weight in aircraft engines. 

89. Present Knowledge of Fatigue Phenomena.—During the 
twentieth century there has been a great deal of research on this 
subject in England and in the United States, For fuller information 
on the whole subject of fatigue of metals reference may conveniently 
be made to Dr. Н. J. Gough’s book, “ The Fatigue of Metals," 1924 


3 PÀil. Trans. Roy. Soc., 1902, p. 265. 
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or to “ Fatigue of Metals," by Professor H. F. Moore and J. B. Kom- 
mers, both of which contain extensive lists of references to original 
sources of information. Much detailed information is to be found in 
the Bulletins of the University of Illinois Engineering Experiment 
Station, Nos. 124, 136, 142, 152, 156, 164, and 16s. An excellent 
brief survey of this subject to 1928 will be found in Gough's Cantor 
Lectures, 1928.1 A brief survey is also given in the Author's "' Strength 

of Materials " (1928). 

Perhaps the most important fact apparently established by many 
experimental researches with very different types of machine applying 
repeated stresses in different ways is the existence under given con- 
ditions of a definite limiting range of stress, sometimes also called a 
“fatigue range” of endurance range, within which an unlimited 
number of repetitions will not cause fracture of the material. There is 
-an obvious difficulty in drawing the conclusion that under an absolutely 
unlimited number no fracture will occur, but experiments have 
prolonged to over 100 million repetitions. Moreover, the manner of 
which the limit is approached is strong evidence of the existence in 
the limit. A good example is chosen from the work of Moore and 
Kommers, University of Illinois Engineering Experiment Station, 
Bulletin No. 124. A steel containing 0°93 per cent. of carbon, 
subjected to a definite and recorded heat treatment, when subjected 
to reversals of stress (resulting from a uniform bending moment 
applied to a rotating spindle) between equal and opposite limits, #.e. 
from a given intensity of tensile stress to an equal intensity of com- 
pression stress, gave results which when plotted in a special manner 
give a convincing impression of a fatigue limit. 

If the values of N (the number of cycles of stress for fracture) 
are plotted as abscisse and those of S r tensile and 
compressive stress in pounds per square i as ordinates a curve, 
known as the S/N curve, of the type previously shown in Fig. 34, 
results, the curve tending as an RUE RET to the value about 30,500 
pounds per square inch. If, i of plotting S and N, log S 
and log N be plotted as ordinates and absciss respectively, giving 
what is called for brevity the log Slog N curve. a more striking 
Б обаа оа ааа : ve 

points co: ing to stress ranges for which fracture 
actually occurred lie as shown approximately along a straight line 
which if produced would intersect the log N axis. But those points 
which to stress ranges for which fracture did not occur 
are compl ly removed from this strai, ht line locus. This method 

of plotting has the double advantage allowing large values of N 
to shown on a scale which is also suitable for the smaller values of 
N and of accentuating the flattening of the curve at the value of the 
limiting range of stress. 

S Many factors such as temperature of test, effect of heat treatment 
on the metal, shape of test piece, nature of surface finish, and effect 
of corrosive agents enter into the question of fatigue and have been the 

1 Proc. Royal Society of Arts, 1928. 
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subject of researches, but for these the reader should consult the sources 
given at the beginning of this article. т 
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40. Limiting Stress with Various Ranges of Fluctuation, The 
relation between the limiting values of the maximum stress for different 
ranges of stress when, as in Wóhler's experiments, the ratio of maximum 
stress to minimum is varied over a very wide field, may be shown 
m various ways graphically or algebraically. The three quantities, 
maximum stress intensity (say tensile) fa, minimum stress intensity 
fam. (reckoned negative if compressive), and the range of stress A, 

_ are evidently connected by the equation 
A= fue fan. (0) 

The relation between these three quantities for practically an infinite 
number of stress fluctuations may be illustrated by the results of one of 
Bauschinger’s tests of mild steel boiler plate, given in Table IIL, 
Art, 38, viz. > 


ae rahe ts ^ 

D E 133 gas! 

(e S o 158. 
A +865 -8°65 173 


Fig. 36 shows these values of fou. and of A plotted as ordinates 
against the values of fui, a8 abscissze. Perhaps the relation between the 
three quantities is better illustrated by Fig. 37, where both fa.. and 
fas, are measured vertically, and A; the range, is the vertical distance 


t 
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between the two curves, The portions de and are mere specula- 
tions, but Stanton’s results make it appear that about the portion 27 
of either figure the range is about constant, ie. that de апа 22 аге 
nearly parallel. Obviously the range must decrease again with higher 
compressive stress, but experimental evidence is lacking, this portion of 
the curve being of least practical importance. The shaded area is 
such that if both maximum and minimum stress fall within it the 
material will stand unlimited repetitions or reversals of stress, as the 
case may be, without fracture, Various empirical formule have been 
suggested to express the relations between the quantities aa, and A from 


30, 
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o lo 20 
Minimum Stress Tons per sg. inch. 
Fro. 36. е 
the experiments of Wóhler, Bauschinger, Spangenberg, and others, Of 


these, the best known are the formule of Weyrauch ' and Launhardt, 


and Gerbers parabolic relation* Тһе last is expressed by the 


Jus = $ + NFR .....@) 


where f is the ultimate static кейе tenacity of the material, 
and is a constant to be determined experimental results, The 
value of s is found to vary from about 14 for ductile metals to above 2 
for more brittle ones, its value for ductile metals of construction being 


à Proe, Inst, C.E vol, Ixiii. $ 
* See Unwin’ ** Elementa of Ф Design,” vol. i chap il, 


; 95881 


о 
10 


^ 
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generally about r's. This value gives a “reversal limit" of j/; and a 
repetition limit of o*6z f. 

‘The value 1°53 is the mean value of # deduced from the results for 
mild steel boiler plate quoted above, and points intermediate between 
the experimental values at (a), (b), (€), and (d) have been calculated in 
plotting Figs. 36 and 37, from which it will be noticed how closely 
the empirical relation fits the few observed points, How far such 
calculated results may be relied upon is doubtful, and in 
values of the maximum limiting stress between @ and e Hay 


30 





Fro. 37.—Limiting ranges of stress, 


exceeding the elastic limit, although of considerable scientific interest, 
are not of great practical importance, since stresses which would pro- 
duce considerable strains cannot be used in machines or structures. 
The most important practical relations, then, are those between the 
repetition limit (minimum stress zero) and the reversal limit 96 jual and 
opposite tension and compression), shown in е агеа «202, Figs. 36 
and 37, and over this region the variation аа е а ге, not great. 
Stanton and Bairstow experiments seem to show that for 
iron, for some distance on either side ceed he SEA А is 
constant. 





\ 
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Launhardt’s formula for stresses varying between zero and a 
maximum value is 
Feats. ` 
To IT SIF S [6] 
where f, is the repetition limit or value of fe. when the minimum stress 
is zero and f is the ultimate static strength. 


Stress 





А Fio. 38. 
For variation between tension and compression Weyrauch proposed 
the formula. 


fm ht Ui 0 


Where — f, is the greatest compressive stress and / is the reversal 
limit or value of /,, when the value of fain, is equal to — Jas. 
Weyrauch formula,— The two values (3) and (4) may be 
taken as equal, and we may write 
ری + رد ر‎ I. . 
taking account of the negative sign of fais. for a reversed stress. 
Equating (4) and (5) for the reversal or for the repetition limits 
shows that (5) involves the supposition that 
ATA: 2 O 
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Thus if A = 2/it follows from (5) or (6) that f= 4/ These values 
are roughly correct for mild steel, and adopting them in (5) the 


{онаша HECO s 
fec m re) — А 


_If any of the above empirical formule be plotted in the same 
manner as the relation (1), curves corresponding fairly well with Figs, 
36 and 37 will be obtained. 

Owing to want of sufficient data the curve of Fig. 37 is some- 
times taken as a straight line, with a repetition limit of half and a 
reversal limit of one-third the statical tenacity, these being average valiies 
for a variety of materials. The limiting range is as shown by vertical 
ordinates of the shaded area in Fig. 38. The divergence of the lines 
of maximum and minimum stress does not greatly alter the range in 
the immediate neighbourhood of the reversal limit, and the method at 
least possesses the merit of simplicity. ‘The relation is algebraically 
expressed by the equation 

VON SN ERI cops. (8) 

"This may also be written 


Sas if = (Faas mu) eos c e (9) 
or Sam Mf Ffa * ^ (19) 


or S= You fas mes (a = 448"). 6. (п) 
e+ © (12) 


hence p = E m o —— 
(« с pem) mv 
Г. Л 
41. Working Loads and Stresses.—The various experiments on 
fluctuating stress, as well as the results of general experience in the 
design and use of structures and machines, point to the use of different 
working stresses according to the nature of the straining action to be 
endured. If a factor of safety or ratio of ultimate statical strength to 
maximum working stress of, say, 3 be sufficient for mild steel to cover 
accidental and uncalculated straining actions, errors of workmanship, 
for a steady, unvarying or dead load, a similar factor might be applied 
to the maximum strength as given by the formulae of Art. 40. 
Launhardt-Weyrauch | Formula, —Thus the Launhardt-Weyrauch 
formula (7) gives 
working unit stress & 1, e AG eee 
or more generally if » is the factor of safety for an unvarying or dead 
load (ia Z is the allowable working stress where £ is the ultimate 


strength) then for a varying load, 


working unit stress = 2/(x 4 3 Minimum-stress) (yj 
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where $ of the working stress for dead loads may be written instead 


ag 
"The ratio minimum stress 
maximum stress 
is very frequently known before the actual values of the stresses are 
determined, for their ratio may be the same as the ratio of the loads (or 
other straining action such as bending moment) producing the stresses. 
The highest value of (x) occurs for a dead load, je. when minimum 
stress = maximum stress. If this is taken at 64 tons per square inch 
for tension in steel, the Board of Trade allowance for structures in the 
United Kingdom, the formula becomes 


1 working unit stresses 3 (x--4 21984 ) tons per sq: inch . (2) 


which allows 4°33 tons per square inch for a wholly live load and 2°17 
tons per square inch for a wholly reversible load, że. when minimum load 
equals minus maximum load. A more usual value of the constant gifes 

working unit stress =5(1 +4 E per equa ata) 
and with some such equivalent constant this formula has been widely 
used in America and on the Continent of Europe. Another empirical 
variation, known as Professor Cain's formula, for loads which do not 
change direction, is 

= В min. load 

working unit stress=4 unit stress for dead loads x(x asl ) 69 


Dynamic Formula.—Similarly with a factor of safety which is 7 fot 
wholly dead load, (12) Art. 4o, for varying loads gives 





With a stress of 6j tons per square inch for a wholly dead tensile 





load this becomes 
working stress = ا‎ per sq. inch. (5) 


, ¬ $ maximum load 


which gives 3'25 tons per square inch for a wholly live load and 2'17 
tons per square inch for a wholly reversible load, when a minimum load 
equals minus maximum load. The formula (5) may in general be 


written 
m ing unit stress for dead loads), . 
working unit stress = * (6) 


minimum 
? 73 maximum load 
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ps regard being paid to the proper sign (+ or —) of the minimum 
load. 
Equivalent Dead Load—One method of proportioning members 
of structures is to use a constant working stress, viz. that applicable to 
a dead load, and to increase the maximum load by some amount to 
allow for the effect of a live load. The allowance may be the whole or 
some fraction of the extreme variation or range of load. If there is 
a sudden fluctuation of the load from the minimum to the maximum, 
the elastic vibrations would produce the same straining effect as twice 
ar alteration occurring very gradually (see Art. 35), so that in this 


TS RH dead load = min. load + 2 (max. load — min. load) 
^ = max. load + (max. load — min. load) 
or! max. load + variation in load . . (7) ^ 

This method is parallel with equation (8) of Art. 40, which is for 
ultimate stresses, and with equation (6) of the present article ; equations 
(6) and (7) will lead to the same dimensions for a member. 

* Impact Allowances.—Sometimes the equivalent dead load is taken 
as the dead load and the live load plus some fraction of the variation 
in load, so that 
Equivalent dead load — max. load 4-4 (range or variation in load) (8) 
where 2 is a coefficient dependent on circumstances such as the 
suddenness or otherwise of the change in stress. For example, ina 
girder traversed by a moving load the change of stress is not sudden, 
but occurs much more quickly in some parts than in others, as is 
evident from Arts. 88, 89, and 9o. 

The formula (6) and (7) are equivalent to taking & = in (8) or to 
taking an equivalent dead load equal to minimum load plus twice the 
range of load ; this is a sufficient allowance for both fatigue (if any) due 

. to repetitions "of load and impact or dynamical action in producing a 
stress higher than that resulting from a static load. They represent 
something like ordinary British practice although the сш empirical 
formule used vary in form. 

In America an allowance for impact used with a constant unit stress 
is common in bridge work, well-known values of & in (8) being. 
Prichard’s value * for load of constant sign, 

live load 
+ (9) 


7 maximum load (pull or thrust) * 


or, to include reversals of stress, 


range of load 
MU EE 
‚тин mel in d buds ms s periere practice, Tt has 
be: ne vour L) tri to 
еп а! loned Prichard [St ite 9! еы ay а 


theory in that i gives an increase ae 
live load stress with increased live 
vol. xxiii. p. 603, Dec. 1907). Ao gives by Me, Ee Pru BEC dene Coe CN 
Engineers, vol. xli. pp. 491, 492. 


zs 
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Prichard’s later values are from L = o to 125’, 
&-1-—oon4L-—or(N—1i. . . . (9m 


and from L = 125! to 5oo', 
Ь=оз-оз(Ч-1)..... (дс) 


where N = number of loaded tracks and L = loaded length of span. 
The American Railway Engineering and Maintenance of Way 
Association's specification 1905, known as the Pencoyd formula, is 


оо 
Lies (1050 5 5409) 
where L is the loaded length of the track in feet producing the 
maximum stress; the value (ro) varies for chord members from x to 
o’5 as the span increases from o to goo feet. These are generally 
considered a sufficient margin for both fatigue and impact. Whether 
the two effects should be included in a common allowance or be treated ~ 
separately is a matter on which opinions differ. The allowance for 
impact is based upon the fact shown by actual deflection measurements 
that rolling loads (including imperfectly balanced wheels) produce 
greater effects than stationary ones and effects which increase with 
increased speeds. The dynamic effect is naturally greater in short 
spans than in long ones where the greater inertia of the structure 
permits of smaller strains from a given impact, provided such effects 
do not accumulate due to a coincidence of vibration periods with a 
periodic disturbance. 

Many valuable experiments on the effect of live loads on bridges 
have been made and reported! by a committee of the American 
Railway Engineering and Maintenance of Way Association, as a result 
oe рен руе as the maximum probable impact, as a percentage of 

уе 





k= 


Mm ee ee (tH) 
vt 20,000 

where /is the span in feet, This varies from roo to 5o per cent. while 
the span increases from o to 142 feet. Two other conclusions from 
these experiments are of great interest: (1) That the chief cause of 
impact stresses is found in unbalanced driving wheels of locomotives ; 
(2) serious impact stresses arise principally from cumulative vibration 
resulting from the near approach of the period of rotation of drivin 
wheels at a critical speed to the frequency of vibration of the loaded 
structure. 

Similar conclusions were reached by a committee appointed by 
the Indian Railway Board, and the work of the Bridge Stress Com- 


1 For an abstract of the sub-committee’s report, see Engineering News, No. 13, 
val liil, p. 395, and No, 14, vol. xi, p. 407, March 31 and April, 1910. 
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mittee! has gone far to confirm that on railway bridges any stress 
due to impact arises from the dynamical effect of the live load, notably 
the “hammer blow” of locomotives using reciprocating engines, 
and not from the imposition of the moving load which, at practicable 
speeds, is applied far too gradually to produce any significant dynamical 
effects. The magnitudes of the impact stresses are therefore, it is 
argued, in no way proportional to the moving load and should be 
allowed for separately. No formula of the Pencoyd class which treats 
ориси effect as proportional to the moving load can be theoretically 
valid, and it is suggested that its use is illogical. 

The frequency of rhythmically repeated blows, arising from the 
unbalance of the moving pus of locomotives or from jolts given by 
rail joints may approach the natural frequency of vibration of loaded 
bridges. The blows may then become important and involve con- 
siderable increases in stresses and strains in bridges. 

A bridge may thus be subject to two types of variation of stress 
arising from (a) rhythmically repeated blows during the passage of 
a travelling load, and (2) the imposition and removal of the weight of 
the travelling load: the (British) Bridge Stress Committee appears to 
doubt whether either variation is of a type to produce “fatigue,” 
but it appears to the author that the chances of fatigue occurring are 
far from being disproved, nor is it clear that there have not been 
fatigue failures in bridges although bridge failure of any kind is very 
rare in Great Britain. Whether entirely logical or not, convenient 
impact formule of the Pencoyd type making higher allowances of 
impact stress for short than for long spans and making some pro- 
vision against possible fatigue are not likely to be entirely displaced 
for a long time. The British Standard impact factor for railways 
given in B.S.S. No. 153, is, 

Ф = 120/{90 + (# + 1)L/a} . . . . (11А) 


where L is the loaded length of track in feet, and # is th f. 
tracks. For a road bridge the factor is two-thirds of. this ¥ ei 
maximum of o-70. 
The Bridge Stress Committee for certain standard loads,® and 
impact stresses due to definite hammer blows, allowing for resonant 
effects, have prepared tables of equivalent uniformly distributed loads 
eee A railway pe These are published in their 
. For design purposes the actual loadi laced 

dead load which includes an allowance for a and r 
question of variable stress allowance arises. In arriving at their 
conclusions they considered a t amount of experimental data 
in which stresses were estimated from known loadings by means of 
strain measurements, 

The Alternative Methods.—The reader should realize that the 


1 See Report (H.M. Stationery Office, 1928). 
ou Pm MUS da EA loadings and equivalents, See 
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alternatives of using a variable unit stress in connection with the 
maximum straining action or using a constant (or dead load) unit 
stress with a dynamically increased equivalent dead load is largely 
a matter of individual choice, and that one system can always be 
expressed in terms of the other, and that in either case the rules ir. 
common use are empirical. Thus, illustrating from the simple case 
of tension, let M — maximum load, R — range of load, then for a 
tie bar = 5 
“2 м M 4 4R 

d variable unit stress dead load unit stress e» 
hence m 

1 1 dead load unit stress 
variable unit stress — IF ARM. + (13) 


Thus writing 4 = x we get formula (6). 


And by putting 4 = as in (9) 


p 5 dead load unit stress 
variable unit stress = FRM C ‚ (4) 


A nearly equivalent form has been proposed by Mr. E. H. Stone, 
viz. approximately, з 
dead load unit stress x (1 — В2/2М8) . . (744) 
He recommends for steel bridges the value 
9 — S(R/M)* tons per square inch _ 


Or again, inversely, from (12) we can obtain the value of the impact 
coefficient 4 corresponding to variable unit stress rules, for 


a M, unit stress for dead loads 
CS Aten = Me 

Thus, using the Launhardt formula, (1) gives 
A&-M/(3gM—R) ...... (69 





and using Cain's formula, (14) gives 
&-M/(aM—R) .. eyes (19) 
An example will make clear the use of the formulz of the ptesent 


article. 
ExAMPLE.—Taking a dead load stress of 6 tons per square inch 
find the cross-sectional area for a tie bar subject to a tensile dead load 


à Trans, Am. Soe. C.E. vol. xli. 
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of 4 tons and live loads which vary from 1 ton compression to 2 tons 
tension. ' 


maximum tensile = 4 + 2 = 6 tons 
minimum load = 4 — 1 =3 tons. Range of load = 3 tons 
rato DE yy 
maximum 
Launhardt-Weyrauch formula (1) gives 
working stress = 4(1 + 4 X 4) = 5 tons per square inch 
area required = 2 = 1°2 square inch 


or from (16) 


6 
а= 23-1 
hence from (8) 
equivalent dead load = 6 + 3 X 0'4 = 7'2 tons 
area required z 7*2 -+ 6 = r'2 square inch 
Dynamic formula (5) or (6) give 
working unit stress = 3 + (1 — $ X 4) = 4 tons per square inch 
area required = 6+ 4 = 1'5 square inch _ 
or putting 4 = x in (8) or from (7) 
equivalent dead load = 6 + 3 = 9 tons 
area = 9+ 6 = 1'5 square inch 
Cain's formula (za) gives 
working unit stress = 3 (3 + $) = 4'5 tons per square inch 
area required = 6 + 4°5 = 1°33 square inch 
or from (17) 
6 
а= 123—1 
апа бош (8) 
equivalent dead load = 6 +$ X 3 = 8 tons 
area required = 8+ 6 = 1'33 square inch 
Prichard’s Impact Coefficient (9) or (9A) gives & 2 o'5, hence from (8) 
equivalent dead load = 6 + (0'5 Х 3) = 7'5 tons 
area required = 7'5-+6 = 1'25 square inch 
or from (14) 
working unit stress = 6 + 1°25 = 4'8 tons per square inch 
area required = 6 + 4'8 = 1°25 square inch 
Fig. 39 illustrates the relation of the ing unit stresses in 


four weli-known systems explained above, taking steel 
square inch and a factor of safety of 4 for dead loads. Fig. 40 shows 


the so-called factors of safety on the same working unit stresses. 
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Ratio of minimum to maximum stress. 
Fic, 39.— Relation of working anit stresses. 

















Fic, 4o,—Relation of factors of safety. 
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Unwin gives the following table of factors of safety for different 
materials and circumstances :— 


TABLE OF FACTORS OF SAFETY. 


Factors of safety for. 





Matecal. Г иное varying load. 
Dead lod: Seas of one Reversed — 
kind only. sew. | 
Castiron ..., 4 6 10 15 
Wrought iron and steel 3 $ 8 12 
"aber. Ds 1 10 15 20 
Brickwork and masonry | — 20 зо Ex = 








TABLE OF ULTIMATE STRENGTHS. 
(The following are avérage and not extreme values,) 






















in tons per 
square; 
саса. aL Pay. > ул». to an 

'rought-iron bars + 

к plates (with fibre) men 

s (across fibre) 14 
"Steel; mild structural . „ 21 to 24 : 
TEE 45 

» bhudduwn . . 0. 0. ss = 

ONU SOAM ЖИК ЛИТ 8to to 

. i 15 

: 24 

Alumlainm:bronge (19 per t opper) : 5 
cent. copper), . 

Oak (British) , . . Tu 1 
се Al 
Tak e IIIi] the 

w BOGE УС 3 
Redpie . v 2 9 79 V sos ev е 
Spruce. re as meee 

1e table ia Art. 2f 
aa "Note.— Tables of Ultimate Crushing Strength, Elastic Modulus, 
+ and Working Stresses are given in Appendix I. P = 
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EXAMPLES II. 
1, The following figures give the observations from a tensile test of 


a round piece of mild steel 1 inch diameter and 10 inches between the 


gauge points :— 
v 
Load in tons | 5 | то | 15 | 16 | 17 | 18 | 19 | 20 |205| 21 [ars 


Extension in 
inches. ross] 'o096 0145 o15] 0°16 | orar |o26 | 0:32 0136 | 0'39 [оз 


Load in tons | 22 | 22°5| 23 | 23°5| 24 | ze5| 25 [2545 251 |231) 217 


Extension in 
inches . |o49 o5 | 0°60 | 0°69 | 0°78 | o'89| 1-08] 2-13 | 2"13| 2°30 | 2°35 


Plot separate stress-strain diagrams for the elastic and ductile extensions 
and find the ultimate tensile strength, intensity of stress at yield point, the 
percentage elongation on ro inches, and the stretch modulus for the metal. 

2. Two parallel walls, 25 feet apart are stayed together by a steel bar 
1 inch diameter, passing through metal plates and nuts at each end. The 


nuts are screwed up to the plates while the bar is at a temperature of 300? F. 
Find the pull exerted by the bar after it has cooled to 60^ 9. if the ends 
inch. Steel 


do not yield ; () if the total yielding at the two ends is 
expands 'o'ocoooóz of its length per degree Fahrenheit, and E = 13,500 


tons per square inch. j 
3. Find the work done per cubic inch of material in the static test to 


fracture given in question 1, Examples II. 1 
4. Find the total elastic strain energy or resilience of a bar of mild steel 
1 inch diameter and 10 feet long, carrying a tensile load of 7 tons, E — 


13,500 tons per square inch. 
б he total proof а ога аа 


‚ Ешй 
вй long, the tensile elastic limit being 14 tons per square inch and the 
stretch modulus (E) 13,500 tons per square inch, Find also the proof 
resilience cubic inch, 

6. Find the intensity of stress and extension produced in a bar 10 feet 
long and. 1'5 square inch pe sections hy he sudden application of a tensile 
load of 6 tons, What suddenly applied load would an extension of 
vy of an inch? Take E = 13,000 tons per square inch. 

7. Estimate the dead loa uivalent to the fos (а) A dead load 
(tensile) of 15 tons and a live loadof 2o tons: (5) A dead load (compressive) 
of 15 tons and a live tensile load of 20 tons. If the strain is not to exci 
oor, find the area of section required in each case, E being 13,500 tons 
per square inch, n 

ү МЫ ДЫ, АШ; иен Ашер. at the lower end of 
a vertical bar 1o feet long and 1 square inch in section, If the stretch modulus 
(E) is 13,000 tons per square inch, find the stress produced in the bar, 

9. Find the greatest height from which the load in question 8 may fall 
before beginning to stretch 
than 14 tons per square inch. 

10. What is a suitable value for the working stress for a bar carrying a 
dead.load of 7 tons tension and subject also to a load which fluctuates between 
3 tons tension and 2 tons compression if the safe stress for dead loads is 


адс етте inch z si 
11. Find a suitable area of cross-section for a tie bar the tension in 
which varies from то tons to 8 tons, the safe stress for a dead load ‘being 


7 tons per square inch. ^ 


e bar in order not to produce a greater stress 





CHAPTER III 
STATICS 


42 Systems of Forces in Equilibrium.—In estimating the stresses 
on parts of a structure, it will frequently be necessary to consider the 
equilibrium of the structure regarded as a rigid body under the action 
of a system of fotces, some of which (the loads) may be known, and 
others, the supporting forces or reactions, may be unknown and require 
to be found by the principles of statics. Or again, it is often necessary 
to consider in the same way a portion of a structure, and very frequently 
the equilibrium of the system of concurrént forces meeting at some 
point in the structure. It is convenient here to deal with the relations 
between forces forming a system in equilibrium; mainly graphical 
methods will be used, and the corresponding algebraic theorems will 
be briefly indicated. The foundation of graphical statics is the principle 
of geometrical or vector addition of forces. It happens that the rules 
relating to coplanar systems are frequently sufficient for estimating the 
forces on a structure, but extensions to other cases are occasionally useful 
and will be mentioned. In any case a force is completely specified by 
its magnitude, direction, and position. 

48. Graphical Methods.—When statical problems are solved by 
graphical methods, it is usua!ly necessary to first draw out a diagram, 
Showing correctly the inclinations of the lines of action of the various 
Крста forces to ono moien and, to some scale, their relative positions. 

juch a diagram a diagram of positions, or ай ; this 
is tot to be confused with. the vector diagram: of forces, witch gives 
magnitudes and directions, but not positions of forces, 

Bow's Notation —In this notation the lines of action of each 
force in the diagram are denoted by two letters placed one on 
each side of its line of action. Thus the spaces rather than the lines 
or intersections have letters assigned to them, but the limits of a space 
пое a particular letter to denote it may be different for different 
forces. 

_ The corresponding force in the vector diagram has the sime two letters 
at its ends as are given to the spaces separated by its line of action in 
the space diagram. We shall use capital letters in the space diagram, and 
the Porn small letters to indicate a force in the vector diagram. 
The notation will be best understood by reference to an example such 
as that in the following article, i 
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44. Concurrent Forces,—If several forces, CD, DE 
41), all acting in one plane at a point X are RE DU NE 
рено, their resultant жау be found by starting from any point a, and 
wing an open vector polygon abcde with sides ab 
end to end, in the direc- د‎ Be of; and dé placed 
tion of, and proportional 
to, the given forces AB, 
BC, CD, and DE re- Space Diagram 
spectively, and closing 
the open polygon by 
joining a to e; the 
vector ae gives the mag- 
nitude and direction of 
the resultant force which 
must act through X. 
If an additional equili- 
brant or force repre- 
sented by the vector ea 
in the line EA through 
X be added the system would be in equilibrium. ‘Thus if » coplanar 
forces are in equilibrium and » — 1 are known completely, the vector 
polygon gives the nth force in magnitude and direction and its line of 
action passes through the point of concurrency of the given forces. If 
я — 2 of the forces are given completely, and two by their directions, 
the magnitude of these may be found by closing the open vector 
Polygon by two sides parallel to the two given directions; this is 
equivalent to resolving EA into two components in assigned directions, 
Or again if » — 2 of the forces are given completely and two by their 
magnitudes, or one by its magnitude and one by its direction, it is 
easy (provided the data are not inconsistent) to close the open vector 
[отоо of n — 2 sides and so find completely the two remaining forces, 
any case » — 2 conditions being given, the number of conditions 

found by drawing the vector y 
| 





Force or Vector 








Fi6. 41.—Concurrent forces, 


polygon will be two of the total 
2n conditions, viz. magnitude and 
irection of a single equilibrant, 
magnitude of one and direction 
of another force, direction of two 
forces, or magnitude of two forces. w 
If all the concurrent forces 
Are not in one plane the same 
method holds good, and if 
3” — 3 conditions are given the 
Шш Polygon may be drawn 1 
pl levation, its com- Fic. 43. 
pletion determining three condi- ‘3 
mt от Or direction. The plan and E 
evidently involye only three independent conditions of length and 
directions (not four) and the total number of conditions is therefore 39 
D 
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Alvebraic Method.—The conditions to be satisfied in order that m 
concurrent forces Fı, Fs, Fy. . . .F, (Fig. 42) in one plane shall be in 
equilibrium are that the algebraic sum of the components in each of 
two independent directions shall be zero. Taking two rectangular axes 
OX and OY through the point of concurrency O, the total (horizontal) 
component in the direction OX is 

X = F, cos 6, + Fy cos & + Е, соз 6, +. . : +Е, соѕ 0 
or X(F cos 6) 
where the forces make angles 6, 65, 6, . . . 0, with OX. 
And the total (vertical) component in the direction OY is 
Y = F, sin O, + F, sin O, + F, sin + «++ 
or X(F sin 0) 
The two conditions of equilibrium are 
XorX(Fcos0)—-0o . vow v (1) 
Y or XF sin 6) — o gawr so (a): 

These two equations enable two of the quantities Fy Fa Fs... 
F.and 6, 6, 0, . . . 6, to be found if as — 2 are given. If the system 
is not in equilibrium, the resultant R is given by 

R-J4X.4Y 
and its inclination to OX by 
Y 
tan ô= x 








If all the forces are not in one plane, they may be resolved into 
three mutually perpendicular directions OX, OY, OZ, then if X, Y, 
and Z are the algebraic sums of the components in the directions OX, 
OY, and OZ respectively, viz. 

X-2FATEAMEAM...4EZ4-XF.) 

Y = Fim + Fy + Fs + ....« maar 

Z= Fim + Fyn + Fyn + . = ҖЕ.я, 
where A, m, m, etc., are the appropriate direction cosines and the three 
conditions of equilibrium are . 








Keo... (3) Yeo... (4) Z=o... (5) 
which equations serve to determine three unknown conditions when the 
remaining three are given, 


45. Non-concurrent Forces; Funicular or Link Polygon — 
To find graphically the resultant or equilibrant of several non-concurrent _ 
coplanar forces AB, BC, CD, DE (Fig. 43), we may proceed as for 
concurrent forces to draw the open vector or force polygon abede to 
represent by its sides, the magnitude and direction of the several forces. 
Then as before ae represents, the resultant (or ez the single equilibrant) 
in magnitude and direction. But as the forces do not роза лод 
one point the position of the resultant remains to be determined. s 
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may be found by replacing two such forces as AB and BC by a single 
force AC (represented in magnitude and direction by ac) 

intersection Q of their lines of action AB and BC, and then similarly 
adding a third force CD to the resultant at the intersection S of AC 
and CD giving a force represented by ad through S and so on until 
the last force DE is added at the intersection T, which is a point on 
the resultant ae or the single equilibrant ea, But this fails for the 
important case of parallel forces, and is very inconvenient for forces 
which are nearly parallel on account of the acute intersection of the 
lines of action, and the following alternative is then adopted. Any pole o, 
Fig. 44, is chosen in or about the vector polygon and joined to each 
vertex a, Û, ¢, d and e, and then from any point P, say on the line of 





E 

Fic. 43.—Non-concurrent forces, 
action of AB, a line PT called AO is drawn parallel to ae across the 
space A, from P line (BO) drawn across the space B parallel to Je 


having its vertices on the lines of action of 
favour tc ted pole, ‘That T must be a point on the line of action 
of the resultant is evident from the following considerations. Any 
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intersect on its line of action, for it is only necessary for the force to 
be the geometric sum of the components. Let each force, AB, BC, 
CD, and DE, be resolved along the two sides of the funicular polygon 
which meet on its line of action, viz. AB along TP and QP, BC along 
PQ and RQ,and so on. The magnitude of the two components is 
iven by the corresponding sides of the triangle of forces in the vector 

iagram, ¢g. AB may be replaced by components in the lines AO and 
BO (or TP and QP), represented in magnitude by the lengths of the 
vectors ao and od respectively. Similarly, CD is replaced by com- 
ponents in the lines CO and OD represented by co and o4 respectively, 
When this process is complete, all the forces AB, BC, CD, and DE 
are replaced by components, the lines of action of which are the sides 
TP, PQ, QR, etc., of the funicular polygon. Of these component 
forces, those in the line PQ or BO are represented by the vectors o 





Fic, 44.—Funicular or link polygon. 


and je, and therefore have a resultant nil, Similarly, all the other 
components balance in pairs, being equal and opposite in the same 
straight line, except those in the lines TP and TS, represented by ao 
and ee respectively. These two have a resultant represented by 4, 
which acts through the point of intersection T of their lines of action. 
Hence finally the resultant of the whole system acts through T, and 
is represented in magnitude and direction by the line ae; the equilibrant 
is equal and opposite in the same straight line. 
Choice of Pole—ln drawing the funicular polygon, the pole o | 
(Fig. 44) was chosen in any arbitrary position, and the first side of the 
funicular polygon was drawn from any point P in the line AB. If 
the side AO had been drawn from any point in AB other than P, the 
funicular polygon would have been a similar and similarly situated | 


figure to PQRST. 
The choice of a different pole would give a different shaped 
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funicular polygon, but the points in the line of action of the unknown 
equilibrant obtained from the use of different poles would all lie in a 
straight line. ‘The choice of a suitable pole will generally lead to. 
well-shaped link polygon, £e, one in which the intersections of successive 
sides are not at very acute angles, A badly chosen pole will give an 
ill-conditioned link polygon with intersections so acute as to make 
the vertices difficult to locate exactly, or it may be, outside the limits 
of a sheet of drawing paper. The method shown in Fig. 43 is a 
particular case of the link polygon in which the pole isat an intersection 
of two sides of the force polygon. 

Algebraic Method.—In the notation of Art, 44 the total horizontal 
component X of the resultant is 

X = 3(F . cos 6) 


and the total vertical component is , 

Y — X(F. sin 6) n 
hence the resultant R is given by 

к= угу) 


and its inclination @ to the axis OX is given by 





tan d= 


The position of R may be specified in various ways such as by 
its perpendicular distance r from the origin, given by equating the 


moments 
Rx r= X(y.F.cos 0 — z.F.siné) 


reckoning R and clockwise moments positive for the usual directions 
of the axes OX and OY. 

46. Conditions of Equilibrium. If we include the equilibrant EA 
(Fig. 44, Art. 45) with the other four forces, we have five coplanar 
forces in equilibrium, and (r) the forces or vector polygon abcde is 
closed; and (2) the funicular polygon PQRST is a closed figure. 
Further, if the force polygon is nof closed, the system reduces to a 
eee peau which 1 may be found by the method just described 

45). 

It may happen that the force polygon is a closed figure, and that 
the funicular polygon is not. Take, for example, a diagram (Fig. 45) 
similar to the previous one, and let the forces of the system be AB, 
BC, CD, DE, and EA, the force EA not passing through the point T 
found in Fig. 44, but through a point V (Fig. 45), in the line ‘TS. 
If we draw a line, VW. parallel to oa through V, it will maz intersect 
the line Rena to ao, for TP and VW are then parallel. 1 

iginal forces by components, the lines of action of which are in 

the sides of the funicular polygon, we are left with two lel 
Unbalanced components represented by go and oa in the lines TP and | 
VW respectively. These form a couple, and such a system is not in 

' equilibrium nor reducible to a single resultant. The magnitude of the 
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couple is equal to the component represented by ea multiplied by ће 
ا‎ represented by the perpendicular distance between the lines TP 
and VW. It is also equal to the force EA represented by ea, multiplied 
by the distance represented by the perpendicular from T on the line 
VX. Or the resultant of the forces in the lines AB, BC, CD, and DE 
is a force represented by ae acting through the point T ; this with the 
force through V, and represented by ea, forms a couple. 

Hence for the equilibrium of a system of non-concurrent forces all 
in one plane it is essential that (1) the polygon of forces is a closed 
figure ; b that the link or funicular polygon is a closed figure, these 
require the forces to satisfy three conditions of magnitude, direction, or 
position, and if of # non-concurrent coplanar forces in equilibrium (com- 
pletely specified by 3% such conditions) 3 — 3 conditions are given, the 
remaining three can generally be found by the vector and link polygons, 
‘Thus in Art. 45 the three conditions one magnitude, one direction, 








Fic. 45.—Resultant couple, 


and one position all relating to a single equilibrant were determined ; 
other cases having useful applications will be treated later in the chapter 
(Arts. 47, 48, 51). 

If 5 non-concurrent forces in equilibrium are not all in one plane 
the vector polygon of forces and the funicular polygon must both close, 
but this requires the fulfilment of six independent conditions represented 
graphically by the closing of both polygons in plan and in elevation. 

Algebraic Method.—For m non-concurrent forces coplanar in 
equilibrium the three conditions to be fulfilled are equations (1) and e 
of Art. 44, and that the resultant moment about one point such as 
origin О sball be zero, ie. 

ZX.Fcoó0-—x.Fsin)mo ..... (1) 
where x, 4,, *,, etc., represent the horizontal distances of the vertical 
components F, . sin Ó,, F, . sin 6, etc., from O. and y,, v.. etc., represent. 
the vertical distance of the horizontal components F, . cos 6, F, . cos 0, 


Ааа AR 
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etc., from O. It may also be shown that the conditions of equilibrium 
are fulfilled if equations such as (x) hold for three points in the plane of 
the forces. 

For s non-concurrent forces not all in the*same plane the six 
conditions of equilibrium are equations (3), (4), and (5) of Art. 44, 
together with three expressing that the moments about three independent 
axes are each zero. To fulfil the six conditions an unbalanced system 
will generally require at least two equilibrants. 

47, Two and Three Equilibrants by the Link Polygon.—It was 
shown in Art. 45 how to find by the link polygon a single equilibrant 
to a system of non-concurrent forces all in the same plane. The 
system may be balanced by two or by three equilibrants to comply 
with three conditions, and two important cases will now be explained, 

(х) Two Eguilibrants.—Of nm non-concurrent coplanar forces in 
equilibrium given s — 2 completely, one by its line of action (i.e. position 
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and direction) and another by a point on its line of action (position), to 
find completely the s forces. i 
Let AB, BC, and CD (Fig. 46) be the lines of action of given forces 
resented in magnitude by a, ёе, ард ed respectively in the vector 
polygon. Let ED be the line of action of one equilibrant, and 4 a 
point in the line of action of the second. Draw a line, dx, of indefinite 
length parallel to DE, Choose a pole, e, and draw in the funicular 
polygon correspondiny to it, dut drawing first the side AO through the 
given point p. Let tie last side DO cut ED in g. ‘Theo, since the 
complete funicular polygon is to be a closed figure, join pg. Then the 
PER LM Ou by an a line, og, through o lel to fg to 
. meet dx in е The magnitude of the equilibrating force in the line 
DE is represented by the length dé, and the magnitude and direction 
of the equilibrant EA through P is given by the length and direction 


of ea. кеме, 
‘Algebraic Method.—Find the magnitude of DE by equating its 
moment about p to that of the known forces ‘Thea “including DE 
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fn the known forces find the magnitude and direction of EA as for 
concurrent forces, Art. 44, viz. (for the equilibrant or R reversed) 


FA = УХЕ tan = E. 


(2). Three Equilibrants.—1f three of the n forces are given by their 
lines of action, produce two of them to meet and treat their intersection 
а 


0 





el 
FiG, 47,—Funicular potygon for parallel forces, 
as the point ? in Fig. 46, finally replacing the force through this point 
by two components along the lines which intersect there. 
48. Funicular Polygon for Parallel Forces.—To find the equili- 


brant or resultant of several parallel forces the procedure is exactly 
the same as for non-parallel forces, but the vector polygon of forces has 


= 





А т 
Fic. 48,—Funicular polygon for parallel forces, 


2x all in the Ko EH line; it is “closed” it after drawing 
œ various consecutive vectors end to end the la: termina! 
the Eno Pone of the first one. MET “з 
47 four forces AB, BC, CD, DE are gi 4 their 
resultant 5 required, abcde is the open vector PAPE, ant the 
magnitude and direction of the resultant is given by ae A pole is 
chosen at о which is joined to a, b, e, d and e. The funicular polygon 
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having sides parallel to ac, ġo, æ, etc., is then drawn in the space 

liagram, starting from any arbitrary point. The extreme sides AO and 
EO (parallel to ao and ev) intersect in T, and this gives a point in the 
line of action of the resultant AE and so fixes its position, The 
equilibrant of the four forces is a force EA given in magnitude and 
direction by ea acting through T. 

Fig. 48 illustrates another case in which some of the forces are in 
one direction and some are in the opposite direction. The vector 
polygon a&cde is set off as before; starting from a the equilibrant acts 
downward through the point T in which the extreme sides AO and EO 
(parallel to gs and æ respectively) intersect, 

Algebraic Method.—The resultant R is equal to the algebraic sum 
of the several forces, hence the distance of the resultant from any 
point is 

(moments about the point) 
(forces) 





both summations being merely algebraic, 





ei 


Fic. 49.—Two parallel equilibrants, 


Two Equilibrants.—If two parallel equilibrants to the given (vertical 
forces AB, BC, CD, DE are required through two given points x and y 
(Fig. 49), choose a pole, e, as before, and draw in the funicular 
Polygon with side AO, BO, CO, DO, and EO respectively parallel to 
40, до, со, do, and eo іп the vector diagram. Let AO meet the line 
FA (éz. the vertical through x) in p, and let g be the point in which 
EO meets the line EF (i.e. the vertical through у). Jm. and from 
о draw a parallel line of to meet the line aéede in / The magnitude 
of the upward equilibrant or supporting force in the line EF is repre- 
sented by ç/, and the other reaction in the line FA is represented by 
the vector a. This may be provéd in the same way as the proposition 

45. , 

Another case is illustrated in Fig. 50 in which the two equilibrants 
FG and GA are not the extreme ouiside forces of the system; this 
Presents no difficulty if the forces ad, dc, cd, de, cf are set off con- 
tinuously on the vector diagram and the spaces lettered accordingly. 

, D2 
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Thus, the spaces C, E, and G extend as shown, from the lines BC to 
CD, DE to EF and FG to GA respectively. 





FıG. 50.—Two parallel equilibrants 


49. Moments from Funieular Polygon.—When a system of coplanar 
forces reduces to a couple it was shown in Art. 46 how the magnitude 
of the couple was found from a funicular polygon, viz. in Fig. 45 the 





to. 5t.—Moments from funicular polygon. 


magnitude of the couple was given by as multiplied b; the distance 
between the lines TP and VW or by анро by iiio par pendici? 
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distance of VX from T. But if the forces are not equivalent to a 
couple or in equilibrium we may find their moment about any point 
from a funicular polygon, Thus, in Fig. 51 the four forces AB, BC, 
CD, DE reduce to a force R (represented by ac) through T, the inter- 
section of the extreme sides AO and EO of the funicular polygon as in 
Art. 45 and Fig. 44. To find the moment of these forces about any 
point Z in their plane, draw a line PZ through Z parallel to the resultant 
a to meet the extreme sides AO and EO of the funicular polygon in P 
and Q, then PQ or y represents the moment of AB, BC, CD, and DE 
(or of R), about Z for Ev ийке тү is R x x where x is the per- 
pendicular distance of R from Z. But since the triangles ag and PQT 
are similar 
‚ Pi ae 
29 t=% (see Fig. 51) 


where / is the perpendicular distance of the pole o from ae, hence 

on EXE 

x E 
which is proportional to R x x, or y represents R X x on a scare 
dependent on 4 and the scales of force and distance used in constructing 
the space and funicular polygons. If the force scale is $ Ibs. to one inch 
and the distance scale is g feet represented by one inch, and if й 
measures 4 inches, the scale on which y represents the moment about Z is 

Pgh 1b.-ft. to one inch. 

Similarly, to find the moments of, say, AB and BC about Z the 
extreme sides AO and CO are luced and a line drawn through Z 
intercepts a length yı between AO and CO, then 

JA. 

= h 
and y; represents the moment of AB and BC (or a¢ acting through S) 
on a scale 24/4, lb.-ft. to one inch. 4 

Fig. 52 illustrates the same points as Fig. 51 but for a differently 
arranged set of forces, the notation being as in Fig. 51. 

50. Moments of Parallel Forces ie aci PP E 
case of parallel forces is specially sim) very important, and is 
therefore treated separately in this article. Let AB, BC, CD, DE, 
EF (or W,, Wy, Wy, We, and Ws) (Fig. 53) be five parallel (vertical) 
forces balanced by two equilibrants fe and ga(or Ri and R,). Let 
the funicular polygon for any pole v, starting, say, from s, be drawn as 
directed in Art. 48, o¢ being drawn parallel to z or GO, the cl 
i a сае бани асап Ы ерата 
ty the vector ga and R, a rL ur 

are represented by the vectors ani h 
Consider any vertical li through X, at which the height of the link 
polygon is x/ Produce a4 and the side st to meet in y. Also 
the side wm of the funicular polygon to meet æy in #, and let the next 
side mg of the funicular meet ay in The sides sw, wm, and mg (or 
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AO, BO, and CO) are parallel to ao, c, and £e respectively. Draw a 
horizontal line, sé, through s to meet xy in 4, a horizontal line through 
w to meet xy in r, and a horizontal sH through o in the vector polygon 





sk 24 
one ог ху.оН — ag X sk, or an te 


"Therefore, since ag is proportional to R,, and sé is equal or proportional 
to the distance of the lin. of action of R, from X, a£. s is proportional 





F10. $3.—Moments of paralle! forces from funicular polygon, 
to the moment of R, about X, and oH being an arbitrarily fixed 


"constant. xy is to the moment of R, about X. 
Similarly 


=% wr 
еН 
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and therefore represents the moment of W, about X to the same scale 
that ay represents the moment of R, about X. Hence хл or xy — ny 
represents to the same scale the moment of the two forces R, and W, 
about X (or of their algebraic sum acting at their intersection of xs and 
wn). Similarly s represents the moment of W, about X to the same 
scale and 
a = ху – пу – In 

ts the moment about X of the three forces Ry, W, and Wy or 
of their resultant (the algebraic sum) acting at the intersection of the 
lines жз and /m.- For any point in the plane, and for any number of 
parallel forces the proper intercept between the sides of the funicular 
polygon represents the moment and always to the same scale, since the 
distance from o to any side of the vector polygon adcdefg is the same, 
viz. oH. For different pole distances (oH) the depth of closed link 
polygon will be inversely proportional to the pole distance, 

“ Seales.—If the scale of forces in the vector diagram is 


z inch to f Ibs, 


and the scale of distance in the space diagram is 
3 x inch to g feet; 
and if oH is made / inches long, the scale on which the intercepts a/, 
SN, ZY, ny, etc., represent the moments about X is 
1 inch to J. 4. A. Ib.-feet. 


51, Link Polygon to Given Conditions for Forces in One Plane.— 
(a) To pass through two given Points in the Plane,—Let AB, BC, CD, and 
DE be given forces (Fig. 54), and let P and Q be any two points through 
which the link polygon is required to pass. Set out the vector polygon 
abcde and choose any pole v, and draw the E Polygon, 
starting through one of the given points, say P. Let the last side (EO) 
еа to eo meet a line through Q parallel to aein T. Join PT, and 

о, draw ek parallel to TP. "Then e& and Aa represent parallel 
equilibrants (as in Art. 48, Fig. 49) through P and Q to the given 
forces and for all poles, link polygons for the given balanced system of 
six forces starting from P will have closing sides joining P to the line 
TQ and parallel to the line adjoining 4 to the pole. Then in order 
that the polygon shall pass through Q the closing side must be the line 

- Hence any polygon having its pole at 2, 05, ог e, etc., on 
the line Ao, through parallel to PQ will satisfy the conditions, and 
its extreme sides OA and OE will meet on the line of the resultant AE, 
To absolutely fix the polygon through P and Q it may be made to 
fulfil some additional condition. For instance, a certain side, say the side 
OD, may be made of a given inclination; the pole would then be at 
the intersection of a line at the given inclination through æ and the line 
4, Ox Oy u o, Or again, the pole distance Ло or any link may be a 
certain specified length, Or the polygon may be made to pass through 
a third point. К 
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(8) To pass through three given Points in the Plane.—Let AB, BC, 
CD, DE, and EF be given forces (Fig. 55), and let P, Q, and R be 
4 





Fro, §4.—Funienlar polygon through two given points. 


three given points through which the link polygon is to pass. Draw 
the vector polygon aéedef, choose any pole o, and draw the link polygon, 
starting, say, the side OD parallel to ag through P. Through Q draw 





Fic. §5.—Funicular polygon through three given points, 
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aline Qs parallel to ad, the resultant of AB, BC, and CD to meet the 
side AO in S, Join SP and through o, draw 0,4 parallel to SP to meet 
ad in Ж. Then all link polygons started through P and having their 
poles on the line Aa, parallel to PQ will pass through P and Q as in 
the previous case, Similarly by drawing a line RT parallel to af to 
meet the side OF in T and a line ø parallel to PT a point 4 in df 
is determined, And if through & a line 40, is drawn parallel to PR, 
all link polygons baving their poles on 4, will pass through Е. 
Hence finally o, being at the intersection of Ao, and 4o, is the pole of 
the required link polygon, and if a polygon having o, as pole be started 
through P (or R or Q), it pass through the other two points; that 
it actually does so forms a check on the graphical work. The 
required link polygon is not shown on Fig. 55, as it would unnecessarily 
complicate the figure. 

(© Special Case of Parallel Forces.—The case of parallel forces (say 
vertical) presents no special features for the link polygon through two 
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given points and satisfying one other condition, and Fig. 56 may be 
taken in d of CE 4. But if the third condition is that the polygon 
shall also un a third point R, there is a simple alternative 
f рае eee асер Let the link polygon be drawn for 
the pole o, (Fig. 56). Art. 50 the moment of all forces to right 
or left of a point in a iul line through R is represented by 
the height of the closed polygon in this vertical line, which is inversely 
Proportional to the horizontal distance of о, (тош адай. But in the 
polygon required passing through P, Q, and R the height in the same 
vertical ling must be SR, i.¢, the vertical distance of R from the line 
PQ. Hence the horizontal distance of the required pole o, from abcde 


i jı ê times the horizontal distance of from ade And if the line 


A, is determined as before, the re pole o, is completely deter- 
mined by the intersection of 4o, with a vertical at the above 
from abcde, 
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52. Moments, Centroids, and Moments of Inertia of Plane 
Areas.—The moment of plane area about a line in its plane is the 
limit of the sum of products of small elements of the area and their 
perpendicular distances from that line. If 8A represents any element 
of a plane area A distant y from a given line in its plane, the moment 
of the area is the limiting value of 

3(y.8A) or fydA 

"The centroid of a plane area (also called the centre of gravity of the 
area), may be defined as a point in its plane such that the moment of 
the area about any line in the plane passing through that point is zero. 
Or for any line in the plane, through the centroid the product sum 

3(y8A) = 0 eite (1) 

Central Axis—Such a line through the centroid is called a centras 
axis of the figure. The distance y of the centroid from any other fne 
in the plane is given by the equation 

J=3(y.8A) +A... e. . (a) 
The position of the centroid of simple geometrical figures is dealt with 
in books on elementary mechanics." 

Moment of Inertia or Second Moment of a Plane Area.—The 
moment of inertia (I) or second moment of the area about any axis 
in its plane is defined by the relation 

. Ie-210*.8) . i... . . (3) 


where values of y are the distances of elements of area 5A from the 
axis about which the quantity I is to be estimated. 

The calculation of the quantity I for various simple geometrical 
figures about various axes will now be béiefly considered. The 
summation denoted by 3(y*.8A) can often be easily carried out by 
ordinary integration. If A be the area of any plane figure and I its 
moment of inertia about an axis in its plane, the radius of gyration 
(A) of the area about that axis is defined by the relation 

PA-RISX)...,. 2a (4) 
ог & is that value of y at which, if the area A were concentrated, the 
moment of inertia would be the same as that of the actual figure. 
Two simple theorems are very useful in calculating moments of inertia 
of plane figures made up of a combination of a number of parts of 
simple figures such as rectangles and circles. 

Theorem (1)-—The moment of inertia of any plane area about апу 
axis in its plane exceeds that about a parallel line through its centre 
of gravity (or centroid) by an amount equal to the product of the area 
and the square of the distance of the centroid from the axis, 

Otherwise, if I is the moment of inertia of an area A about any 
axis in the plane of the figure, and I, is the moment of inertia about 


" Such as the Author's ** Mechanics for Engineers," 


ART. 52] STATICS 81 


a parallel centra) axis, #.e. a parallel axis through the centroid, and Z is 
the distance between the ae Е 8 
I=ItA ses... (5) 


or, dividing each term by A 
Baek Bet espe ar) 
where & is the radius of gyration about any axis distance / from 
the centroid and 4, that about a parallel axis through the centroid. 
"The proof of the theorem may be briefly stated as follows :— 
T= 3{(/ + yA} = (P + aly + yA} 
= PRA) + 2/3(y.8A) + IBA) 
= P.A +o +l 


when y is measured from an axis through the centroid. 

Theorem (2).—The sum of the moments of inertia of any plane 
figure about two perpendicular axes in its plane is equal to the moment 
of inertia of the figure about an axis perpendicular to its plane passing 
through the intersection of the other two axes. Or, if Ij, Ix, and I, 
are the moments of inertia about three mutually perpendicular axes 
OZ, OX, and OY intersecting in O, OX and OY being in the plane 


of the figure 
I, = I, + I, 
or X(r.8A) 2 X(j.8A) + (8A) or X{(a + yA} 
where r, y, and x are the distances of any element of area 8A from OZ, 


OX, and OY respectively, since £^ = 2 + y’. 
Rectangular Area.—The moment of inertia of the rectangle ABCD, 


Fig. 57, about the axis XX may be found as follows, using the notation 
given in the figure, by taking strip elements of area 
Š. dy parallel to XX— 


4 4 
s 
Lax -f m-a], = hoe 
Similarly rity ҮҮ— 
Ў Ig d 
About DC, by theorem (1) above. 
dy 
Too = Is (2) = мъ) = ра 
which might also be obtained by integrating thus— 
4 
Ine = [pay = ve 
y being measured from DC. 
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Hollow Rectangular Area. and Symmetrical Y Section.—The moment 
of inertia about the axes XX of the two areas shown in Fig. 58 are 
equal, for the difference of distribution of the areas in a direction 






Fio, 58, 


parallel to XX does not alter the moment of inertia about that line, 
In either case 


Ig 7 d(BD* — 22) 


Triangular Area,—For any of the triangles shown in Fig. 59 about 
the base û 


k- 4 
la = fx ry = f O -D = BoP 
and using theorem (1), about a parallel axis GG through the centroid 
Tes = Irs — BAY = 





1 

i 

П 

| 

i 

ونت اناد ن ااا سی 
‘Fic, бо.‏ 





Circular Area,—The moment of inertia I, about an axis perpen- 
dicular to the circular surface and through its centre (Fig. 60) is found 
by taking circular strips of radius rand width dr. 
R* T 
L= е ана = a ee or тр 


Using theorem (2) 
k= Ix + In 








ا > ما م 
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where Ix, and Iy, are the moments of inertia about two perpendicular 
diameters XX and YY ; and since by symmetry Ixx = Iyy 


I, = 21; = 21 
and Tax = Iyy = eR‘ or ср 
4 


which might easily be established by taking straight strips parallel to 


XX or YY. 
Circular Ring. Arca, —Evidently, from the above result, if I, is the 


EE of inertia about a central axis perpendicular to the plane of 
ig. 61 
1 = (8-и) ог ры a 


and Ia = Ir = 080-0) or 50! = 29) 


I-Shaped Sections.—The moment of inertia, etc., of a rolled I 
section such as that in Fig. 62 may generally be calculated by dividing 


ező -aw 
M 7 








е i 
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it into rectangles, triangles, circular sections, and spandrils as shown, 
and applying theorem (1), but such a process is very laborious and 
leads to a result of perhaps needless exactness, for all the dimensions, 
though рес with great precision, could scarcely be adhered to 
in manufacture with similar exactness. The moments of inertia of 
the sections recommended by the Engineering Standards Committee 
have beeh worked out by the exact method and tabulated (see 
Appendix), A graphical method suitable for any kind of section is 
given in the next article, 

T Sections, ete—These sections will usually have rounded corners. 
and if they are known exactly, the moment of inertia may be calculated 
by division, as in Fig. 62. If, however, the rounding is neglected and 
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the section regarded as consisting of rectangles, as in Fig. 63, we may 
proceed as follows. Find the distance A of the centre of gravity or 
centroid from the edge PQ by the methods of moments, thus 


A(B. T) -- (6.4) = (B.T.4T) + (6. d(T + 44) 
from which 4 can be found. 

"Then find the moinent of inertia Ipg about PQ, taking the rectangles 
PRSQ and VWUT 

І = JB. T! - 49. d 9. 4T - M 
or taking the rectangles VWNM and twice RTMP 
In = (B — JT! - A(T + A" 
Having found Is, apply theorem (1), Art. 66, whence 
Ig Ia — (BT + Bd)? 

Another alternative would be to find Ij, directly by subdivision 
into rectangles and application of theorem (1); as 4 will not generally 
be so simple a number as the main dimensions, this will generally 
алана ои оа less simple figures than in the above 


ods. 

Yet another plan would be to find the moment of inertia about 

VW, thus 
Ire =4B(2 + T) - KB - а 
and then apply theorem (1), to find Ig. 

Precisely similar principles may be applied to find the moment 
of inertia of any section divisible into rectangles and not symmetrical 
about the neutral axis, e.g. that in Fig. 102. 

53. Graphical Determination of Moments, Centroids, and Moments 
of Inertia of Areas—To determine the moment and moment of 
inertia (or second moment) of sections which are not made up of 
impie geometrical figures, some approximate form of estimation must 
Е ly be employed, and a graphical method offers a convenient 
solution. Of the various graphical methods, probably the following 
is the simplest, a planimeter being used to measure the areas. 

To find the moment and moment of inertia of any plane 
APQB (Fig. 64), about any axis XX, and the moment of inertia about 
a parallel axis h the centroid. Draw any line SS parallel to XX 
and distance 2 from it; choose any pole O in XX, preferably the point 
nearest to the figure APQB. Draw a number of lines, such as FQ and 
AB across the figure parallel to XX. From the extremities P and Q, 
etc., project lines perpendicular to SS, meeting itin N and М, ёс. Join 
such points as N and M to O by lines ‘ing PQ in Р, апд О, АВ 
in A, and B,etc. Through the points so derived, draw in the modified 
or first derived area P,Q,B,A, — Repeat the process on this figure, pro- 
jecting P,Q, at N,M, and obtaining P,Q, and a second modified figure 
or derived area P,Q;B,A, Then 
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(First derived area P,Q,B;A;) x d — moment of area PQBA about 
the line XX, or X(y. 8А); 
and Ixy = area P,Q.BA,x@ «© ... Q0) 
or second moment of area PQBA about XX. 
‘And about a parallel axis through the centre of gravity 
(area P,Q,B,A,)* 
Iam le ~ ES E rn - FERE 
Proof —Let the areas PQBA, P,Q,B,A, and P,Q.B,A, be represented 
by A, Aj, and A, respectively, and their width at any distance y from 
XX be denoted by 2, ж, арі s, respectively. Then elementary strips 


5 





PQ, P,Q,, and P,Q,, or 8A, 8A,, and 8A, of area are respectively equal 


ton. dy, m.dy, and 2. dy. ы 
In the first nd Ere d strip PQ is reduced to P,Q, in the 


ratio y to d, or 
2 
3A, =3 . 9A or dy m). s. dy 
Taking the sums 
А, ог (8А), ог 3(3 8) = 309 8) - 30.2.4 

or in integral form 

fey = ls <y 
The area A, or ¥(3A,) is therefore proportional to the moment of the 
area A about XX, which is equal to Ay. 4. 
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‘Then the centroid of the area A is at a distance y from XX 


zn X 8A) _ Ai 
= Т-А ©@ 


Again, in the second derived figure the strip P,Q; is further reduced 
to P,Q, in the ratio 2, and 
3A, 7. 8A. =% 8A or sdy "Indy mere 
And taking the sums 
Ag or 3(3A,), or x. 3A) 2 5307. 8A) 7 307. 8A) 


1 

or Ју = و‎ dy m dnd 

‘The area A, is therefore proportional to the moment of inertia or 
second moment of the area A about XX, which js equal to A, X 2^, or 

Taree Ag MIG eon sos o) 
And since the distance of the centre of gravity of A from XX iaa, 
by theorem (1) of Art. 52 : 
Zu Ag 
Io = Ag- d2 — A(G)? = Aad? — A AJ ГЕССЕ) (5) 
A slightly modified construction is shown in Fig. 65, where, instead 


of using a constant pole as at O in Fig. 64, a different one is used for 
each line, such as PQ or AB, across the area PQBA, viz. the foot of the 


s R MMR S 


CLA 





| 
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perpendicular from the points such as P or A on XX; by this means the 
left-hand sides of the perimeter of the original and derived areas are 
the same, the areas A, Aj, and A, being shown by PQBA, PQ,B,A, 
and PQ,B,A respectively. This construction is rather easier to use in 





x 
Fio. 67. 


many cases, and with the same care should give rather better results 
than the previous one for areas which are not symmetrical about an 
axis perpendicular to XX. In a similar manner the sth moment of 
the area about XX is equal to A,.2*, 
where A, is the mth derived area. 
Illustrations of these graphical methods 
are shown in Figs..66 to 72 inclusive. 
Figs. 66 and 67 represent rail sections, the 
centroid and moment of inertia being found 
asin Fig. 64. Figs. 68 and 69a represent 
the modified construction of Fig. 65 ap- 
plied to the same rails as those in Figs. 66 
and 67. Figs. 7o and 71 represent sym- 
metrical I beam sections, the moment of 
inertia being found as in Fig. 64; but in 
Fig. 7x the moment of inertia about the 
central axis GG is found directly for half ү 
the section without the use of theorem (1), we 
Art. 52. In this case twice the inner arca yi 
multiplied by (3) gives the moment of 
inertia of the section about GG. ч 
This method is preferable to that in Fig. 70, for if the 
moment of inertia about GG із found by as in (5) a gives 
Percentage error in measuring areas zi se 
error in Ie A similar method although involving more la 68 and 
be applicable to unsymmetrical areas such as Figs. 66, J j 


Fic. 66, 
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after the centroid has been determined; derived areas on each 
aide of the central axis would be required. 


As 


AK NS 
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Fig. 72 shows the alternative construction of 65 applied to 
the same section as that in Fig. 7x. The first derived area of a beam 
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section as shown in Figs 7r and 72 is sometimes called a modulus 


figure. ` 
Alternative Graphical Methods.—The centroid of an area may be 
found by the methods used to find the centre of a system of parallei 
forces. In the case of an irregular area, if it be divided into parts and 
each part looked upon asa force acting at the centroid of the partial 
area an axis through the centroid of the whole area may be found 
arithmetically from formula (2), Art. 52, or graphically by the link 
* polygon as in Art. 48. This is illustrated in Fig. 69, where an irregular 
figure is divided into eight strips by parallel lines, the areas of the strips 
being set off to scale at ad, be, ed, de, etc., and the funicular polygon 
nirstsuvm is drawn, The intersection of the extreme sides AO and 
KO is at m, and the axis WW through m passes through the centroid 





Fio. 72. 


Fic, 7%. 
of the area. A second axis containing the centroid can, if necessary, 
be found. 

The moment of inertia of the irregular area A, say, may also be 
found from Fig. 69. Consider the partial area 8A, say, Reece by 
Jg in the line FG. Let æy be the intercept of the sides FO and GO of 
the link polygon on the central axis WW which is proportional to the 
moment of 8A about WW. As in Art. 5o if a is the distance of the line 


FG from the parallel axis WW, 
ха 
gf euet 
Xa 
зуха = 7-7 


and if the area of the triangle yz is 8A’ 
sara joy nai e 
A similar relation holds for each element of the figure, and if A’ be 
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the area of the whole figure, 175/2477: made up of triangular areas similar 


to ays, 
ХО.) 
A SIME s rS aS (RO 


X e") being proportional to the moment of inertia I, of the 
wu Further, if À be 


irregular figure about WW; hence A’ represents I. 
UM eglkatl she length ab db Septem aS 
that the lengths /g, etc., represent the parts 8À, and we may write 
(6) as 





З(8А. а 

ro qa ior A. A = ВА а) 1 S IM 
thus the’ product of the original area A and the area A’ is eguaZ to the 
moment of inertia of A about the central axis WW, or the area A' is 
equal to the square of the radius of gyration (4*), about the axis WW, 
and provided 4 =4.ak the scale of the vector polygon абс... koa 
is immaterial. The same construction would hold good for any other 
axis such as fg 1 to WW, and the moment of inertia fy being A 
multiplied by area pni...uvg. This illustrates theorem (1) of 
Art. 52, the triangle mg evidently being equal to the product A x Л, 
The value of the result in using this method depends upon the degree 
of subdivision, and actually the polygon n/rstsuv should be a smooth 
curve touching the sides and giving an increased area A’. 

Another graphical method of finding the “second moment” is to 
find the intercepts on WW from a second link polygon of which the 
first intercepts zy (with due regard to sign) form the vector polygon. 
But the method given first in this article is probably the best to employ. 

54. Ellipse of Inertia, or Momental Ellipse.—Principal Axes of a 
Section,—The principal axes OX and OY of a plane area may be defined 
as the rectangular axes in its plane, and through the centroid such that 
the sum X(xy. 8A), called the product of inertia (or product moment), is 
zero, x and y being the rectangular co-ordinates of an element 8A of 
the area with reference to OX and OY. | 


Let «8A) — L, — E^. X(8A 
анд 2 
Then the moment of inertia of the area about any perpendicular 
axes OX’ and OY’ in its plane when OX’ is inclined at an angle a to 


OX may be found by writing from the right-hand side of Fig. 73 for 
the co-ordinates (2', y) of any point P, a * Lr 


OM = # = x cosa + y sin a 
PM =y = y cos a xsina 


= 3(2" . 8A) = a i 
hence ly es, con еМ (38А) + 2 віп а 


« ie km. зоодой) ә 0 (D 
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Also similarly 
I; = I, cos" a + I, sin'a 
Ry = ke cos" a + $, sin'a nO! 


Adding (1) and (2) 


+1, 1, : 
EIL }= constant oe eee s (3) 


s A result which follows directly from theorem (2) Art, з. 
Y 





s 
8 Fic. 73 


If OA = OA’, Fig. 73, be set off to represent E, and OB — OB' to 
t 4 and an ellipse ABA'B' be drawn with OA and OB as semi- 


іра! axes, then 4, is represented by OC, the licular 
Ro ine centre © а the tangent parallel to OY when OX and OY 
are inclined as shown at an angle a to OX and OY respectively. For 
a property of the ellipse is 

OC?" = OA" cos" a + OB sin" a 

which is the relation given by (1).* This momental ellipse then shows 
the radius of gyration about any axis, such as OY' by the length of the 
perpendicular from O on the tangent parallel to OY’. Also since the 
product OD. OC is constant in an ellipse (viz. equal to OA. OB), 
the radius of gyration about any axis such as OY’ is inversely pro- 
portional to the radius vector OD in that direction. Its value is 


У 
vat 

If a curve be drawn such that every radius vector measured from O is 
proportional to the square of 4, £. proportional to I about that radius 
vector, it is called an inertia curve for the given section. The radius 
vector in the direction OX’, for example, would be given by equation (2), 
and others might be found similarly. 


i 
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It is evident by differentiating (1) with respect to a, or by inspection 
of the ellipse, that 4 has maximum and minimum values, &, апд 4, Ње 
values of # about the two principal axes, It is often important to find 
the minimum value of 4 (and I) of a given section, and therefore to find 
the principal axes. If the section has an axis of symmetry that is evi- 
dently one principal axis, for'from the symmetry the sum X(xy. 8A) must 
be zero, The other principal axis is then at right angles to the first, 
and through the centroid of the section ;a case in point is an angle 
section with equal sides, 

Tf a plane figure (such as a circular or square section) has more than 
two axes of symmetry, its momental ellipse becomes a circle, and its 
moment of inertia about every axis in its plane and through the centroid 
is the same, If a section has not an axis of symmetry the principal axis 
and the principal or maximum and minimum moments of inertia ma; 
be found from the moments of inertia about two perpendicular axes ox 
and OY', say, and the moment of inertia about a third axis OW, Fig. ^ 
73, inclined 45° to each of the other two; these three moments of 
inertia may be found by the methods described in the preceding articles, 
Let I. be the moment of inertia about OW. Then applying (2) 

I, = I, cos* (a + 45°) +I, sin® (a + 45°) = $1,(x—sin 2a) 
+4i(r+sinza). . 2 2. 2 se (4) 


араараа a O O) 
Hence by (3) (l, — 1) sinse = sly — (Ip Ij). . . (6) 
and subtracting (2) from (x) 

(I, —1,) cos aa=Ty—Ty. . » « © (7) 
Dividing (6) by (7) 


а= б=т) 21.0. 


which determines the directions of the principal axes, a to be measured 
from OX’ in the direction opposite to OW. 
Also from (3) and (7) , 
Le (I; + Hy 4 (= 1y) sec aa) 9 
ү BEA Урат дү if 9) 
which gives the principal moments of inertia in terms of the three 
known moments of inertia, 
SERO of principal axes of inertia, and method of finding 
principal moments of inertia from moments and products of inertia 
&bout any two perpendicular axes is given in Art. 54A, Appendix I. 


ўа EXAMPLES III. 

,1. ABCD is a square each side being 20 inches, and E is the middle 
point of AB. Forces of 7, 8, 12, 5, 9, and 6 Ibs. act on a body in the lines 
and directions AB, EC, BC, BD, CA and DE res f. Find the 
magnitude and position of the single force required to keep the body ip 
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equilibrium, state its magnitude, its distance from A, and its inclination 


to 
Ж A horizontal beam 15 feet long resting on supports at its ends carries 
concentrated vertical loads of 7, 9, 5, and 8 tons at distances of 3, 8, 12, and 
14 feet respectively from the left-hand support. Find the reactions at the 
supports. 
. А beam 20 feet long rests on two supports 16 feet apart, and over- 
hangs the left-hand support 3 feet, and the right-hand support by 1 foot. 


It carries a load of 5 tons at the left-hand end of the beam, and one of 
7 tons midway between the supports. The weight of the beam is one ton. 


Fing the reactions at the supports. 
4. A horizontal rod AB, 13 feet ng, ls su by a horizontal hinge 
upward force at B, Four 


1 poria to AB at A, and by 
rces of. Бъта апі Бета the rod, their lines of action cutting 
AB at 1, 4, ی ا‎ any Ween E NE 
angles of 70", 90°, 120°, and 135° respectively with the direction AB, caci 
estimated in a clockwise direction. Find the exerted on the 
hinge, state its magnit and its inclination to A! 
5. A horizontal beam AB is 10 feet long. Draw on it as a chord an arc 
a circle subtending an an; о EE Divide the arc into 
F, G, H, d regnum anita md] 
RB sad KR respecte, rae (d 
ively.. Draw (a) 

inclined 






hay their k a lorizon! and due web connecting them having its 
S vert i sat ЕЕ: G inches by 1 inchy and that o 
ion is 8 inches 


by 2 
deep and 1 inch broad. ‘Find the height of the 
section from the bottom of the lower flange. 


cg. 
Ei е ска кше D EE ll be h 
and ite farar width 6 inches, the T 


LESE IN pp мерс ам 
9. Find the moment'of ‘of inertia and radius of of the area of the 
section in Problem 7 about an axis through the c.g. of the section and 
tote tange troids, and moments of inertia, ctc, of plane 
les in the 


Numerous examples on cent 
in the tables of standard sections (see tal 


Aem е 7 


CHAPTER IV 
BENDING MOMENTS AND SHEARING FORCES 


56. Beams and Bending.—A bar of material acted on by external forces 
(including loads and reactions) oblique to its longitudinal axis is called 
a beam, and the components perpendicular to the axis cause the strain- 
ing called flexure or bending. This and the following four chapters 
deal only with beams which are straight or nearly straight. As beams 
are frequently horizontal, and the external forces are weights, it will be 
convenient to speak always of the beams as being horizontal and the 
external forces as vertical, although the same conclusions would hold 
in other cases. Members of structures are often beams as well as 
Struts Or ties; that is, there are some transverse forces acting upon 
them in addition to longitudinal ones. 

56. Straining Actions on Beams, Shearing Force and Bending 
Moment.—Before investigating the stresses and strains set up in 
bending, the straining actions resulting from various systems of loading 
and supporting beams will be considered, 
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If we consider a beam carrying a number of transverse loads, as 
im Fig. 74, the whole beam is in equilibrium under the action of the 
loads W,, Ws, W,, etc., and the supporting forces or reactions R, and 
Ra; further, if we divide the beam into two parts A and B by an ideal 
plane of section X, each part is in equilibrium. The system which 
keeps A in equilibrium consiste of the forces Wi, Wa Ws and Ry 





` 
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together with the forces exerted on A by B across the section X in 
virtue of the state of stress in the beam. We may conveniently con- 
sider these latter forces by estimating their total horizontal and vertical 
components and their moments. Applying the ordinary conditions 

of equilibrium, Art. 46, we conclude— 
(1) Since there are no horizontal forces acting on the piece A except 
those across the section X, the algebraic total horizontal 


* component of those forces is zero. 
(а) Since the algebraic sum of the vertical downward forces on A 
is 


Wı + Wa + Wy = Ry 
the total or resultant upward vertical force exerted by B 
on A is W, - W, J- W, — R, which is also equal to an 
upward force 

Ri — (We + Wi) 

‘Shearing Force—The resultant vertical force exerted by B on A 
is then equal to the algebraic sum of the vertical forces on either side 
of the plane of section X; the action of A on B is equal and opposite. 
‘This total vertical component is the shearing force on the section in 
question. 

(3) If the distances of W,, W» W» and R, from X be 4, 4, 4, and 
x, respectively the moment of the external forces on A about 
the section X is 
M = Ry, —WA- Ws — WS 

which is also equal to WA + Wr — Ras, and is of clock- 

wise sense if above expressions are positive. The 

moment exerted by B on A must balance the above sum, 
and is therefore of equal magnitude. ы 

Bending Moment.—The above quantity M. is the algebraic sum of 
the moments of all the forces on either side of the section considered, 
i ing moment. The moment which B 
exerts on A is called the moment of resistance the beam at that 
section. The statical conditions of equilibrium show that the moment 
of resistance and the bending moment are numerically equal. 

57. Diagrams of Shearing Force and Bending Moment. —Both 
shearing force and bending moment will ne کر‎ itude 
from point to point along the ofa 1; their values 
At any given cross-section can be calculated arithmetically, 


Q 
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appropriate suffixes to denote the position to which the letters refer, 
(ther cases of bending-moment and shearing-force diagrams will be 







BENDING MOMERT 


Mx o War 


Fic, 75,—Cantilever with end load, 
dealt with later (see Arts. roo to 105 and 121). In the case of moving 


loads the straining actions change with the position of the load; such 
cases are dealt .with in Chapter VI. When a beam carries several 


|l SHEARING 
le FORCE 


м2) ENDING MOMENT 


%ы 
Fra, 76.—Cantilever with several loads, 


different concentrated or distributed loads the bending moment at any 
and every cross-section is the eter seein ie eee ee 
produced by the various loads acting separately, In ing the 
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diagrams it is sometimes convenient to add the ordinates of diagrams 
tor two separate loads and plot the algebraic sum, or to plot the two 
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BENDING MOMENT 


SHEARING FORCE 


Е 


BENDING MOMENT 





curves on ite sides of the same base-line, and measure resultant 
values (vertical) directly from the extreme boundaries of the resultant 
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The two methods are illustrated in order in Fig. 78. Figs. 75, 76, 
77, and 78 represent cantilevers, i.e. beams firmly fixed at one end 
and free at the other. Figs. 79, 8o, 81, 82 represent beams resting 
freely on supports at each end, and carrying various loads as shown, 
In calculating the shearing force or bending moment at any given point. 
or obtaining a symbolic expression for either quantity for every point 


A x 
re 


LOADING 








HEARING FORCE 


NE | 


KE ZZ. MOMENT. 


Fic, 79.—Freely supported beam with central load, 


over part or all the length of the beam, the first step is usually to find 
the value of the unknown supporting forces or reactions (R; and R,), 
These can conveniently be found by considering the moments of all 
external forces about either support, and equating the algebraic sum 
to zero. When all the external forces are known, the shearing force 
and bending moment are easily obtained for any section, the former 
being the algebraic sum of the external transverse forces to either side 


—————— Lo—————— 


LOADING 


Ta- TOFS 


i wt 


SHEARING FORCE 
D 


a 
* 


BENDING MOMENT 





of the section, and the latter being the algebraic sum of the moments 
of the external forces to either side of the section. 

‘The question of positive or negative sign of the resulting sums is 
arbitrary and not very important; it is dealt with in Art. 59, but in a 
diagram it is well to show opposite forces and moments on opposite 
sides of the base-line. Take case in Fig, 82 fully as an example. 
The load is uniformly spread at the rate of w per inch run over A 
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length c of the beam, The distances of the centre of gravity of the 
load from the left- and right-hand supports of the beam are @ and 5 
respectively, so that a 4-2 — 4, the span of the beam between the 


supports. 





[SHEARING FORCE 


Vy 7 з 


b 
о 
F10. 81,—Freely supported beam with uniformly distributed load. 
‘Taking moments about the right-hand support 
Rx/-2m.cxó 


Ri=w.e.7 в,= =. 7 


"The shearing force (F) from the left support to the beginning of 
the load is equal to Ry. 








Zz 


Ето, 82,—Freely supported beam, 
Over the loaded portion, at a distance x from the left support, i from 


#=а-ох=а+& 


пеар ннд 


BENDING MOMENT 
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a fees) 


which equals zero when a 4 *a-i 


For the remainder of the length to the right-hand support the 
shearing force is numerically equal to Re or algebraically to R, — we, 
£e 


F=u(7-6) or «(20 ог - 


The bending moment (M) at a section distant x from the left-hand 
end to the beginning of the load, że. if æ is less than a — 5, estimating 
moments on the left of the section, is 


M, = Ry. e = wej: (a straight line) 

Over the loaded portion, i. if æ is greater than a — f and less 
than a + 5 
ETE 

а) 


‘The first term is represented by the left-hand dotted straight line, 
and the second by the distance between the curve and the straight 
line, and the value M, by the vertical ordinate of the shaded diagram. 


To the right of the load, e when x is greater than ats, esti- 
mating to the left 
Me = Ry. ues — a) = we. x — wex — a) 
on М, = wea — wex 1 -J) or wa we-F +a = wes 0- з) 
= R,(/ — x) (a straight line) 
which is much more simply found by taking the moments of the sole 
force R; to the right of any section in the range considered. 

Fig. 83 represents a beam symmetrically placed over supports of 
shorter span, 4, than the length of the beam, 4 + 24, and carryi 
equal end loads. Between the supports the shearing force is zero 
the bending moment is constant, The magnitudes are unaffected if 
the positions of the loads and reactions are ini 
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Fig. 84 shows a beam of length 4 + 24, with a uniformly spread load 
placed on supports 4 apart and overhanging them by a length 4 at 
each end. The bending moment at the supports is 






L0ADINÓ 
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Within the span at a distance x from either support the bending 
. moment is 


M, = ulha) x а аз) we( a3) 
Si E 


the first term of which is the bending moment at the supports, and the 
second is bending moment for a uniformly loaded span of length 4 


LOADING 
Eu uper meh run 


SHEARING FORCE 


BENDING MOMENT 


(see Fig. 81). The two terms are of opposite sign, and, provided 4 is 
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long enough, the bending moment will be zero and change sign at two 
points within the span, viz. when Me = o, or 
Ж-та - (= o, م = ت‎ + = 


et Don 


BY 
(a at ewo polota distant 4/4 A(&) — ze] on te other side of mid span; 


the two points are coincident (at mid span) if 4 — 24, and do not 
ur if 4 is less than 24, when the bending moment does not change 


"8 print efi Contraflexure—Bending moments of opposite sign evidently 
tend to produce bending of opposite curvature. In a continuous curve 
of bending moments. change of sign inyolves passing through a zero - 


М 
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BENDING MOMENT, 


Fic. 85. 


value of bending moment, and this point of zero bending moment and 
change of sign is called a point of inflection or contraflexure, or a 
virtual hinge. The positions of the points of contraflexure for Fig. 84 

have just been determined above from the equation M, = о. 
Actual Reactions and Effective Span.—The fo: diagrams 
conventional as the i the loads 


cular to the diagrams). kind of modification which 
tribution will produce in the pe i 
moment is illustrated in Fig. 85, where the load W and both supporting 
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forces are assumed to be uniformly distributed over short lengths of 
the beam: a comparison with Fig. 80 shows the effect of such dis- 
tribution. The three curved portions of the bending moment diagram 
would be in this case parabolic (as in Fig. 82). The intensity of 
loading will usually be less at the boundary of the short loaded len; 
and in this case the change of shearing force will be as indicated by 
the steep dotted curve instead of the uniform rate of change. When 
the ends of such a beam rest on seatings of finite length, the bending 
moments everywhere will be greater than if the beam were supported 
at the ends of the span Z The distance (¢ + 4) from centre to centre 
of the two seatings may be called the effective span, which is greater than 
the clear span J, a 5 

EXAMPLE 1.—A concentrated load of r ton is carried 3 feet from 
the abutment of a beam having a clear span of 9 feet. Calculate the 
maximum bending moment first if the beam is only g feet long and 
is just supported at its ends; secondly, if it is xx feet long and rests on 
seatings 1 foot long at each end and the pressure is uniformly distributed 
along the seatings. 

In the first case the reaction more distant from the load is 

1ı Xf = }ton 


And the maximum bending (moment under the load) is 
4 x 6 = a tons-feet 


In the second case the more distant supporting force found by 
taking moments about the centre of the near seating is 


1x $$ 2 oss ton. 


And the bending moment under the load is 
0'35 X 6'5 = 17275 tons-feet 


EXAMPLE 2,—À girder of 40 Seat ice ERE at its ends 
has a total load of 56°5 tons uniformly di: along its length. 
The load is not carried directly, but is transferred to the girder at its 
ends and at four consecutive points a, 4, ¥, a (cross girders) placed 
8, 16, 24, and 32 feet respectively, from the left-hand support. Assum; 
that each load point a, 2, Ӯ, and a’ carries the load for 8 feet length, 

bending moment at each point, 

Load at each point = $ x 56°5 = 11°3 tons 
effective reactions at each end = } X 4 X 113 — 226 tons 
bending moment at a and a = 22'6 X 8 = 180°8 tons-feet 
bending moment at and # = 22°6 x 16 — 113 X 8 — 271°2 tonsft. 
A bending moment diagram for this girder but with greater load 


is shown in Fig. 279. » b 
EXAMPLE 3.—A girder of 11°25 feet effective span caries a 
uniformly i load of x ton total and 2 loads of 30'8 tons each 
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24 feet on either side of the centre ofthe span. Find the maximum 


bending moment, 
This corresponds to the two types of loading shown in Figs. 8r 

and 83 (reversed) acting together, consequently since the concentrated 

loads are Ue — 2°5 2 3125 feet from the supports, the total bending 

moment at the centre of the span will be 

(308 x 3'125) - LXI z 9777 tons-feet, 


58. Bending Moments and Shearing Forces from Link and Vector 
Polygons,—The vertical breadths of a funicular or link polygon for 
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Fio, 86, 


a system of vertical forces on a horizontal beam represent to scale the 
bending moments at the corresponding sections. This has already 
been proved in Art, 50, and is illustrated in Fig. 86, where the link 
polygon has been drawn on a horizontal base by making the vector 
fo in the vector polygon horizontal, i.e. by'choosing a pole o in the same 
horizontal line as the point /, which divides the load-line adcde in the . 
ratio of the supporting forces. ‘The position of f can be calculated 
or found by means of a trial link polygon with any pole. The scale 
of bending moment as explained in Arts. 49 and 5o is 2. 2 . A Ib.-inches 
to r inch where the scale, of force is û Ibs. to x inch, of distance g 
‘nches to r, and the pole distance /o measures # inches, It is not 
aecessary to draw the diagram on a horizontal base, but the distance 
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A must be estimated horizontally, and the ordinates/of bending moment 
must be measured vertically. ۴ 

The shearing-force diagram is shown projected from the vertical 
load-line of the vector polygon, 

The same method of drawing the а аро diagram to as 
close approximation as is desired is applicable to loads distributed 
either uniformly or otherwise by dividing the load into a number of 
sections along the length of the beam, and treating each part as a load 
concentrated at its centre of gravity. The A funicular polygon 
will be a figure with straight sides, and the curve of bending moments 





‘ Fic. 87. 
is the inseribed (not circumscribed) curve touching the sides of 
polygon, for A polygon evidently gives excessive ordinates at 
points of concentration and correct ones at the junctions of the parts 
into which the loaded lengths are divided. Consideration with a 
Sketch of an extreme case, say a uniform load throughout the span 
and only two equal divisions, will make this clear. It is also illustrated 
in Fig. 88. 3 

Fig. 87 shows the bending moment diagram for a beam with over- 

ing ends. reactions are found as in Fig. 


a 
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consecutive order across the paper. It will be found instructive to 
redraw the vector polygon in such consecutive order and project a 
shearing-force diagram from it. The choice of signs in Fig. 87 is 
arbitrary, and those given are in accordance with a convention given 
in Art. 59. Fig. 88 shows the case of a beam overhanging at one end, 
and shows how to deal with a uniformly distributed load which here 
extends over the length between the, supports. Only four divisions 
have been taken, but a curve through v, tv, æ, y, s, gives the curve of 
bending moments, and a straight line through V, w/, X, y, Y gives the 
correct shearing-force diagram D place s ix erred figure A 
caution is again required in projecting the shearing-force diagram 
unless the load line is redrawn. 

Fig. 89 represents a cantilever carrying three loads; if o were 
chosen in the same horizontal line as а the bending moment di: 
becomes exactly like that already drawn in Fig. 76, The link polygon 
for the three given forces is not closed, and for equilibrium an upward 
force da together with a moment M, at the wall is required; these 
are supplied by upward and lesser downward reactions on the 
clamped end. 


F, 
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59. Relation between Bending Moment and Shearing Force.— 
Consider a small length & of a beam (Fig. 9o) carrying a continuous 


distributed load w per unit of length, where mw is not necessarily con- 
stant, but ĉx is sufficiently small to take w as constant over that length. 
Let F and F + 8F be the shearing forces, M and M + 8M the bending 
‘moments at either end of the length x as shown in Fig. 9o. 

Equating upward and downward vertical forces on length de 


F+6F = Е + адя 
=w, л 
and Н Озу м MM, 


£e. th i ted by the of the 
CR p per ay 
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Or integrating between two sections x — x, apart— 


F — F, (the total change in shearing force) — Í qud 
ot, For + jw. as 
^" 


taking appropriate signs for each term. 

‘These relations for w = constant, are illustrated in the shearing-force 
diagrams of Figs. 77, 81, and 84. 

Equating moments of opposite kinds, of all external forces on the 
piece of length êv, about any point in the left-hand section 


M+(F 488) — w. ôs x М +M 
8M = Fx, to the first order of small quantities 
aM 
and DEEE О) 


ie. the rate of change of bending moment is equal to the shearing 
force. 

Hence, integrating, the total change of bending moment from z, to x 
cnm 
is Ја, which is proportional to the area of the shearing-force 


diagram between the ordinates at x, and x. For example, this area is 
zero between the ends of the beam in Figs. 79 to 88 inclusive, there 
being as much area positive as negative. 

The relation (2) indicates that the ordinates of the shearing-force 
diagram are proportional to the slopes or gradients of the bending- 
moment curve, Where the shearing force passes through a zero value 
and Changes sign, the value of the bending moment is a (mathematical) 
maximum, or minimum, a fact which often forms a convenient method 
of determining the greatest bending moment to which a beam is sub- 
jected, as in Figs. 81, 82, and 84. In Fig. 82, the section at which the 
shearing force is zero evidently divides the length ¢ in the ratio 


Ri; or, using the expression given in Art. 57, E is zero at a distance 


5 € 
pdt 

from the left support. At this point the bending moment is a maximum, 
and its value is easily calculated, 

Signs.—It is to be noted that x being taken positive to the right 
and w positive downwards, F has been chosen as positive in (x) when 
Its action is upwards to the left and downwards to the right of the 
section considered. Hence, taking account of sign forces being 
reckoned positive downwards, the shearing force is equal to the down- 
ward internal force exerted to the right of any section, or to the algebraic 
sum of the upward external forces to the right of the section, or to the 
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algebraic sum of the downward external forces to the lft of the section. 
Also M has been chosen as positive in (2) when its action is clockwise 
on the portion of the beam to the left of the section and contra-clock- 
wise to the right of the section. Hence the bending moment is equal 
to the clockwise moment of the external forces to the right of a section or 
to the contra-clockwise moment of the external forces to the left of the 
section. It is evident that a positive bending moment will produce con- 
vexity upwards and a negative bending moment convexity downwards. 

Concentrated Loads,—In the case of loads concentrated (more or 
less) at fixed points along the span, the curve of shearing force (see Figs. 
46, 78, 79, 8o, 83, 86, 87, 88, and 89) is discontinuous, and so also is 
the gradient of the bending- НЕ 
moment curve. Between EU ran c d 
the points of loading, how- 
ever, the above relations A ا‎ 
hold, and the section at i С ] 
which the shearing-force 

+ curve crosses the base-line 

is a section having a maxi- 
mum bending moment (see 
Figs. 79, 80, 83, 86, 87, 
and si) A concentrated 
load in practice is, as 
stated in Art, 57, usually a 
load distributed (but not 
necessarily uniformly) over 
a very short distance, and 
the vertical lines shown ín 
the shear diagrams at the 
loads should really be 
slightly inclined to the 
vertical, there being at any 
given section only one 
value of the shearing force. 

ex an 1,—A beam 
20 feet rests on sup- Я 
ports at each end and Чел 
carries a load of } ton per foot run, and an additional load of r} ton 
per foot run for ra feet from the left-hand end. — Find the position and 
magnitude of the maximum bending moment, and draw the diagrams 
of shearing force and bending moment. 

The loading is indicated at the top of Vig. gx at ACB. 

The reactions due to the } ton per foot are 5 tons at Aand B. For 
келе foot load, the centre of gravity of which is 6 feet 

A 














(reaction at B) x 20 = 18 x 6 
reaction at B — 5*4 tons 4 
E As tonal OE ES 
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The shearing-force diagrams for the two loads have been set off 
separately on opposite sides of a horizontal line, and the resultant. 


diagram is shown shaded. 

The bending moment is a maximum where the shear force is zero, 
as shown at D. The distance from the left support is perhaps most 
easily found from the fact that the shearing force at the left support is 
17'6 tons, and falls off at the rate of a tons per foot run, and therefore 


reaches zero at a distance 
31 or 8:8 feet from the left-hand support 


The bending moment at 8:8 feet is 
17'6 X 8'8 — 8'8 X 2 X ze 7: 7744 tons-feet 


The bending-moment diagrams for the two loads have been drawn 
on opposite sides of the same base-line in Fig. 91, giving a combined 
diagram for the two, by vertical measurements between the boundaries. 

For the 4 ton per foot load alone the maximum bending moment is 
at the middle of the span, and is 

5X 10-4 10 X 5 — a5 tons-feet 

For the 14 ton per foot-load alone the maximum occurs where the 
shearing force due to that load would be zero, a distance from A which 
is given by 
12°6 +15 = 8'4 feet 
"The maximum ordinate of this curve is then 

12°6 X 84 — 8'4 X 14 X 4 = 52'92 tons-feet 


At C the ordinate of this curve is— 
5'4 X 8 — 43/2 tons-feet 
and to the right of C it varies directly as the distance from B—the 
curve being a straight line. ” 

EXAMPLE 2.—4À horizontal beam, AB, 24 feet long, is at A, 
and rests on a support at C, 16 feet from A, and carries a ibuted 
load of 1 ton per foot run, and an additional load of 32 tons at B. Find 
the reactions, shearing forces, and bending moments, If the load at B 
is reduced to 8 tons, what difference will it make ? 

Let Rg be the upward reaction at support C, 

Taking moments about A (Fig. 92) 


16. REM M) + (24 X 12) = Aes 


K the upward reaction at A = R, 
Ry = 24 + 32 — 66 = — to tops 


or то tons downward, 
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The shearing-force diagram is shown in Fig. 92. From B, where 
the shearing force is 32 tons, it increases uniformly by 8 to C, where it 
is reduced by 66 tons to 26 of opposite sign. From C to A the total 
change at a uniform rate is 16 tons, giving a value ro at A, 





Fic. 92. 
Th i Cis 8)4 (8 = 288 
e bending moment at RU 8 tons-feet, 


This falls to zero at A and amaximum value, 
in the mathematical sense, in either range. The bending moment 4 feet 


from B is 
(за х 4) + (4 X 2) 7/136 tons-feet 


Midway between A and C it is (o x 8) + (8 х 4) = 112 tons-feet. 
The full diagram is shown in Fig. 92. 
Treating the problem with only 8 tons load at B 
16R; = (24 x 8) + (x2 X 24)\= 192 + 288 = 480 
Ro = 30 tons 


Total load = 24 +18 ='32 tons ۰ 
R, = 2 tons upward 
The diagrams of shearing a moment o E 
Fig. 93. The shearing force at B is 8 tons, and increases by a further 
8 tons to 16 at C, where it decreases by 3o tons of 14 of opposite sign. 
From C to A it changes by 16 to 2 tons at A, changing sign and 
i zero between C and A. 
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The bending moment at C is (8 X 8) -- (8 x 4) = 96 tons-feet 
At 4 feet from B it is (8 x 4) + (4 x 2) = 40 tons-feet 


Between A and C, at a distance x from A, itis 
z х 
ахат 2я ог (2-а) 


which is zero, for x- 4 feet, i.e. 4 feet from A, where a point of con 
traflexure E occurs. This distance might have been inferred otherwise, ^ 
for it is evidently twice that of the point D from A. 


Finally, M,p=2X1—2X 2= —2 tons-feet 


{ron per foot, 
B 
Ra Tre lits 
x 
2 





Í BENDING MOMENTS 
Е-Е 


Fic. 93. 


EXAMPLE 3.—A beam simply supported at each end has a span of 
зо feet. The load is distributed and is at the rate of x ton per foot run 
at the left su Rp sao 4 toe per ope tn ab tase aoe ay 
and varies uniformly from one rate to the other along the span. Fi 
the position and amount of the maximum bending moment. 

"The load may conveniently be divided into a uniformly spread load 
of 1 ton per foot run, and a second varying from zero at the left to 3 
tons per foot run at the right. The first will evidently cause a reaction 
of ro tons at each support. The:second load has an average intensity 
of 1'5 ton per foot run, or is 30 tons in all; its centre of gravity will 
be Bof the span from the left end, so that the right-hand reaction due 
5 load will be 3 of 3o tons, or 2o tons, and the left-hand one will 

To tons. 

The total reactions are therefore 20 tons and 3o tons at the left- and 
ight-hand ends respectively, 

The load per foot at a distance z feet from the left support із 
1 + $2 tons per foot 


since it increases 3; ton per foot per foot. 
тър О ннн и 
° (r + r + hz) or r + e tons per foot 


and the total load on a feet, is 2(1 + 3) 


& 
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v The bending moment is a maximum when the shearing force is zero, 
£e. at the section where the load carried to the left of it is equal to the 
left-hand reaction of 20 tons, For this point the shearing force 


Е=зо-{:1+%)=о 


за" + дош — 800 =o 
É æ = I0'96 feet = tro feet 11*5 inches 


The bending moment at a distance æ feet from the support is 


sac axi kde 


and when a = 10'96 feet, M = 219 — 60 — 33 = 126 tons-feet 
The shearing-force and bending-moment curves may be plotted 


from the two above expressions for F and M. 


ExAMPLES IV. 


v 

T. A cantilever 12 feet long сше load oh ЫЛ 4, and 6 tons at distances 
o, 2, $, and 8 feet respectively from the free end. Find the bending moment 
and shearing force at the fixed end and at the middle section of the beam. 

f A cantilever to feet long weighs 25 Ibs. per foot run, and carries a load 
of 200 lbs. 3 feet from the free end. Find the bending moment at the 
support, and draw the diagrams of shearing force and bending moment, 

. A beam rests on supports 16 feet apart, and carries, including its own 
weight, a load of 2 tons (total) uniformly distributed over its whole length 
and concentrated loads of 14 ton and 4 ton, 5 feet and 9 feet respectively 
from the left support. Find the bending moment 4 feet from the left-hand 
support, and the position and magnitude of the maximum bending moment. 

T^ Where does the maximum bending moment occur in a beam of 
24 feet span carrying a load of ro tons uniformly spread over its whole 
length, and a further load of 12 tons uniformly med over 8 feet to the 
right from a point 6 feet from the left support? What is the amount of the 
maximum bending moment, and what is the bending moment at mid-span? 

RA beam res į feet carries a distributed load, which increases 
uniformly from zero at the left-hand support to a maximum w tons per foot 
at the right-hand ‘support, Find the distance from the left-hand support of 
the section which has a maximum bending moment and the amount of that 
bending moment. Obtain numerical values when /= 18 feet and w=2 


A horizontal beam AB 30 feet long is supported at A and at C 20 feet 
from A, and carries a load of 7 tons at B and one of to tons midway 
between A and C. Draw the diagrams of bending moment and find the 


point of contraflexure, 2 
int of contraflexure in the previous example if there is an 


. Find the 
adițional distributed load of ton per fot fun from Ato Я 
A girder 40 feet long is supported at 8 feet from each end, and carries 
a load of 1 ton per foot run throughout its length. Find the bending 
moment at the supports and at mid-span. Where are the points of contra- 
flexure? Sketch the curve of bending moments. 
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A beam of length / carries an evenly distributed load and rests on two 

supports. How far from the ends must the supports be placed if the greatest 
bending moment to which the beam is subjected is to be as small as 
possible? Where are the points of contraflexure ? 
A beam 18 feet long rests on two supports ro feet apart, over- 
hanging the left-hand one by 5 feet, It carries a load of 5 tons at the left- 
hand end 7 tons midway between the supports, and 3 tons at the right-hand 
end. Find the bending moment at the middle section of the beam and 
at mid-span, afid find the points of contraflexure. 

тт. If the beam in the previous example carries an additional load 
of t ton per foot run between the supports, find the bending moment at 
mid-span and the positions of the points of contraflexure. 

12. A horizontal beam 24 feet long rests on Supports 14 feet apart over: 
hanging the left one by 6 feet. It carries a load of 7 tons at the left-hand 
end and loads of $, 4, 12, 9, and 4 tons at 4, 9, i 17,and 24 feet respectively 
from the left-hand end. Draw the diagrams of shearing force and bending 
moment and measure from the latter the bending moments midway between 
the e and at each support. State also the distances of the points of. 
contraflexure from the nearest support, 

13. A girder of span / is simply supported at its ends and is loaded 


мї я — points spaced £ apart, starting at distances ^ from either end. 





Each load is x (half this amount being transferred directly to each end 


support so as to cause no bending) Find the bending moment at the. 
centre of the span, (a) if » is even, (7) if » is odd, and sketch the bending 


moment diagrams. 
14. Solve No. 13 if there are » loads each x, spaced H apart, starting 


xt distances 17 from either end. 





CHAPTER V 
SIRESSES IN BEAMS 


60. Theory of Elastio Bending.— The relations existing between 
the straining action, the dimensions, the stresses, strains, elasticity, and 
curvature of a beam are, under certain simple assumptions, very easily 
established for the case of simple bending, i.e. flexure by pure couples 
applied to a beam without shearing force. 

Most of the same simple relations may generally be used as close 
approximations in ‘cases of flexure which are not “simple,” but which 
are of far more common occurrence, the strains involved from the 
shearing force being negligible. In such cases, the justification of the 
“simple theory of bending” must be the agreement of its conclusions 
with direct bending experiments, and with those of more complex but 
more exact theory of elastic bending. 

61. Simple Bending.—A straight bar of homogeneous material sub- 
jected only to equal and opposite couples at its ends has a uniform 
bending moment throughout its length, and if there is no shearing force, 


In Fig. 94, central longitudinal sections before and after bending and a 
transverse section are shown, the cross-section being symmetrical about 
an axis YY, : 


' 
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Suppose the section A'B' and C'D' produced to intersect, at an angle 
9 (radians), in a line perpendicular to the figure and represented by O, 














Fic, 94.—Simple bending, 


and that the radius of curvature OE' of the neutral surface E'F' about 
О із R. Let y be the height (E'G') of any layer (H'G') of material 
originally parallel to the neutral surface FE. Then 

НС (Е+)0 R+y 

Еле 
and the strain at the layer H'G' is— 

H'G'— HG  H'G—EF (Е +)0 – К 
тано sco EIE R85. Ё 
The longitudinal tensile-stress intensity ? at a height y from the 

шш кы provided the limit of elasticity has not been exceeded, 
is therefore 





BTES4SEER 2... .. Q) 
where E is Young's modulus, provided that the layers of material 


behave under longitudinal stress as if free and are not hindered 
by the surrounding material, which has not the same intensity of stress. 
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Тһе intensity of compressive stress will be the same at an equal 
distance y on the opposite side of the neutral surface, provided E is 
the same in compression as in 

tension. 

The intensity of direct longi- 
tudinal stress 7 at every point 
in the cross-section is then pro- 
portional to its distance from 








unit distance (i.e. at y = 1) is 
Е and it reaches a maximum 
value at the boundary furthest 
from the neutral surface. The 
variation in intensity of longi- 
tudinal stress is as shown in t 
Fig. 95, where the arrow-heads azur L— ate. 




















denote the direction of the 
force exerted by the portion R 
on the portion L at the section 
AB. Since the stresses on 
opposite sides of the neutral 
surface are of opposite sign or kind, they may be represented as 


at ae). 

69. Position of the Neutral Axis.—The beam has been supposed 
subjected to pure couples only, and therefore the portion, say, to the left 
of the section AB (Figs, 94 and 95), being in equilibrium under one 
externally applied couple and the forces acting across AB, these forces 
must exert a couple balancing the external one in the plane of bending. 
The (vertical) shearing force being mi, the internal forces exerted across 
AB are wholly horizontal (or longitudinal), and since they form a couple 
the total tensile forces must balance the compressive ones, £e the 
algebraic sum of the horizontal internal forces must, like the external 
ones, be zero. Put- 
ting this statement 
in symbols, we can &; 
find the position of z. 
the neutral i 





axis, 
The cross-section 
of the beam in Fig. 
94 is symmetrical 
about a horizontal 
axis, but this is not necessary to the argument, Taking any other forms 
of cross-sections symmetrical about the plane of bending YY, as in 
Fig. 96, let 8a or s.3y be an elementary strip of its area parallel to the. 


axis ZZ, s being the (variable) width of the section, Then, 
the total horizontal force being zero ! 
X(p.32)=0 or X9.s.5) —o 
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and since by (1), Art. 6x 
E 
ГА 


Exp. За) = о ог р Eid 28у) = 0. . `° „ (2) 


the quantity X(y . 3a) or X(y . s. 5) represents the total moment of the 
area of section about the neutral axis, and this can only be zero if 
the axis passes through the centre of gravity or centroid of the section. 


The use of the value x. y for f, in all parts of the cross-section 


involves the assumption that the value of E is the same in compression 
as in tension, an assumption justified by experiment within the limits of 
elasticity. 

Assumptions made in the Theory of Simple Bending.—It may be well 
to recall the assumptions made in the above theory of “simple bend: 
ing” under the conditions stated— 

(1) That plane transverse sections remain plane and normal after 
bending. 

(2) That the material is homogeneous, isotropic, and obeys Hooke’s 
law, and the limits of elasticity are not 

(3) That every layer of material is free to expand or contract 
longitudinally and laterally under stress, as if separate from other layers 
Otherwise, E in the relation (1), Art. 61 would not be Young's modulus, 
but some modified elastic constant; but the relation would otherwise 
remain unaltered, 

(4) That the modulus of direct elasticity has the same value in 


compression as for tensile strains, 
63. Value of the Moment of Se esas —Having found the in- 


tensity of longitudinal stress (2= р Р distance y from the 
а оа дааа Е internal forces form 
a couple equal to the bending moment at every section, it remains to 
express the value of the couple, which is called the moment of resistance 
(see Art. 56), in terms of the dimensions of the cross-section, and the 
intensity of stress сед, 

Using Fig. 96, as in the previous article, the elementary area of 
cross-section, at a distance y from the neutral axis, is 8a, or s , ày, the 
total stress on the elementary area is p.a or 3.2. ду, арі the 


moment of this stress is 9. yóa. or 4. s.y. dy, and the total moment , 


throughout the section is 
Me Xp.y. y or Me X(9.s. y.) 


and putting { 2-Е у (Ай. 61) 
M = Ру. м) о Еау) + + (3) 


а ла 
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The sum X(y*a), or X(s)'8y), represents the limiting value of the 
sum of the products of elements of area, multiplied by the squares of 
their distances from the axis, when the elenients of area are dimini: 
indefinitely, and is usually called the Moment of Inertia of the area of 
the section about the axis, The values of the moments of inertia for 
various sections were dealt with in Arts. 52, 53, and 54. If we denote 
the moment of inertia of the area of the section by I, so that 

(ya) = 3(sy îy) = 1 
the formula (3) becomes 
E М.Е 
(4) 


М= от в 


and since by (1), Art. 6r, Ê = 5 A sks May E mlê 
from the neutral axis), we have * 


These relations are important and should be remembered. If we 
put this relation in the form— 


neutral axis, Thus, in Figs. 95 and 96, if the extreme layers on 
tension and com ion sides are denoted by y and ye ively, 
7 and f, being the extreme intensities of tensile and compressive stress 


respectively— 


fh eu MGE 
qr ed 
or, л=м л=м 
NTT 
or, MBA ahs, Vra pr ior 6) 


‘The variation of intensity of stress for an unsymmetrical section is shown 
in Бір. 95 аг 240. i t 
eo ci about the neutral axis, the dis- 
tances y and y, will be being each half the depth of the section, 
If we denote the half depth by y, and the equal intensities of extreme 


or skin stress by fj, so that— 
мел 
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the quantity {в called the modulus of section (see Art. 66), and is 


usually denoted by the letter Z, so that— 
M 
Mm fZ, ot. Jm s np een Ne (7) 
the moment of resistance (M) being proportional to the greatest intensity 


of stress reached and to the modulus of section. 
In the less usual case of unsymmetrical sections, the modulus of 


section would have the two values— 


ума 
which may be denoted by Z, and Z, so that the relation (6) becomes 
M=f=f2,.-+ +++ + (8) 


64. Ordinary Bending.— The case of simple bending, dealt with in 
the previous articles, refers only to bending where shearing force is 
absent, but such instances are not usual, and generally bending action 
is accompanied by shearing force, which produces a (vertical) shear 
stress across transverse sections of the beam (see Figs. 75 to 82, etc.). 
In such cases the forces across any section at which the shearing force 
is not zero have not only to balance a couple, but also the shearing force 
at the section, and, therefore, at points in the cross-section there will be 
tangential as well as normal longitudinal stresses. The approximate 
distribution of this tangential stress is dealt with in Art. 72, and the 
deflection due to shearing in Art. rro. When the shearing stresses are 
not zero, the longitudinal stress at any point in the cross-section is 
evidently not the principal stress (Arts. 14 and 73) at that point, and 
the strain is not of the simple character assumed in Art. 61 and Fig. 94, 
and there is then no reason to assume that plane sections remain 
plane St. Venant, a celebrated French elastician, has investigated 
the flexure of a beam assuming freedom of every layer or fibre to 
contract or expand laterally, under longitudinal tension or compression, 
but without the assumption that plane sections remain plane after bend- 
ing. His conclusion is that Bernoulli's assumption and equations of the 
type (5), Art. 63, only hold exactly when the bending moment from 

int to point follows a straight line law, £e, when the shearing force 
is constant. For the more exact elastic theory of St, Venant, applicable 
to other cases, the reader is referred to Todhunter, and Pearson's 
“ History of Theory of Elasticity," vol. i, pt. 1, pp. 53-69. 

For most practical cases the theory of “Simple Bending” (Arts. 61, 
62, and 63) is quite sufficient, and gives results which enable the 
engineer to design beams and structures, and calculate their stresses 
and strains with a considerable degree of approximation. It may be 
noticed that in many cases of continuous loading the greatest bending 
moment occurs as a mathematical maximum at the sections for which 
the sheaiing force is zero (Art. 59, and Figs. 79 to 86), and for which 
the conditions correspond with those for simple flexure; in numerous 

+ See second footnote to Art, 72. 
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cases where the section of the beam is uniform throughout its length, 
the maximum longitudinal stress occurs at the section of maximum 
bending moment; the usefulness of the sime theory in such a case 
isevident. Further, it often happens that where the shearing force is 
considerable the bending moment is small and in such cases the 
intensity of shear stress can be calculated sufficiently nearly by the 
method of Art. 72. 

In this book the usual engineer's practice of using the simple beam 
theory will be followed, a few modifications in the strains and stresses in 
certain cases will be mentioned. 

65. Summary of the Simple Theory of Bending.—At any trans- 
verse section of a horizontal beam carrying vertical loads, from the 
three usual conditions of equilibrium, we have— 

(1) The total vertical components of stresses across a vertical section 
are together equal to the algebraic sum of the external forces to either 
side of the section, że, to the shearing force Е. 

2) The algebraic total horizontal force is zero. 

3) The total moment of resistance of the horizontal forces across 
the section is equal to the algebraic sum of the moments of the external 
forces to either side of the section, f.e. to the bending moment М, 

If plane sections remain plane, longitudinal strain is proportional to 


the distance from the neutral axis, e being equal to j hence, longi- 
tudinal stress intensity at any point in a cross-section is proportional to 
the same distance, or— 
poy and 3-Е 


Summing the moments of longitudinal stress— 
Meg. les 
BLMIELÁ 


эг, کے کے‎ 
‘4 ЛҮ РЧЫ ЭЖ 

where f, and y, are the intensity of skin stress, and the vertical distance 
from the neutral axis to the outer boundary of the section respectively. 
In applying these relations to numerical examples, it should be 

remembered that the units must be consistent; as cross-sections are 
usually stated in inches, and stresses in pounds or tons per square inch, 
it is well to take the bending moment, or moment of resistance, in 


Ib.-inches or ton-inches. 
EXAMPLE r.—To what radius of curvature may a steel beam of 


symmetrical section, 12 inches deep, be bent without the skin stress 

exceeding 5 tons per square inch? (E = 13,500 tons per square inch. 
i ЕЛ R= 

Since Tx г X 


Ji being the half depth, which is 6 inches. 
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Hence R „зек, 16,200 inches, or 1350 feet 


EXAMPLE 2.—If the elastic limit is not exceeded, find the stress 
induced in a strip of spring steel, gç inch thick, by bending it round a 
drum 2'5 feet diameter? (E = 13,500 tons per square inch.) 

Е; 
лт 
The greatest value of y is } X j = inch, The radius being 15 
inches 


padans tons per square inch 


ExAMPLE 3.—The moment of inertia of a symmetrical section (see 
B.S.B. 3o, Table L in Appendix) being 2654 inch units, and its depth 24 
inches, find the longest span over which, when simply supported, a beam 
could carry a uniformly distributed load of 1'2 ton per foot run, without 
the stress exceeding 7*5 tons per square inch. 

1f = span in inches, the load per inch run being 77, or сч ton, 
the maximum bending moment which occurs at mid-span is 

M =} x o'i x A (see Fig. 65) 


‘And since M =f. , and yy the half depth is x2 inches 
à 


ix & xe rs x tit 
г=%°Х rsx 2654 155,100 
2 = 364 inches, or 3o feet 4 inches 


66. Modulus of Section.— The value of the moment of resistance 
of a beam is found (Art. 63) by multiplying the extreme value of the 
intensity of stress by the »odu/us of section (Z) which is the moment 
of inertia I of the section about the neutral axis divided by the distance 
to the furthest point in the section from the neutral axis, In the case 
of sections which are not ical about the neutral axis there will 
generally be two moduli of section, and. two unequal extreme values 
of stress intensity (tensile and compressive) corresponding to two un- 
equal distances from the neutral axis to the extreme points of the 


section perimeter, + 
‘The following table gives the values of the modulus of section, etc. 
for sections frequently employed in beams of various kinds :— 
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"The I, T, angle, channel, and Z sections are actually rolled with 
rounded corners, as shown in Fig. 62 and elsewhere, and the values 
in the table are those for square-cornered, parallel-limbed sections; 
they may be applied to give approximate results if mean values of 
thicknesses are taken. Such sections have been standardized by the 
Engineering Standards Committee, and tabulated values of their 
properties with standard dimensions are given in the Appendix. The 
methods applicable to making calculations of the properties of such 
sections have been dealt with in Arts. 52 and 53. 

A caution is required in applying the tabulated values to such a 
section as an angle if alone ; the principal axes (Art. 54) are not 
those shown in the table, and XX is not the neutral axis for loading 
in the plane YY, nor are the distances y, and y, shown in the table the 
extreme distances from the neutral axis. The bending is unsymmetrical. 
and the subject is treated in Art. 70, : 

1n choosing a section suitable for carrying a given load from su 
tables as are given in the appendix, it is necessary to select one which 
shall restrict the bending stress to a safe limit, but it is also often neces- 
sary to limit the deflection. This point is dealt with in Chapter VII. 

Modulus Figures —The first derived areas in Figs. 71 and 72 are 
sometimes called modulus figures, for the modulus of section is equal to 
the sum of the products of these areas on either side of the neutral axis 
and the distance of their respective centroids from the neutral axis GG, 
or to either area multiplied by the distance’ apart of their centroids, 
The modulus of section is of course equal to the product of the total 


second derived areas and the extreme distance @ of the perimeter of 


the section from the neutral axis GG. 
The "centres" of the parallel longitudinal stresses on either side 


of the neutral axis will evidently be at the centre of area or centroid 
(or centre of gravity) of the modulus figure. The longitudinal forces 
across a transverse section are statically equivalent to uniformly dis- 
tributed stresses of the actual extreme intensity acting on the whole 
of the modulus figure or to the total of the tensile forces acting at the 
centroid of the modulus figure on the tension side, together with the 
(equal) total thrust at the centroid of the modulus figure (which is 
the centre of pressure) on the compression side. 

In comparing algebraic and graphical methods, it is useful to 
remember that the expression a J. ! ysdy represents the area of the modulus 
figure between the lines corresponding to the limits of integration and 
paralled to the neutral axis,*y, or £ being the half depth. 

„EXAMPLE 1.—A timber beam ot rectangular section is to be simply 

, Supported at the ends and carry a load of 14 ton at the middle of 

а 16-(ееі span, If the maximum stress is not to exceed } ton per 

Square inch and the depth is to be twice the breadth, determine suitable 
dimensions. 
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The reactions at the ends are each 2 ton, and the bending moment 


at the centre is— 
$ x 8 x 12 = 72 tons-inches 
The modulus of section (Z is given by— 
LU Z = 96 (inches) 


b-idd 
Pa = ya" = 96 

d= W/1152 = 10's inches nearly 
, û = 5'25 inches 

ExAMPLE 2,—Compare the weights of two beams of the same 
material and of equal strength, one being of circular section and solid 
and the other being of hollow circular section, the internal diameter 
being 4 of the external, 

'The resistance to bending being proportional to the modulus of 
section, if D is the diameter of the hollow beam and g that of the 


solid one 


and if 


7 (D'— (3D) T 
= D | э mE 
G- OD mg 
z^ A38 = 1135 
The weights are 
solid 2 4Y n 1 
DM M ER IDE ME _)= ےگ‎ 
follow DT GDF х (5) TXGusse n 
67. Common Steel Beam Sections.—Such geometrical figures as 
rectangles and circles, although they often represent the cross-section 
of parts of machines and structures subjected to bending action, do not 
form the sections for the resistance of flexure with the greatest economy 
of material, for there is a considerable body of material situated abdut 
the neutral surface which carries a very small portion of the stress, The 
most economical section for a constant straining action will evidently 
be one in which practically the whole of the material reaches the 
maximum intensity of stress. For example, to resist economically a 
bending moment which produces a longitudinal direct stress the 
intensity of which at any point of a cross-section is proportional to 
the distance from the neutral axis, much of the area of cross-section 
should be placed at a maximum distance from the neutral axis, This 
' suggests the I section, which is the commonest form of steel beams 
whether rolled in a single piece (see Fig. 62) or built up by riveting 
together component pue In such a section most of the area is 
situated at nearly the full half depth, so that, neglecting the thin vertical 
web, the moment of inertia 3(y*6A), approximates to— 


а 
(area of two flanges) x (2) 
or the radius of gyration approximates to 5, and the modulus of sec 


Y 
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tion, Z, which is the moment of inertia divided bys, approximates to— 
(area of two flanges) x $ 


d 
or, Z = abt x > m b. t. d approximately 
,Where / is the mean thickness of the flange, generally measured in a 
rolled section at 2 the breadth from either end. These approximations 
are often very close to the true values, for they exaggerate by taking 


the flange area wholly at from the neutral axis XX and under-estimate 


by neglecting the vertical web. 

Plate Girder Sections —The plate girder consisting of horizontal 
plate flanges united to a vertical plate web by angles (see Fig. 97) 
is of such great importance in structural steel work 
that it is now considered more fully. Either the 
depth or the flange area is often varied so that 
the moment of inertia of every cross-section is 
roughly proportional to the greatest bending moment 
to which it is subjected as explained in Chap. 

XVIL, Arts. 186 and 187. Various approxima- 

tions are in use for estimating the modulus of 

EE moment of resistance of such a zs 

tion. For a fairl; irder perhaps the best 

approximation is ^ cd Dd n 
Modulus of section Z= A x 4 

where A = net area of one flange, including plates and angles, but 

no part of web, and @ = depth to outside of angles. Sometimes Z 

is taken between the centroids of the flanges and sometimes A 

includes } or } of the web. It is usual in calculating A to subtract 

from the plate and angle sectional areas the area of rivet holes 

which may lie even approximately in the same plane of cross-section, 

and a hole yy in. or } in. larger than the nominal rivet diameter 

is so dedu: It is frequently desirable for purposes of design to 

work from a simple approximation and then to 4 

check, and if necessary adjust the resulting dimen- 

sions by a more exact calculation. 

Box Plate Girder,— This form possesses con- 
siderable lateral flexural stiffness, and is in consider- 
able use (see Fig. 98). P 

Compound Git EN Жш, sections 


consisting of plate flanges added to rolled I and 
channel ен are shown in Figs. 99, 100, and 
ror. The moment of inertia of the (ped plate Fic. 98.—Double-web 
area about the neutral axis (see theorem vr D or box plate girder 
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modulus of section. An approximate correction for rivet holes in the 
rolled sections may easily be made (see Example 3 below), 


т 


Fia. 99. Ес. 100. Fic. ror. 
EXAMPLE r.—A box plate girder has a spaniof 36 feet, and its depth 
over the angles is 42 ins. It has to carry a load equivalent to 3*5 tons 
per foot run, with a maximum bending stress of 6 tons per square inch. 
The two ? in. webs are connected to the flanges by angles 4 X 4 X j ins. 
(see B.S.E.A. x1, Table V., Appendix). Calculate the total flange area 
required at the centre of the span, allowing for two fin. rivets in each 
flange ; PE if the total thickness is x} in., what width of plate will be 


Central bending moment = }W/ = 95% 36% 36% #2 _ 6804 ton-ins, 
Modulus of section (Z) required = $$ = 1134 (ins.) 
Let B = width required. 
Gross area of two angles = 2 X 3'749 = 7'5 sq, ins. 
Nt no », o» 
= 2 = 5'5 ins. 
"Then taking 1 in. holes, net area of flange (A) (B — 2) + 55 = 
r'r25B + 3°25 sq. ins. 
Approximately— 
Z = (1'125B + 3°25) X 42 = 1134 
B = 21'1 ins, f 
Checking this approximation by the more exact method, we find 
12 d(B — a)(q25? — 42) - 675(42* — 41!) - r75(a1* — 34) 
+ $X 34°} — 175 x 2 x 19" 
the last term being an approximation for the horizontal holes through 
the angles and web. This gives I = 1046(B — 2) + 8430 (ins.)*. 
Now, the required value of I is 22} x Z = 1134 X 22} = 25,090 
hence * Baa = 40800 = 1579 
B = 17'9 ins. 
Ld NR i. E to be somewhat far on the safe side in 
case. ol web area were included i 
d are en incl 1 in the flange area A, we 
т'т258 + 325 +1 х 42х35 = 2 
r'125B = 198 iz ae G : 
which more nearly agrees with the more exact calculation. 


allowing, say, two holes r X jin each — 75 


жы 
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ExAMPLE 2,—4A single web plate girder has a span of 40 ft., and its 
depth over the angle is 42 ins. It has to carry a uniformly distributed 
load of 89 tons with a maximum bending stress of 6 tons per square inch. 
What thickness of plate 14 ins. wide is required in the flanges if the 
angles are 6 x 6 x } ins, and the web } in, thick? (Allow for 2 rivet 
holes say 1 in. diameter in each flange and angle.) 

Central bending moment = LEE LE 5340 
Modulus of section required = #3442 = 890 (ins.)* 
Approximate flange area required = $? = 2x2 sq. ins. 


and if ¢ = thickness of flats, allowing say two r-in, holes and four in the 


angles, А ` 
12/ + 2(11'5 — 2)} = 1244 9'5 = ara. 
nence 12/2 117 # = 0:975, say x in. 


Checking by the more exact method, neglecting horizontal holes through 
angles and web, 
I = h{12(44* — 42°) + ro's(42* — 41") + 1'5(41* — 30%) +4 X 30%} 
= 21,982 (ins.)* 
Allow for neglected rivet holes, say 2 X 1°5 X I X 1775" = 919. 


Net value of I = 21,063 (ins.)* 
Value of Z = 21282 = 957 (ins,)* 
Excess = 957 — 890 2 67 (ins. 
corresponding to an area $i = 1*5 sq. in. say, or on flats of 12 ins. net 
width j in. thickness, Hence f in. thickness would be sufficient. 

"This example illustrates the use of the approximate formula, for to ` 
haye to find / directly by the more exact rule would have involved the 
unknown quantity in the third power, £.« a cubic equation in /. 

"The limitations of an empirical rule for different proportions may 
also be noted, for had } of the web area been added to the flange area 
the simple rule would. have given too thin a plate to the flange. This 
would also have been so, but in a smaller degree, if the effective depth 
had been taken as that between the centres of gravity of the flanges, 
which in this case is less than the 42-in, depth over the angles, The 
simpler rules cannot be correct for all cases including large and small 
angles and varying proportions of depth to flange area, but are never- 
e ваду be framed so as always to err on the side 

fety. 

EXAMPLE 3.—A compound girder (as in Fig. roo) is to be made by 

-Tiveting six Lin. flats on to the flanges of two 15 x 6 ins, I beams 
(B.S.B. 26, Table L, Appendix), What width of plate will be necessary 
if the girder has to carry a total uniformly distributed load of 74 tons 
Over a span of 2o feet with a maximum stress of 5 tons per square inch? 


(Fin. rivets.) _ 5 
Referring to column 9, Table I. for the given sections, I — 628'9 
r 


^ 
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Central bending moment » 72€ 72 X ** — 222 ton-ins 
Z required = 2822 = 444 (ins.)* 
T required = 444 x 4f = 3996 (ins.)* 
I for two rolled sections = 2 X 628'9 — 1258 
difference = 2733 
Add for holes in I beam flanges say.4 X 0°8 X 7'5" = 180 
I required for flats = 2918 


If B = required width, 








z- = (e - 15)= 204'75(B — 2) — 2918 
+ = тёз, 


EXAMPLE 4.—A girder is made up of two channels (as in Fig. rox) 
and two flats. The channels are r5 X 4 ins. (see B.S.C. 27, Table II., 
Appendix). The flats are 14 x } ins. What load may the girder carry 
at its centre over a 14-ft. span (neglecting its own weight) without the 
extreme bending stress exceeding 5 tons per square inch? Allow for 
two fin. rivets in each flange section. Referring to line r, column 1o 
of Table II., Appendix, I = 377 per channel — 754 (ins.)* for the two, 


І= 754 + (10 — 15) - 4X 1 x o63 x zs! 
= 754+ 721 — 142 = 1333 
Z = 1833 — 167 (inches)! 
Moment of resistance = 167 x 5 = 835 ton-ins, 


If W = central load in tons 
4x W x 14 X 12 = 835 or, W = 19'9 tons, 

EXAMPLE §.—The girder in Example 2, Art. 57, is to carry a live 
load of 52*5 tons uniformly distributed, and a dead load of 2317 tons 
similarly applied at cross girders, If the depth of girder over the angles 
is 4 ft, width of flanges 21 ins., and angles 4 X 4 x 1 ins, find the 
necessary flange plates at the central section, using the dynamic method 
(Art, 41) with a. dead-load stress of 6*5 tons per square inch. 

Using the result of Example 2, Art. 57, in direct proportion, bending 
moment due to live load at centre (and at all points between 4 and 2) із 


x 525 
2712 X 5657 252 ton-ft. 


and due to dead load 
aprax = rrr ton-ft, 

From Art 4r (6) we may find the working stress for total 
bending moment 252 + rrr, or from (7) we may use 65 tons per square 
inch with a bending moment 111 + (2 X 252) = 615 ton-ft Selecting 
the latter method, we have, Т 
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Modulus of section (Z) required $574 c 1,5. (inge 
Net area of flange required = 1}}* = 23°64 sq. ins. 

The two angles (B.S.E.A. rz, Table V., Appendix) less 4 rivet holes 


чіп. diameter give, 
7498 — 1'875 = 5'623 sq. ins. 


The plates therefore require 23°64 — = 18:02 sq. ins. 
Net width of flange ou tivets Fin, = ar — 4 X f = r725 ins. 





Thickness required = —— т B = 105, say 1j, in. 
which may be made up by ;4-in. main plates (next to angles) and }in. 
outer plates, 

68. Cast Iron Girders.—Cast iron is generally five or six times as 
strong in compression as in tension, but a symmetrical section would in 
bending get approximately equal extreme intensities of tension and 
compression so long as the material does not greatly deviate from pro- 
portionality between stress and strain (see Art. 63). Cast iron has no 
considerable plastic yield, so that the distribution of stress beyond the 
elastic limit will not be greatly different from that within it. Hence a 
cast-iron beam of symmetrical section would fail by tension due to 
bending, and it would appear reasonable to so proportion the section 
that the greatest intensity of compressive stress would be about five times 
that of the tensile stress. This could be:done by making the section 
of such a form that the distance of its centroid 1 
from the extreme compression layers is five 
times that from the extreme tension layers. 
This, in a flanged or irregular I section, 
would involve а large tension flange, and a 
much smaller compression flange : so great a 
difference as that indicated above involves 
serious initial stresses due to the quicker 
cooling of the small compression flange com- 
pared to that of the larger tension flange, and 
experience shows that distances of the com- 
pression and tension edges to the centroid in 
the ratio of about 2 or 3 to 1 (see Fig. 102) 
give the most economical results, the ten: ion DAK 

ge being made wide in order to avoid 
great thickness, which would involve relatively slow cooling. The 
moment of inertia of such a section as that shown in Fig. ro2 may be 
ae by division into rectangles (seeyArt. 52), or graphically, as 

Art. 

69. Reinforced Conerete Beams,'—Cement and concrete are well 

adapted to stand high compressive stress, but little or no tension. They 
1 For EP M e E, T 
Sections,” in Engineering, December 25, 1908, 
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can be used to withstand bending by réinforcement with metal to 
take the tension involved, the metal being by various means held fast 
in the concrete. The usual assumption is that the metal carries the 
whole of the tension, and the concrete the whole of the compression, 
In the case of a compound beam of this kind, the neutral axis will not 
generally pass through the centroid of the area of cross-section because 
of the ual values of the direct modulus of elasticity (E) of the two 
materials (see Art. 62). It may be found approximately by equating 
the total compressive force or thrust in the cement to the total pull in 
the metal, As the cross-section of metal usually occupies a very little 
of the depth, it is usual to take the area of metal as concentrated at 
the depth of its centre and subject to a uniform intensity of stress equal 
to that at its centre. 

‘The following simple theory of flexure of ferro-concrete beams must 
be looked upon as approximate only, sincê the tension in the concrete 
is neglected ; and further, in a heterogeneous substance like concrete, 

Pee ror | the proportionality between stress and 
А 7 strain will not hold accurately with usual 
working loads. More elaborate and 
less simple empirical rules have been 
devised and tested by experiment, but 
the following methods of calculation 
are the most widely recognised. 

Suppose a ferro-concrete beam has 
the sectional dimensions shown in Fig. 
103; assume that, as in Arts. 61 and 65, 
the strain due to bending is propor- 
tional to the distance from the neutral 
Fio. 193. axis and to the direct modulus of elas- 

peu ticity of the material. Let A be the 
depth of the neutral axis from the compression edge of the section, f, the 
(maximum) intensity of compressive stress at that edge, and. f, the 
intensity of tensile stress in the metal reinforcement, this being prac- 
tically uniform, Let E, be the direct modulus of elasticity of the 
concrete in compression, and E, that of the steel in tension. 

Then £ is the proportional strain in the concrete at the compression 
edge (see Art. 61), and fis the proportional strain in the metal. 

The distances from the neutral axis at which these strains occur are 
Á and (4 — A) respectively, and since the strains are to be assumed 
proportional to the distance from the neutral axis (Arts, 6x and 65) 

ARES A 4 
£ YE A= 
or, Лотинй 
fe A eee © 

The ratios of E, to E, for given materials are known; for concrete 

and stoel the ratio ir tially frota y to dy K 
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The total thrust is | 
(mean intensity of compressive stress) x (compression area) 2A 
The total tensile stress, neglecting any in the concrete, is 
f x (area of section of reinforcement) = f, „a 


And since the total thrust equals the total pull, the two together 
forming the couple which is thè moment of resistance 


Sx Bafa orem зе, $2 9.2 4 fib 


and therefore from (1) 
Peeper et oe 
АВ а- Е 
which gives a quadratic equation in 4 in terms of the quantities B, æ, d, 
and E all of which are supposed to be known. 

Ferro-concrete beam sections are generally rectangular, but in case 
of the compression part of the section having any other shape, we 
should proceed as follows to state the total thrust in terms of the 
maximum intensity /, at the extreme edge at the (unknown) distance 
Å from the neutral axis. 

Let s be the width of section parallel to the neutral axis at a height 
J from it, varying in a known manner with, say, the distance (4 — y) 
from the compression edge, and let $ be the intensity of stress at any 
height y from the neutral axis; then 


PE is s; 
TA P 27 


Total thrust = fø. s. dy = fy ia 


which can be found when the width s is expressed in terms of, say, 4 — y. 
This might also be Witten 
Total thrust = f, X (area of compression modulus figure) 


(see end of Art. 66). In the rectangular section of Fig. 103, s = B = 
Constant, this being the simplest possible case. 

Frequently the compression area of ferro-concrete is T-shaped, con- 
sisting partly of а concrete slab or flooring and рагі of the upper part 
of the rectangular supporting beam, the lower part which is reinforced 
for tension, the floor and beam being in one piece, or “monolithic 
(see Ex. 3 below, and note following it). The breadth is then constant 
over two ranges, into which the above integrations can conveniently be 
divided. in the vertical leg of the T (or upper part of the 


The thrust t 
beam) is often negligible compared to that in the cross-piece or slab. 
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The resisting moment, about the neutral axis, of the total thrust 
would be 


ее ел 


where I is the moment of inertia of the compression area about the 

neutral axis, The graphical equivalent of this would be 

Ja X (area of compression modulus figure) x (distance of its centroid 
ifrom the neutral axis) " 

the centroid of the modulus figure being with the centre of pressure or 

thrust, or, using the second derived area as in Art. 53 

resisting moment of the thrust — /; X 4 X second derived area of 
compression section 
The resisting moment, about the neutral axis, of the total tension is 
evidently /, X a x (d — 4), and the total moment of resistance is 


total thrust (or pull) x distance of centre of thrust from reinforcement 


EXAMPLE 1.—A reinforced concrete beam 20 inches deep and 
xo inches wide has four bars of steel r inch diameter placed with 
their axes 2 inches from the lower face of the beam. Find the position 
of the neutral axis and the moment of resistance exerted by the section 
when the greatest intensity of compressive stress is roo Ibs. per square 
inch. What is then the intensity of tensile stress in the steel? Take 
the value of E for steel 12 times that for concrete. 

"Using the symbols of Fig. 103 and those above 

d= 20 — 2 = 18 inches 
fA a. maximum compressive strain A 


L5 tensile strain in metal 18—À 


Vir ACORN 
л Е18-А 12(18 — 2) 


and equating the total pull in the steel to the thrust in the concrete 
fete Mero 


4x2 
ч E E 
Tore рте C GN 
hence is 1aTÁ — 2167» — 0 
and solving thi; A = 8°5 inches 


The distance from the neutral axis to the centre of the steel rods 
= 18 — 8'5 =9'5 inches. The total thrust is 


Sx то Х 8-5 = 4250 lbs. 
and the total tension in the metal is equal to this. 
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The distance of the centre of pressure from the neutral axis is $ оѓ 
8'5 inches, and that of the tension is 9'5 inches, 
The moment of resistance is therefore 
(4250)(9°5 + § of 8'5) = 64,460 Ib.-inches 
The intensity of tensile stress in the steel of area + square inches is 


f= 459 = 1350 Ibs. per square inch 


л 95 
or thus, iso iE x 85 1342 
which checks the above approximate result. 

EXAMPLE 2.—A reinforced concrete floor is to carry a uniformly 
spread load, the s] being r2 feet and the floor ro inches thick. 
Determine what reinforcement is necessary and what load per square 
foot may be carried, the centres of the steel bars being placed rj inch 
from the lower side of the floor, the allowable stress in the concrete 
being 600 Ibs. per square inch, and in the steel 12,000 Ibs. per square 
inch, and the modulus of direct elasticity for steel being ro times that 
for concrete. If the load per square foot of floor is 300 Ibs., estimate 
the extreme stresses in the materials, assuming bending in one direction 


only, 
Let # = distance of the neutral axis from the compression edge. 
Then the distance from the centres of the steel rods is ro — r'5 = А 


= 8:5 — 4 inches. 
» The ratio of stress intensities is 


intensity of tensile stress ے 2,000 ے‎ 85 = 5 
maximum intensity of pressure боо А 
hence 85 — h= 2h 
A = 2°83 inches 
Taking a strip of floor r inch wide 
thrust of concrete = 699 xa8j X 1 2 850 Ibs. 


‘The total tension in the steel must also Бе 850 Ibs., and the area of 
section required is therefore 
.859 .. 5.97085 square inch 


12,000 
per inch width of floor. If round bars x inch diameter are used, they 
might be spaced at a distance 

91854 © rr inches apart 

0'0708 





The total moment of resistance is 
8sol( X 2:83) + (8:5 — 2°83)} = 6422 Ib.-inches 
«bes 
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which is the product of the total thrust (or tension), and the distance 
between the centre of pressure and the centres of the rods. 

If w = load per inch run, which is also the load per square inch of 
the floor, equating the moment of resistance to the bending moment— 


fw X 144 x 144 = 6422 


8 x 6422 
14400 E = 357 lbs. 





which is the load per square foot. 
If the load were only 3oo lbs. per square foot, the stresses would be 


proportionally reduced, and 
maximum intensity of pressure = 600 x 257 
= 505 Ibs. per square inch 
intensity of tensile stress = 12,000 x 290 
= 10,090 Ibs. per square inch. 


EXAMPLE 3.—A reinforced beam is of T section, the cross-piece or 
compression flange being 20 
inches wide and 4 inches deep, 
and the vertical leg 14 inches 
deep by 8 inches wide. ‘The 
reinforcement consists of two 
etra round bars of steel ij inch 
| {ыз diameter placed with their axes 
i 2 inches from the lower face. 
Making the usual assumptions, + 
Ки calculate the intensity of stress 
i in the steel, and the total amount 
i of resistance exerted by a sec- 
} tion of the beam when the 
т compressive-stress in the con- 
crete reaches 500 Ibs, per square 
inch. Take the modulus of 
direct elasticity in steel 12 times 
that for concrete in compression. 

Let f = intensity of stress 

in the steel 
4 = distance of the neu- 

: tral axis from pos 
Fr6. 104. compression 
1 t . (sce Fig, 104). 
The ratio of the stress intensities is then— 
үз Eu E 


د ت ت or‏ عم 















whence fim ÉF x 6000 o eris) 
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Tb e Soo f, 
e total thrust 7 f. 2oydy + T4. 8ydy 
10,000 
= Feat (ha) + SF (hm)! 
,000 ооо 
= (A - 2) +5290 – " 
iece, and the second 


the first term representing the thrust in the cross-] 
total tension is— 


that in the vertical leg above the neutral axis. 
s T {Л = EA 


and substituting for /; from (1) and equating to the total thrust— 
ок 1674 oo m 49999, ,)., 209004 — у 


8 А 
from which 4 2 6'6 inches and— 
f= 6909, 15 Ém 8550 Ibs. per square inch, 


The moment of the thrust about the neutral axis is— 


sooj" 500 [h 2599 X 20 (6.6) — 
sco Tao.. ay +508. ydy soo X (бу — (6P) 








500 X 8,.. j t 
t6 ^ ay 6)! 2 139,000 Ib.-inches 
The moment of the tension is— 


8550 X T X 9'4 = 284,000 lb-inches 


and the total moment of resistance is— 
139,000 -- 284,000 — 420,000 Ib.-inches. 

The values found for total thrust and the moment of resistance would 
not be greatly altered by the omission of the second term in the 
respective integrals, Że. by neglecting the small thrust in the vertical leg 
of the section above the neutral axis, The moment of resistance might 
be estimated graphically by drawing the modulus figure for the com- 
pression area with a pole on the neutral axis (see Fig, 104) ; the moment 


of resistarce for compression would then be— 
500 X (area of compression modulus figure) x (distance of its 
centroid from the axis) 
or if a second derived figure be drawn, the moment would be— 
500 X 6'6 x (area second derived figure). 
-The total tension moment would be— 


500 X (area of first compression modulus figure) X 9'4 
72 


. 
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Note—A very common example of a T section occurs in ferro- 
concrete floors with monolithic cross-beams, the floor forming the cross- 
piece of the T. — The cross-piece is then often very wide in proportion 
to the remainder of the T section, and with a moderately high intensity 
of stress in the reinforcement the neutral axis would fall within the 
cross-piece instead of below it. This would involve tension in the 
lower side of the floor slab, which is not reinforced for tension in that 
direction, and might start cracks, This undesirable result can be 
avoided by employing more reinforcement at a consequently lower 
intensity of stress in the cross-beam or vertical leg of the T section. 

70. Unsymmetrical Bending.—In considering simple bending 
(Art. 61) it was assumed that the beam had a cross section symmetrical 

Y about the axis through its centroid 

and in the plane of bending. The 

planes of bending and that of the 

external bending couple will be parallel 

if the axis of cross-section in the plane 

of the external moment is a principal 

axis (Art. 54). If this condition is 

+ not fulfilled, let OY’, Fig. ros, be the 

lane of the external bending moment 

(кока by its trace on the section 

X which is in the plane of the figure) 

LAN inclined at an angle a to the principal 

Ето, 10$. axis OY, or let the bending couple 

M be in a plane perpendicular to OX". 

If the couple M, represented by OP, say, be resolved into components 

represented by OR and RP about the principal axes OX and OY, 
these components will be— 

M cos a and — M sin a respectively. 


The intensity of bending stress and the strain everywhere on the section 
can then be found by taking the algebraic sum of the effects produced 
by the component bending moments about the two principal axes, 
Thus, the unit stress at any point Q the co-ordinates of which referred 
to th principal axes OX and OY are a, y will be from (5) Art. 63— 
. M cos a _ #M sin 

аа ... n (1) 
where I, and I, are the principal moments of inertia of the beam 
section about ox and OY respectively. For a point the co-ordinates 
of which are =s, y: 





pelea Mina, a eee KGS 


For points on the neutral axis, putting 9 = o in (1)— 
yosptme War aes 
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which is a straight line ON through the centroid of the section inclined 
to OX at an angle , so, that— 
yestnB .....-. (4) 


and tan В = uns see S n n (5) 
v 
It may be noted that the relation (5), which may be written 
АЛ 
tan f = 74 tana, nor) 
у 


is that between the slopes of conjugate axes of the momental ellipse 
(Art, 54), the principal semi-axes of which are the radii of gyration 
about OY in the direction OX and 4, about OX in the direction OY. 
Consequently, if the momental ellipse is drawn the direction of the 
neutral axis ON (Fig. 105) may be found by drawing the diameter 
conjugate to OY’, which is easily accomplished by joining O to the 
point of bisection of a chord parallel to OY’. 

To find the maximum stress in a given section resulting from a 
given bending moment in any given plane we first calculate the direc- 
tion of the principal axes and values of the principal moments of ` 
inertia as described in Art. 54. Then calculate the direction of the 
neutral axis from (5) and draw it on the given section and find by 
inspection the point in the section furthest from the neutral axis and 
apply equation (1) The intensity of stress might also be stated iu 
terms of y", the distance from the neutral axis (Fig. 105) for 

QM-y'—ycofgB-—zxsnB ....() 
cosa ^ sina, ycos 
and from (s)— TP UA OU cerei) 
У соза xsay ,sia 1  — 
hence m Т, ) Ê (9) 
and substituting this in (1) and then for sin a from (8)— 


M. sina M. к, 
лыт Со 


The maximum value f, tensile or compressive оЁ /, сап be found 
by writing the maximum value of y on the tensile or compressive side 
of the neutral axis, i 

Another form of the result —The value of ¢ might also be stated 
directly in terms of the moment of inertia of the section about the 
neutral axis ON from the general formula (5) Art. 63, for the com- 

ent bending moment about ON resulting from the bending moment 


about OX’ is M cos (8 — a), hence— 


peZ MaR) 2...) 


,where I, is the moment of inertia about the neutral axes ON, which 
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may be found graphically as described in Art. 54 from the momental 
ellipse or from (2) Art. 54, writing f for a, which gives from (ir) 








above y (в ) 
_ _y"M cos (6 — a) 
p= s'B JL, sin B а оха) 
a formula easily reduced to the form (xo) by the relation (5) between 8 
and a. 


The choice of one or other method of dealing with a case of 
unsymmetrical bending will depend partly on the type of section, Thus 
in rectangular sections a corner will always be a point of maximum 
stress, and formula (2) may be applied directly. In other sections it 
may be more convenient to draw the neutral axis to determine for 
which point in the section the unit stress is a maximum. 

EXxAMPLE.— Calculate the allowable bending moment on a British 
Standard unequal angle 6” x 31" x 3", carrying a load on the short 
edge with the long edge vertically downwards, if the stress is limited to 
6 tons per square inch and the area, principal moments of inertia and 
position of the centroid of the section are given, 

‘The particulars from the standard tables are given in Fig. 106, and 
as follows. Tan XOX' = tana = 0'344, hence a = 19°; I, = 13:908 
(inches); I,z 1:963 (inches)'; area — 3'424 square inches, hence 
А, = rors inches, Ё, = 07757 inches. 

These may be obtained approximately from Table IV. (B.S.U.A. 20) 
in the Appendix. I, and I, are obtained by substituting the values 
given in columns 9 and ro in equations (9) and (ro) of Art. 54. 

"The position of the neutral axis may be found by (5) 





EE RG EE ° 
tan ê 1963 (934 2437 — tan 6777 


The neutral axis ON is set off on the left of Fig. 106, and by inspection 
it is evident that P is the furthest point in the section from ON; its 
distance from OX is 384" — — y, and its distance from OY is 
0:83" — --x, hence from (1) putting ? 2 6 tons per square inch 


"84M cos 19°  o'83M sin 19° x 
62 —$94M cor 19." OU n I9 e — M(oa6r "o 

13:998 1:963 (0'26x + 0°1375) 
hence M = — 15"05 ton-inches, the negative sign merely indicating 
the kind of bending moment, P being, say, on the tension side of the 
neutral axis ON, The compressive stress at the point Q can readily be 
found from (1). 

Graphical Solution.—Set out the momental ellipse on the right of 
Fig. 106, such that tan XOX’ = 0°344 or angle XOX = 19°, OA=4, 
= 27015", O'B 2 07757" (on any scale), Draw any chord RS parallel 
to OY', and bisect it in V; draw NO'N' the neutral axis through O' 
and V. Set out this neutral axis ON on the section, as shown to the 
left of the figure, and look out the distance from it of the most remote 
point P which measures 2'22". Through C draw the tangent to the 
ellipse parallel to ON, and measure its perpendicular distance from 
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NO'N' which is r'o4". Ther the moment of inertia of the section 
about ON is 
(1704)! x 3424 — 370 (inches) 


Then measuring the angle NOX' as 4877* and applying (rr) 

6 =2'22 Х M X cos 487? -- 370 2 0396M. 
x) M 1515 toninches, confirming approximately the previous 
result. 





EXAMPLE 2.—A British Standard equal angle section measures 
4h" « 4}" x |" and is rounded to a radius of 0'275 inch at its outer 
ends or toes. Its area of section is 3'236 square inches, and the 
distance of its centroid from either outside edge is r'244 inch. Its 
principal moments of inertia are 9°768 (inches)* and 2'514 (inches)*, 
the former being about an axis through the intersection of the outer 
edges. A beam of this section, and simply supported at its ends, has 
one side of the angle horizontal and carries on it a vertical load of 
im midway between the supports, which are 5 feet 4 inches apart. 

the greatest tensile and compressive stresses in the material. 

In this case from the symmetry a — 45, and.the given values may be 
Obtained from Table V. (BSEA 12) in the Appendix. One principal 
moment of inertia is found from columns numbered 3 and ro, and the 
Other then follows from equation (1), Art. 54. 
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If f is the angle which the neutrál axis makes with the principal 
axis passing through the intersection of the edges, from (s) 





68 
а= 7 37885 
Hence from tables В =] 


"The neutral axis is inclined to the loaded edge at an angle 
75°6° = 45° = 30°6° 

"The most distant point in tension may be measured from a drawing 
to scale or calculated; it occurs on the curved toe, as in Fig. 106 
The co-ordinates of the centre of the curve referred to axes parallel to 
the angle edges are known, and hence the distance from the neutral 
axis is easily calculated about an oblique neutral axis; the distance to 
the curved toe exceeds the distance to the centre by the radius 0'275". 
Either method gives y" = 2°26". 

About the neutral axis 

Ty = 9768 cos" 756° + 2'514 sin" 75'6 = 2'96 (inches)* 
which may be checked by drawing the momental ellipse, The bending 
moment M midway between the supports is 
2x 4x 64 = 8 ton-inches 


Hence from (11)— 
Maximum tensile stress = 26 x = 5°26 tons per sq. inch 


Also from the neutral axis to the intersection of the outer edges where 
the compressive stress is greatest measures 170" (viz. 1244 X 4/2 X 
sin 756). Hence, similarly, the maximum compressive stress is 


u7o x 8 x sin 75'6° _ 5-97 tons per sq. inch. 
296 

71. Beams of Uniform Strength.—The bending moment generally 
varies from point to point along a beam in some way dependent on the 
manner of loading; if the cross-section does not vary throughout the 
length of the beam, it must be sufficient to carry the maximum bending 
to which the beam is subjected anywhere, and will therefore be larger 
than necessary elsewhere, Evidently less material might be used by 
proportioning the section everywhere to the straining action which it 
has to bear. ‘This, with practical limitations, is attempted in compound 
girder sections of various types (see Art. 67). In other cases there is 
seldom any practical advantage in adopting an exactly proportioned 
variable cross-section, although variable sections are common, eg: ship 
masts, carriage springs, and many cantilevers, 
~ A brief indication of the type of variation of section for uniformity 
of strength will be iven, Considering only direct stresses resulting 
from bending, in order to reach the same maximum stress intensity / at 
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every cross-section of a beam under a variable bending moment M, the 
condition 

M M 
м=/2 о 2=ў œ f=7 


must be fulfilled, where Z is the variable modulus of section of the 
beam. In other words, since f is to be constant, the modulus Z must 
be proportional to the bending moment. Taking rectangular beams in 
which Z = 44d" (Art. 66), either 4 or d (or both) may be varied so that 
bd? is proportional to M, If the beam is a cantilever with an end load 
W (see Fig. 75), in which the bending moment at a distance « from the 
free end is W . x, uniform strength for direct stresses may be attained by 
varying the breadth å proportionately to s, ie. by. making the beam of 
constant depth @ and triangular in plan, thus 


р 57 ог bu s 


In general, for rectangular beams of constant depth the condition of 
uniform strength would be that the width should vary in the same way 
as the height of the bending-moment diagram, for 


6 7 
bo gp: M (f and d being constant) 

If the breadth is made constant the square of the depth should be 
proportional to the bending moment, йе. the depth should be every- 
where proportional to the square root of the bending moment, or 
а = M (Sand 3 being constant) 

For solid circular sections in which the diameter varies 
т M 32M 
fx 6 eon or же 


and the diameter varies as the cube root of the bending moment. 

72, Distribution of Shear Stress in Beams.—In considering the 
equilibrium of a portion of a horizontal beam in Art. 56 it was found 
convenient to resolve the forces across a vertical plane of section into 
horizontal and vertical components, ‘The variation in intensity of the 
horizontal or longitudinal components of stress has been investigated 
in Arts, 61, 62, and 63, and we now proceed to examine the distribu- 
tion of the tangential or shearing stress over the vertical cross-section. 
The vertical shear stress at any point in the cross-section is accom- 
panied by a horizontal shear stress equal intensity (see Art. 8), the 
tendency of the former being to OPE vertical relative sliding on 
either side of the section, and the tendency of the latter being to pro- 
duce relative horizontal sliding on either side of a horizontal or longi- 
tudinal section. The mean intensity of shear stress at a height y from 
the neutral axis for a beam may be found approximately as "Ws:— 
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In Fig, roy let AD and BC be twocross-sections of the beam 
distant EK or ôx apart measured along the neutral surface GH ; let the 
variable breadth at any height y from GH be denoted by z; let the 

M M+0M 
X CA B B 





Fra. 107. 
bending moment at the section AD be M, and at BC be M + 3M. 


Then, at any height y from the neutral surface, the longitudinal or 
horizontal direct stress intensity on the section AD is 
p= a (Art. 61) 
where I is the moment of inertia of the cross-section. Consider the 
equilibrium of a portion ABKE between the two sections. Оп апу 
element of cross-section, of area sdy, the longituainal thrust at AE is— 
p.s-dy or Ws. dy 


But at BK, on the element at the same height, the thrust is— 
Е а 
bie om eerie M excess of those at AE 
7 


the total excess thrust on the area BK over that at AE will be— 
м A 3M (^ 
[Ernte rem 
phere p, ia the extreme value of y, d FA, and roel free 
breadth of section between EK and AB. Since the net horizontal force 
on the portion ABKE is zero, the excess thrust at BK must be balanced 


by the horizontal shearing force on the surface EK ; hente, if g repre- 
sents the mean intensity of sher stress at a height y (neglecting any 





eaim 
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change in g in the length 6x), the shearing stress on EK is g.s. 8, and 


з 
ПОСЕ رن را‎ 
y 


3 1 Л 
hence ec C fade Ef yea, 20 


4 
where F = 2M (Art. 59 (2)) = total shearing force on the cross 


section of the beam. Actually the intensity of shear stress at a height 
y varies somewhat laterally, being greatest at the inside.” 


Ер 
In the expression if pnm the symbol z outside the sign of 
y 


which is the lower limit of integration, 
(refer to a particular pair of values corresponding to the height above 
HG for which g is stated, while in the product y.2 within the sign of 
integration each letter refers to a variable over the range jı to y, or 
A to E (Fig. 107). It may be noted that the quantity— 


S 


is the moment of the area KBK' about the neutral axis GG', which 
is equal to the area multiplied by the distance of its centre of gravity 
or centroid from GG’, ог the area of so much of a modulus figure 
(see Art. 68) as lies above KK’, multiplied by the height HA or y, 
so that— 

«=: XXE x (area KBK’) x (distance of its centroid from GG’) (2) 
rr 

(0E x (area of modulus figure between Band KK’) . (3) 


which give graphical methods of calculating the intensity of shear stress 


integration, and the symbol y, 


2.dy 








at any part of the cross-section. 


1 If the beam is of varying cross-section, instead of the relation 34 — "18x we get 
, 41 
бош р = М the relation @=-(1›@-му&) +P, and hence (1) becomes 


din 
FI Mr 
E | pady, which may easily be found if I is a simple function 





o— 
UE 

+ For a simple idea of the errors involved in (1), see a paper on ' Faults in the 
Theory of Flezure," by Mr. H. S. Prichard, in Trans. Am. Soe. Civil Engineer 
vol. Ixy. pp. 905-908. This also gives a good idea of the distorsion of initially 


lane cross-sections and simple aj estimates of the co 
Presses froin Bose obtained by the theory of simple bending, 
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It is obvious from the above expressions (1) or (3) that £ is a 
maximum when the lower range of integration is zero (i.e. at the 
neutral surface), and that it is zero at either edge (y & * or y =— 9). 
If the graphical method with modulus figures be used, the areas on 
opposite sides of the neutral axis should be reckoned of opposite 


signs. 
"Rectangular Section (Fig, 108).—Width b, depth d. Atany height y 
from the neutral axis, since s is constant and equal to À— 


јој е) mo- o 


If the various values of g are shown by ordinates on d as a base-line, 
з Ж = um as in Fig. 108, the curve is a parabola, 
and when y = o— 


F | 
{=i 


The mean intensity of shear stress is 
F -+ bd; the greatest intensity is thus бо 
/ per cent. greater than the mean. 
і Rectangular I Section with Sharp 
$ Corners (Fig. 109).—In the flange, at a 
height y from the neutral axis— 
» 


ЕГ F(D* 
eio tto) 
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TW. mo. in the web go 
x 





where z — B over part of the range and s — ё over the remainder (the 
web). The integral may conveniently be split up thus— 


» ; 
Fí, Е ЕВ 1-2, 
rieho ed PE tae 
When y = 4, just inside the web— 


enh Dee RB ог P times that just inside the flange, 


And when y — o— d 
a 9 
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The curves in Fig. 109 show the variation in intensity at different 
heights, both parts being parabolic. 

"The mean shear stress intensity anywhere might conveniently be 
stated from (2) above; thus, in the web at level y— 


g 5 x (moment of section area above level y about neutral axis) 


eg. the maximum stress, when y = o is (taking moments of parts 
ЕГО р dd 
e Eo0-20 ie) ; 


which agrees 777 
with the pre- 
vious result. 
Rolled I 
Section. — This 
may best be 
treated gra- 
phically by the ےا‎ 
method of the 
modulus figure 
given above. 
‘An example is 
shown in Fig. 
ir. — Every 
ordinate is pro- 
portional to the Fic. 110. 
area of modu- 
lus figure above 
it, divided by 
the correspond- 
ing ^ breadth 
of the cross- 
section. 
Built-up 
Girder Section. 
— Fig тп 
shows the in- 
tensity of shear 
stress at dif- 
ferent parts of 
the section of a 
built-up girder. 
The stress in- 
tensities have 
calcu- 
lated, as in 


Fig. 110, for 4 
the I section, Fio rns 











-------|----3 
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but the integration requires splitting into three parts, as there are three 
different widths of section. 

Approximation.—The usual approximation in calculating the intensity 
of shear stress in the web is to assume that the web carries the whole 
vertical shearing force with uniform distribution. Fig. 111 shows that 
the intensity in the web does not change greatly. The intensity of 
shear stress according to the above approximation is shown by the 
dotted line WW, which represents the quotient when the whole shearing 
force on the section is divided by the area of the section of the web. 
Judging by Fig. rrr, this simple approximation to the mean shear. stress 
infthe web for such a section is a good one. The line MM shows the 
mean intensity of shearing stress, e. the whole shearing force divided 
by the whole area of section ; this is evidently no guide to the intensity 
of shear stress in the web, which everywhere greatly exceeds it. 

JEXAMPLE 1.—A beam of I section 20 inches deep and 74 inches 
wide has flanges x inch thick and web o'6 inch thick, and carries a 
shearing force of 4o tons. Find what proportion of the total shearing 
force is carried by the web and the maximum intensity of stress in it, 
given I = 1647 inch units. 

At any height y from the neutral axis of the section the mean 
i ing stress in the web section is— 


40 S 
17 sd rs fom oso) 
lo 
Iur suas X 19) + 0°6(81 — ў) 
= 3/87 — o'or213y" 
The stress on a strip of web of depth dy situated at a height y from 


the neutral axis is— 
gx 06 x dy 
and the whole shearing force carried by the web section is— 
ШЕТ =o 167 — o'ora13))dy 
= 1'2(34°83 — 000404 X 729) 2 3826 tons 

or 95'6 per cent. of the whole. x 

The maximum value of g (when y = 0) is evidently 3°87 tons per 
square S 

Testing usual approximation of taking all the shearing stress 
as spread uniformly over the web section— 





whi = 3°70 tons per square inch 


which is intermediate bétween the mean value of g in the web, viz.— 
3826 т 

v6 x 18 7 354 tons per square inch 

and the maximum intensity 3°87 tons per square inch. 
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78. Principal Stresses in Beams.—The intensity of direct stress 
due to bending, as found in Arts. 61 to 65, and the intensity of 
horizontal and vertical shear stress, as found in Art. 72, are only, as 
indicated in Arts. 56, 64, and 65, component stresses in conveniently 
chosen directions. Within the limitations for which the simple theory 
of bending is approximatety correct (Art. 64), the methods of Arts. 18 
and 19 may be applied to find the direction and magnitude of the 
principal stresses, the greater of which, at any point, has the same 
sign as the longitudinal direct component there, and makes the smaller 
(acute) angle with it Fig. 112 shows the directions of the principal 
stresses at numerous points in a simply supported beam of 
cross-section carrying a uniformly distributed load, as well as the 
intensities of the component horizonal direct and vertical shear stresses 
‘on certain vertical sections, and the intensities of the two opposite 

iei rr мы ен А 




















eae 
Fig. 112.— Curves of principal stress and magaituacs of principal and component 


principal stresses on one section. The distribution of horizontal direct 
component stress over a given section is as shown in Fig. 95, and the 
values of its intensity for a given height vary along the length of the 
beam, as shown in the bending-moment diagram, Fig. 8r. The dis- 
tribution of tangential or shear stress across vertical sections is as in 
Fig. 108, and the intensities at a ares height vary along the length of 
the beam, as in the shearing-force diagram in Fig. 81. For the purpose 
of illustration, the intensity of vertical shearing stress bas been made 
excessive for a rectangular section by taking a span, /, only four times 
the depth of the beam, "The maximum intensity of vertical (and 
borizontal) shear stress, which occurs at the middle of the end section. 
is, by Fig. 81 and Art. 72— 


wi 
(dp 
where w is the load per inch mun on the span Z 
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The maximum intensity of horizontal direct stress, which occurs at 
the top and bottom of the middle section, is, by Fig. 8x and Art. 63 (7)— 


ps uriya =gh 


; maximum g 4. , 
maximum/^ 7^ * 

The magnitudes of the principal stresses for all points in the one 
cross-section y from the right-hand support have been calculated from 
the formula (3) in Art. 19 and are shown in Fig. rr2. The two 
principal stresses are of opposite sign, and the larger one has the same 
sign as the direct horizontal stress, i.e it is compressive above the 
neutral axis and tensile below it. The diagram does not represent 
the direction of the principal stresses at every point in this section, 

For such a large ratio of depth to'span as 3, the simple theory 
of bending could not be expected to give very exact results, but 
with larger spans the shearing stresses would evidently become more 
insignificant for a rectangular section, The magnitudes shown in 
Fig, 112 must be looked upon as giving an idea of the variation in 
intensity rather than an exact measure of it. 

Curves of Principal Stress.—Lines of principal stress are shown in 
Fig. r12 on a longitudinal section of the beam. They are such that 
the tangent and normal at any point give the direction of the two 
principal stresses at that point, There are two systems of curves 
which cut one another at right angles: both cross the centre line at 
45^ (see Arts. 8 and rs). The intensity of stress along each curve 
is greatest when it is parallel to the length of the beam and diminishes 
along the curve to zero, where it cuts a face of the beam at right angles, 
For larger and more usual ratios of length to depth, for rectangular 
beams the curves would be much flatter, the vertical shearing stress 
being smaller in proportion about mid-span. 

Maximum Shearing Stress—At any point in the beam the intensity 
of shear stress is a maximum on two planes at right angles, inclined at 
45° to the principal planes, and of the amount shown in Art. 19 (4), 
viz, half the algebraic difference of the principal stress intensities, which 
is, in the case shown in Fig, 112, half the arithmetic sum of the magni- 
tudes of the principal stress intensities taken with like sign. 

Principal Stress in 1 Sections.—In Y sections, whether rolled in 
‘one piece or built up of plates and angles, it has been shown (Art. 67) 
that the web area is of little importance in resisting the longitudinal 
direct stresses due to bending, or, in other words, it contributes little 
to the modulus of section; and in Art, 72 (Fig. 111) it was shown that 
the flanges carry little of the shear stress, It should be noticed, how- 
ever, that in the web near the flange the in/ensizy of longitudinal direct 
stress is not far below the maximum on the section at the outer layers 
while the intensity of vertical shear stress is not much lower than the 
maximum, which occurs at the neutral plane. The principal stress in 
such a position may consequently be of higher intensity than either of 
the maximum component stresses (see example below). Only low shear- 
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stress intensities are allowed in cross-sections of the webs of I section 
girders ; it should be remembered that the shear stresses involve tensile 
and compressive principal stresses, which may place the thin web in 
somewhat the condition of a long strut. See also remarks in Art. 24 
on the strength of material acted on by principal stresses of opposite 
kinds, which is always the case in the webs of I sections, where, in the, 
notation of Art. 19— 


=2 VE) +e 


e ae ке сша ee cease ee with 
in Art. 188. 

EXAMPLE—A beam of I section, 20 inches deep and 7} inches 
wide, has flanges x inch thick, and web 0°6 inch thick. It is exposed 
at a particular section to a shearing force of 40 tons, and a bending 
moment of 800 ton-inches, Find the principal stresses (a) at the 
outside edges, (^) at the middle of the cross-section, (¢) 1} inch from’ 


the outer edges. 
The moment of inertia about the neutral axis is— 


ds(r's X 20! — 6'9 x 18") = 1647 (inches)* 


(a) At the outside edges f = 1647 = 4°86 tons per square inch 


pure tension or compression, the other principal stress being zero. 
(2) At the middle of the cross-section the intensity of vertical and 


horizontal sheer stress is— 


ecrire EE 


as in example at end of Art. 72. ср aid 
stresses of tension 


This being a pure shear, the equal 
compression are each inclined 45 section, and are of intensity 


3°87 tons per square inch. 
(2 a per ME 


B00 x 8 
A= ET 75 1. 4713 tons per square inch. 


The intensity of vertical shear stress on the section is— 


аео +6) 
= теру 08059) +0681 — 78°05) 
g = 1°99 tons per square inch 
ce, the principal stresses are, by Art. 19— 


FECE (ey +e = 2065 + 365 
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which аге 5:695 and —1'565 tons per square inch, and the major 
principal stress is inclined at an angle— 

tan i or 27° 4o' (see Art. 19 (2) 
to the corresponding direct stress along the flange, or 62° ao' to the 


‘cross-section, 
Intensives of Stress 











: * 
Fic. 113.—Magnitudes of component and principal stress intensities in I-section 





This illustrates the fact that just within the flange of an I section, 
carrying a considerable bending moment and shearing force, the 
intensity of the principal stress (5695) may exceed that at the extreme. 
outside layers of the section. 

The intensities of principal stress in the web, calculated as above, 
are shown in Fig. 113, which shows that the material bears principal 
stresses the greater of which is nowhere greatly less than the maximum, 
In accepting such conclusions as to principal stresses, the limitations ^ 
of the simple theory of bending should be borne in mind : these results 
can only be looked upon as approximations giving a useful idea of the 
nature of the stresses. 

? 74. Bending beyond the Elastic Limit. Modulus of Rupture.— 
If bending is continued after the extreme fibres of a beam reach the 
limit of elasticity, the intensity of longitudinal stress will no longer be 
proportional to the longitudinal strains, and the distribution of stress 
will not be as shown in Fig. 95. For moderate degrees of bending 
beyond the elastic limit, the assumption that plane sections remain 
plane is often nearly true. In this case the séra/ns will be propo 
to the distances from the neutral axis (Art. 61), and the longitudinal 
stress intensities will vary from the neutral axis to the extreme layers, 
practically as in stress-strain diagrams for direct stress. Different types 
of distribution will occur according as the elastic limit is reached 
first in tension or compression, or simultaneously. The true elastic 
limit for cast iron is very low in tension or compression, but at, say, 
6 tons per square inch the strain in tension is much greater, and 
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deviates much more from proportionality to stress than in compression. 
The distribution of stress on a symmetrical section will therefore 
be somewhat as in Fig. 
114 ; the neutral surface 
will no longer pass 
through the centroid of 
the area of cross-sec- 
tion, but will be nearer 
the compression edge, 
which, yielding less than 
the tension edge, will 
have a greater intensity 
of stress. If the beam 
is of constant breadth, 
de. of rectangular cross- 
section, the neutral sur- 
face will move from 
half-depth in such a way that the areas OPQ and ORS remain equal, 
Ende ml tension and total thrust are of equal magnitude, and form 
a couple. 

GE otis bean ку s nc MINE RENS RE 
tension and in compres- 
sion, the neutral surface 
will continue to pass 

the centroid of 
the area of cross-section, 
the distribution of ten- 
sion and compression |... Ege—— _ —... Neutral Surface 9 
being symmetrical, but 
the intensity of stress 
will not in either case be 
proportional to the dis- 
tance m the neutral 
surface (see Fig. rr 
after the clastic lini b e E 
exceeded; the material тиу. 
nearer the neutral surface will carry a Aigher intensity of stress than if 
the stress were proportional to the distance from the neutral surface, 
the intensities being intermediate between a proportional and a uniform 
distribution. 

Modulus of Rupture—When a bar of metal is tested by bending 
until rupture takes place, the intensities of stress at the outer layers at 
rupture are not those given by the formula (6) in Art. 63, viz.— 


й=мў ші = МТ 








` $ Some experiments on the distribution of strain on cross-sections of beams will 
be found in a paper by Dr. J. Morrow, Prec. Rey. Soe, vol. 73, p. 13- 
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since the condition of elasticity there assumed has ceased to hold good. 
Nevertheless, the quantity— 
n M 
i 


where M is the bending moment at rupture, is very often used as a 
guide to the quality of cast iron, the bending test with a central load 
being easily arranged. It is evidently not a true intensity of stress, 
and is called the transverse modulus of rupture. The term is practically 
confined to the tests of a rectangular section, and in cast iron the 
modulus is much higher than the ultimate ‘tenacity in a tensile test, for 
two reasons, Firstly, because the tensile strain at comparatively low 
stress at one edge allows a distribution of stress similar to that sketched 
in Fig. 114, thereby using the high compressive strength of cast iron 
to advantage, And secondly, because the inner layers of material 
under the distribution of stress previous to rupture carry a higher intensity 
of stress than is contemplated by the formula— 


4x or Z ог 1/2947 (fora rectangular beam) 
for the moment of resistance, thereby increasing the resistance. "This 
second reason would not apply in any considerable degree to a thin 
I section, in which the direct stress 1s borne almost entirely by the 
flanges, and with comparatively uniform distribution in them, both 
before and after the elastic limit is passed (see Fig. r15), near outside 
edges, Practically, however, the term “modulus of rupture” and the 
transverse test to rupture are confined to cast iron and timber and to 


the rectangular section, 


ExaMrLES V. 

"f. Find the greatest Intensity of direct stress arising from a bending 
moment of go ton-inches on a symmetrical section 8 inches deep, the 
moment of inertia being 75 inch units. 

Calculate the moment of resistance of a beam section 1o inches 

the moment of inertia of which js 145 inch units when the skin stress 

75 сыра square inch. ] 

What distributed load may be carried by a simply ‘supported 
beam over a span of 20 feet, the depth of section being 12 inches, the 
moment of inertia. peng: 375 inch units, and the allowable intensity of stress 
7/5 tons per square inch? What load at the centre might be carried with 
the same imum stress ? 

»^&. To what radius may a beam of symmetrical section то inches deep be 
bent without producing a skin stress. d than 6 tons per square inch, if 
E = 13,500 tons per square inch? What would be the moment of resist- 
ance, if the moment of inertia of the section is 211 inch units? 

A wooden beam of rectangular section 12 inches deep and 8 inches 
wide has a span of 14 feet, and carries a load of 3 tons at the middle of the 
span. Find the greatest stress in the material and the radius of curvature 
at mid span. E = 800 tons per square inch. 

Vê What should be the width of a jist 9 inches deep if it has to carry a 
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uniformly spread load of 250 Ibs. per foot run over a span of 12 feet, with a 
stress not exceeding 1200 lbs. per square inch. 1 

A has to carry a load of 3 cwt. per square foot. The joists are 
12 inches deep by 44 inches wide, and have a span of 14 feet. How far 
apart may the centre lines be placed if the bending stress is not to exceed 
1000 lbs. per square inch? 

8. Compare the moments of resistance for a given maximum intensity 
of bending stress of a beam of square section n (a) with two sides. 
vertical, (^) with a diagonal vertical, the bending Ба each cose parallel 
to a vertical plane. 

v6. Over what length of span may a rectangular beam 9 inches deep and 
4 inches wide support a load of 250 Ibs. per foot run without the intensity of 
bending stress exceeding 1000 Ibs, per square inch? 

10. A beam of I section 12 inches deep bas flanges 6 inches wide and 
1 inch thick, and web } inch thick, .Compare its flexural strength with that 
of a beam of rectangular section of the same weight, the depth being twice 


the breadth. 
11, A rolled steel joist 10 inches deep has flanges 6 inches wide by $ inch 
thick. шй A abes OA in it by a load of 15 tons 


uniformly ‘over a span of 14 feet. ` 
12. Find the bending moment which may be resisted by a cast-iron pipe 


6 inches external and 4} inches internal diameter when the greatest intensity 


of stress due to bending is 1500 Ibs. per inch, 

Ty Find in inch unite te moment of inertia of a T section, about an 
axis through the centroid or centre of gravity of the section and parallel to 
the cross-piece. The height over all is 4 inches, and the width of cross- 





; 
5 
$ 
a 
3 
it 
E 
aff 
: 
i 
lt 


th inch deep ; thi flange i 
web 10 inches by 1} inch.. Find (1) the distance of the from 
tension edge ; (2) the moment of inertia about the neutral axis ; (3) the 
per foot run which may be carried over a 1o-foot span by a beam simply 
‘supported at its ends without the skin tension exceeding I ton per square 
inch. What is then the maximum intensity of compressive stress? _ 
sections 18 x 7 inches 


15. A compound girder consists of two rolled c 1 
(BSB 28, Table I. in Appendix) and four { inch flats, 18 inches wide form 
the flanges (2 on each). For what maximum span may this girder be used 
to support a load of 3 tons per foot run including its own weight if the 
maximum bending stress is not to exceed 7'5 tons per square incl, neglecting 


Soe 
nn боа, tid the outer one j inch, inch, 
are each to е one j inch, the next 

3 plates, Mes i 
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be 
as 
as 


In Examples Nos, 19 to 24 inclusive the tension in the concrete is to 
neglected, and the modulus of direct elasticity of steel in tension taken 
I$ times that of concrete in compression, The concrete is to be taken 
perfectly elastic within the working stresses. ¢ 

19, A reinforced concrete beam ro inches wide and 22 inches deep has 
four t}-inch bars of round steel placed 2 inches from the lower edge. If 
simply supported at the ends, what load per foot run would this beam 
support over a 16-feet span if the compressive stress in the beam reaches 
600 Ibs. square inch? What would be the intensity of tensile stress in 
the reinforcement? 

20. A reinforced concrete floor is 9 inches thick, and the reinforcement 
is placed 2 inches from the lower face. What area of section of steel 
reinforcement is necessary per foot width if the stress in the concrete is to 
reach 600 Ibs. per square inch, when that in the steel is 15,000 lbs. per 
square inch, and what load per square foot could be borne with these stresses 
over a span of 1o feet ? 

зт. А concrete beam is 18 inches deep and 9 inches wide, and has to 
support a uniformly distributed load of rooo Ibs: per foot run over a span of 
15 feet. What area of section of steel reinforcement is necessary, the 
being placed with their centres 2 inches above the lower face of the beam, 
if the intensity of pressure in the concrete is not to exceed 600 Ibs. per 
square inch? 

22. A ferro-concrete floor is 8 inches thick, and carries a load of 200 Ibs. 
pee foot over a span of 12 feet. What sectional area of steel rein- 

ent 2 inches from the lower surface is necessary per foot width of floor 
if the pressure in the concrete is to be limited Ss E per square inch ? 
What гаре Ъе Ње vorm stress a steel? x 

23. Part of a concrete floor forms with a supporting beam a кене 
ef which the cross-piece is 3o inches wide by 6 S deep, and the verti 
leg is 8 inches wide, and is to be reinforced by bars placed with their centres 
12 inches below the under side of the floor. What area of cross-section 
of steel will bring the neutral axis of the section in the plane of the 
under side of the floor? What would then be the intensity of tension 
in the steel when the maximum compression reaches 600 Ibs. per square 
inc 
24. A reinforced concrete beam of T section has & cross-piece 24 inches 

wide and 5 inches deep, the remainder being 10 inches wide by 18 inches 
deep. The reinforcement consists of two 2-inch round bars ed with 
their centres 3 inches from the lower face of the beam. Find the intensity 
„О! tension in the steel and "moment of resistance of the section when 
the extreme compressive stress in the concrete reaches 600 Ibs. per square 


inch. 

< 25. А (reinforced) flitched timber beam consists of two timber joists 
each 4 inches wide and 12 inches deep, with a j-inch steel plate 9 inches 
E symmetrically between and firmly attached to them. What 
is the total moment of resistance of a section when the bending stress in_ 
the timber reaches 1200 Ibs. per square inch, and what is the greatest 
eT ana steel? (Е for stecl may be taken 20 times that for 

timber.) , 

26. Find the greatest intensity of vertical shear stress on an f section 
то inches deep and 8 inches wide, flanges 0'97 inch thick, and web o'6 inch 
thick, when the total vertical sheer stress on the section is 30 tons. What 
is e ratio of the maximum to the mean intensity of vertical shear 
stress 
27. The section of a plate girder has flanges 16 inches wide by 2 inches 
thich; the web, which {9 $6 inches deep and inch thick, ts to the 
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flanges by angles 4 x 4 x § inch, and the section carries a vertical 
force of too tons. Find approximately the intensity of vertical shear stress 
over all parts of the section and plot a curve showing its variation. (Neglect 
the rivet holes and rounded corners of the angle plate.) 

28, If the above section in No. 27 is also subjected to a bending moment 
of 5000 ton-inches, find the principal stresses in the web 7 inches from 
the outer edge of the tension flange. : 


CHAPTER VI 
MOVING LOADS 


T5. Maximum Straining Actions.—The bending moment and shearii 
force diagrams found in Chapter IV. give the straining actions at a 
sections of beams subjected only to a stationary load. In designing a 
bridge girder, it is necessary to know the greatest bending moment and 
shearing force which every section has to resist for all possible dis- 
Positions of the movable load, and in this chapter various cases of 
moving loads will be examined to find these maximum straining actions 
at every section of a beam simply supported at its ends, 

‘Signs-—It may be well to recall the convention of signs adopted in 
Art. 59, viz. Positive shearing force at any section of a horizontal 
beam is numerically equal to the upward external force to the right of 
the section, and positive bending moment is that which tends to pro- 
duce upward convexity, and is equal to the clockwise moment of the 
external forces to the right of the section, or to the contra-clockwise 
moment of the external forces to the left of the section. 

76. Uniformly Distributed Load longer than the Span.— Shearing 
Force.—Suppose the load w per foot approaches a section X of a span 
AB of length 4 from the left support A (Fig. 116), When the load 
covers a length AC = y from A, the positive shearing-force at X, to the 
right of C will be 

positive Fy = Ry = ^ EA E A 


which is the moment of the load about A divided by Z As the load 
airo tif valne 1йсгешей ШШ, уһеп засаа reaches X, y = д, 
an 
positive Fx = Ry = .... . (0) 

As soon as the load passes the section X the shearing force at X 
decreases, for the increase in upward force at B is obviously less than 
the downward force to the right of X. Hence the positive shear is a 
maximum at the section X when the load extends from A to X, and its 
amount is 


maximum positive Fy =“ eo^ s s (3) 





Anr. 76] MOVING LOADS 159 


The curve of maximum positive shear is thus a parabola with vertex at 
A and reaching an ordinate at B. Similarly the maximum negative 


shear at X occurs when in approaching from the right or receding 
towards the right the load covers the portion BX of the span, when 


maximum negative Fy = —R, = الک‎ аа, 64), 


The curve of maximum negative shear being a parabola with vertex at 
В апа reaching an ordinate ~ at A. 


A С ix 


امل 
x—‏ 








Ra 





НЕ: еа, 
B 
Fic, 116,—Uniformly distributed load longer than the span. 


Bending Moment.—As the load approaches X from A the bending 
moment at, X (which is always negative), taking contra-clockwise 
moments of extreme forces to the right of X, is 


мова) а 9-а) 2. (0) 


and increases in magnitude as C approaches X, After C passes X the 
bending moment at & ар clockwise moments to the left, is 


Men Ree uM EIS 
of which only Ra varies with the postion of C, and the greatest magni- 
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tude is reached when R, is greatest, viz. when the load covers the whole 
span, and then 
wj o, wx 
maximum My = —> = += -0- а). (7) 


The curve of maximum bending moments (Fig. 116) is a parabola 
haying a maximum ordinate — "ats 2. It is evidently the same 
БОМ sate load w per foot covering the whole span (Art, 57 and 


Fig. 
en "single Concentrated Load— Shearing Force—As the load 
distant y from A approaches the section X (Fig. 117) from A f 


positive Fx = Ry = ZW v: vU) 





Fic, 117,— Single concentrated load. 


which increases as W approaches X and reaches the value 
maximum positive Fz = FW . De 9) 


when W reaches X (у = л). When W passes to the right of X the 
шапе force at X is evidently negative. Taking the upward force to 


negative Fy = =R, = TAW i SI 
which has its greatest magnitude when y = x, when 
2 l- 

maximum negative F = — E 


The curves of positive and negative shearing force are straight lines 
shown in Fig. 117. 
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Bending Moment—As W approaches X from A the bending moment 
(negative) at X from contra-clockwise moments to the right of X is 


M.--R(-2--TWüU-3....() 


which increases in magnitude until y = x, As soon as W has passed 
X the bending moment from clockwise moments to the left of X is 
Ms = Re = AW. <... © 


which is greatest when у = х, Thus both (5) and (6) give the same 
, maximum bending moment— 

maximum M, e — P a(j— 3). see (7) 
The curve of maximum bending moments is a parabola having a 
maximum ordinate — W/ at x e ^. 


78. Uniformly distributed Load shorter than the Span.—Sicaring 
Force —Let c be the length covered by a uniformly distributed load sw 





Fic, 118,—Uniformly distributed load shorter than the span. 


Per foot approaching from the left-hand support A (Fig. 118). Before 
cading point # reaches the section X, provided the whole load ion 


the | 
the span, the positive shear at X is 
positive Е. = Вт те.) د‎ > a ا‎ 
is the distance of the centre of gravity G of the load from A. 
a e After this the value 
Fx diminishes, for the downward load to the right of X evidently 
6 
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more than balances any increase in Rs upward ; ence the maximum 
shearing force occurs when J reaches X, and then y = « — £ and 


e 
as 


maximum positive Fy = M mx) 


The curve of maximum positive shearing force for this part of the 
span (where the shearing force is equal to the reaction due to the 


n aM 
whole load we) is from (2), a straight line reaching “7x we at 


B(x =), and which would reach o at x = f and we at x = 7+, ifit 


applied to these points (see Fig. 118). But the whole load we only gets 
on a length ¢, and the straight line (2) only applies from x = ¢ to æ = 7; 
, itis easily drawn by joining the points Z4 For points between # = o 
and æ = c the maximum positive shearing force is evidently as for a load 
longer than the span, viz, when û reaches the section considered as in 
(2), Art, 76, 
„maximum positive Fz = В, = © as ($) 


the curve Af (Fig. 118) being a parabola as in Fig. 116, and the ordi- 
nate being the same as for the straight line (2) when # = «, vir. E. 


The maximum negative shearing force is evidently found in a 
similar manner; writing /— x for « in (2), from *=otox=/—¢ 


= 
ін = 
maximum negative Fy = we. (o (9 


and corresponding to (3) from x —7 —cto x —7 
maximum negative Fz = (= 3) . . . (5) 
Bending .Moment.—As b approaches the section X the (negative) 
bending moment . 
Mx = -R(- 2) 
increases. After 2 has passed the section X as in Fig. 118 
. 
My = =R- a) + (y+ E- a) 


=+ y+)... © 


Differentiating to find the value of y for a maximum (negative ) bending 
moment 


D m rm yer an) 2 
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which is zero when ›+1-я= 55. Dae cs RA 
“a BX 


or the length И) 
that is the section X divides the loaded length e in the same ratio 
(FX) as it divides the span AB. 


Inserting the value of y from (7) in (6) 





maximum (negative) My = е (а) (5 
worl — x) € 
MA ut DNE (9) 
"The curve of maximum My is a DEO EHE 118 having a maxi- 
mum ordinate found by putting x = 3 in (9) to be 


-*-2) E y . e e . (10) 


79. Two Concentrated Loads.—Let W, and W, (Fig. 119) be the 





MN 
E: : B 
E EM ا‎ Wei DEW d 
Wo WoW. WW: 
Fic, 119.—Two concentrated loads, 
lads (Wi being the greater) at a fixed distance Z apart, d being less than 


W, + W, times the span 4 


. 


THEORY OF STRUCTURES [Сн. м. 


164 
Shearing Force —As the loads approach any section X from the left 
support A 
r 


= positive Fy = Ry = Hn + Way + 4} 
which increases until W, reaches X, after which it suddenly decreases." 
If x is greater than d both loads are on the span when W, reaches 
X, (y = x — d), and the maximum shearing force which then occurs is 
{from moments about A) 
maximum positive Fz = 5 (Wer + Wis д}. . (1) 
the curve being a straight line ce rising from ŽW, at e (when х= 4 
юу + L7 Wiat B. From A to ethe curve is a straight line 
maximum positive Fx = 7 Ws СКОРИ (2). 
Similarly, when the load W, is ove- any section X, 
maximum negative Fy = м0 з) = 4) (s) 


if x is less than / — @, and for values of x greater than / — d, the maxi- 
Noc UR 





joue Moment.—As W, approaches X, the bending moment is 
Mx = —Ra(/— 2) = — 5a + Waly + 20 2) (5) 
which evidently increases in negative magnitude as W, approaches X, 
reaching the value 
М: = =} FWE = d) + Wal =a) 

or = - Иб + Wale — Wid}? - 2). 2. (6) 
when W,is at X id= vided W, is then on th 
The сае 2 a orn Th Een mo Vus fd 


and x WW, +d; it is shown at n2B (Fig. 119). 


"Ра then inereaies again until Ws passes X. As Wy reaches X, Fx has risen to 
Rs- Wa = 5 (Wale +2) + War} Мз ог (Wale +d — D Wiz]. This would 


exceed the value (1) if. W,(d — /) exceeds — Wad, ien iE d exceeds ү gt k 
has been assumed that d'is less than qy- gr The other case presents no special 
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When W, has passed the section X and W, has not reached it, the 
bending moment at X 
«Му = O-RQ4- x) + Wily +d — x) 
= + Waly + ME 2) - Wo 4-3). (0) 


and differentiating with respect to y 


М, 1 
e -Ит+й-#+% ...@% 
which does not vary or vanish for any value of y (except for the 
section = w/ when it is zero for all possible values of y), 
hence the greatest and least values of Mx occur at the limits of the 
range of equation (7), viz, x = уапіх = у + 0. This will be clear 
from Fig, 120, which represents the bending moments at a given 








section X for various values of y (the distance of W, from A). The 
values of y are shown horizontally from A along the base AB, If the 


s d Wı 
section X is at a distance qy z yy,” fom A, the curve above CX 


would be horizontal If such curves as Fig. 120 were drawn for every 
section of the beam, the maximum ordinates of each would be ordinates 
of the curve of maximum bending moment shown in Fig. 119. 
When W, has passed the section X, the bending moment 
My == Ry. = Ty) WT y o) 


which decreases in negative magnitude as W, recedes to the right from 

X, its maximum value being 

My = =F (Wi(/— =) + =а—=@)} ог =F{W, + W)(/-2) - Wy). (re) 

when W, is at X (and y = x), provided W, is still on the span, £.e, not 

to the right of B. "The curve is & parabola which has evidently zero 
M 

Values for z = oands e уриб it is shown by AgA (Fig. 119) 
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The value ,Mx from (xo) is of greater (negative) magnitude than 
„Mz from (6), if 
= Wyrd exceeds — W,(/ — Vans 
he. #1- x exceeds ys, or = is less than wu -» 


Hence if a point C (Fig. 119) divides the span AB so that 
AC W, Wı 
TE oF AC "FW, 
then in the range AC, aM gives the; maximum bending moment ; and in 
the range CB, Mx gives the maximum bending moment. If W, is 
greater than W, the greatest bending moment anywhere in the span 
evidently occurs where ,Mx is a maximum. This occurs at a value of 
x midway between the values which giye Mx, =o, or, differentiating (10) 
with respect to a. 
М, , 
Ae a YW- a) KWt- 2-4) - Wie — Wis] (1) 
Zr 1 У, 4 
which is zero for „== Га" Сл. (12) 
i.e, the greatest bending moment on the beam occurs at a section under 
W, when the centre of the span AB is midway between W, and the 
centre of gravity e the S loads W, and W, the centre of gravity 
being a distance yy ê Ea % to the right of midspan, and W, an equal 
1 
distance to the left. This is, a particular case of the general theorem 


given in the next article. 
The greatest bending moment anywhere is found by substituting 


the value (12) of x in (10) which gives— 


me wrw . 63 


which is the ordinate gf (Fig. 119); sia сна 
distance of the centre of gravity of W, and W, from the greater load Wy. 


The value (zo) for ıMx onl so long as W, is on the span, 
in tots а B rug sper ood cea a Kali rg 


where ME ER Ue uerius tate ee for we have supposed 
that d is less than the length CB, or yy sr A Similarly the value > 
Men holds good. over the portion CB, for since æ is less than 
поти es ea ans ra Win ee 


and B. I d should exceed sy gp. +4 the maximum bending moment 


curve is made up of parts of three parabolas, viz. the curves from (10) 
i ond a а bending moment for W, alone as 
in Fig. 117, Art. 77. 














Anr. 80] MOVING LOADS 167 


The intersection of this curve with the other two may easily be found 
" W, 
by equating — —7'a(/ — x) from (7) (Art. 77) to (10) and (6) of the 
present article. If the distance 4 between the two loads is sufficiently 
great compared to /, the greatest maximum bending moment anywhere 
may occur when W, only is on the span, viz. when d exceeds the value 
obtained by equating — }W,/ (see Art. 77) to the value (13). 

Reversed Order.—If the pair of loads W, and W, may cross the span 
AB with either W, or W, to the left (as in the case of a traction engine 
crossing a bridge in either direction), the diagrams of maximum shearing 
force may be found from Fig. rtg by taking the greatest of the two 
ordinates, positive or negative, at a given distance from the centre 





Wa 
7 


Fic, 121.~Two loads in reversible order, 


ot ends, and using this in both positive and tive shearing force 
diagrams as shown in Fig. rar. Similarly the diagram of maximum 
bending moment may be drawn by setting up on either side of the 
centre of the span ordinates equal to the greatest of the two ordinates 
at the same distance from the centre in Fig. 119; this is also shown in 


. Fig. rar. 

80. Several Loads.—The methods of the previous article become 
SE en ee terete sone mane ical method which will 
give results as nearly correct as may be desired is usually adopted.’ 

! An in phical construction of maxim: prn 
diagrams for Loads is given in the Proc. Inst. C. E, vole скі, (1900 р. 93. 
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Theorem.—When a series of wheel loads pass over a beam simply 
supported at its ends, the maximum bending moment under any given 
wheel occurs when its axis and the centre of gravity of the whole load 
on the span are equidistant from the centre of the span (or from opposite 


ends of the span). 
Let AB (Fig, 122) be the span, and let W be the total load, Let the 












2 


Ry 


Fio, 122. 


given wheel have reached a position P distant y from A. Let W, be 
the load on the length AP, and let g and a" be the distances of W and 


W, respectively from P. Taking moments about B 
Ww 
Re -y44 


The bending moment under the SR 
My = Wie’ — R,. у=те-Ўй-у+@у 


differentiating with respect to y 
Pr сауа 


dy 
Tho Marinin yalia oë M, ooti ya ee ote. for y= 2 4S ie, 


when the wheel P and the centre of gravity of W are each 4 on opposite 


sides of C the centre of the span AB. 

General Method.) 

Bending Moment—Let AB, BC, CD, and DE (Fig. 123) be four 
loads which cross a span equal in length to X,Y,, Set off the force line 
abcde to the magnitudes of the four loads; choose a pole o, 
and draw the rays ао, ġo, co, do; and eo, and the open funicular аа 
Mf, V, Ux, 4,10, and wy, ; the extreme sides meet at # in the 
line through the centre of gravity of the whole load, This doin v 
serve as bending moment diagram for various positions of the 
the span if we consider the span as moving to the left instead of the 
loads moving to the right. Divide the span into say five equal parts 
(ten would give greater accuracy, but five are used to avoid compli- 
cation in the figure and explanation). Take the first position of the 
span between verticals through X,Y,, so that the large load CB nearest 


? This n Under orige, les, „ш be RM E in articles on “ Moving 
Loads on imford, in Enginering, 
11908 : also 0 n aaie serit 
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the c.g. of the whole load is over the left abutment (X,). Draw vertical 
lines through the abutments to meet the funicular polygon in z, and y,. 
Joining x,y, then «y,w is the bending moment diagram, and 
bending moment anywhere may be scaled off from the vertical distance 
between x,y, and the lines mw and wy, eg. the bending moment } of 
the span from the left abutment is f, 


eo) LEIA 


























T Y 


Maximum BENDING MONENT 


А 


Fio. 123.—Approximation or several concentrated loads, 


Now if the span moves } of its length to the left, the base line of 
the bending moment diagram ft», is the ES side x, y, vertically 
under the span X,Y,; eg. the bending moment j of the span from the 
left su] (Х,) із ғу. Similarly moving the span successive fifths of 
its to the left gives the base lines жуу, жуу 31)» and % Yq under 
the span positions Х,Ү, X,Y, XsYs, and X,Y, respectively. The 
approximate greatest bending moment at each } of the span may now 
be measured and set off on a base line XY equal to the span, eg. for 
the six positions taken the bending moments } of the span from the 
left support. are Ya Sy, Bi (OF f), Setn Zita and zxy and the 
greatest of these is sy, which is then set off at sy, in the diagram of 
maximum bending moments on the base XY. The maximum ing 


moment under the load CB occurs when the centre of the span is 
G2 
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midway between the vertical through / and the line CB; the base line 
of bending moments for this position is not shown, but would join a 
point nearly midway between x, and a, to a point nearly midway 
between y, and y, and could easily be drawn. The greatest bending 
moment anywhere under load CB would occur at a short distance (half 
the distance of ¢ from the vertical line CB) from the centre of the span 
XY. It is evident that this too would be'greater than any occurring 
under any other of the loads, which have their maxima values further 
from midspan. A curve through the maximum bending moments at 
each } of the span gives an approximate diagram of maximum bending 
moments at all points of the span, which, like Fig. 119, would be 
really made up of a number of parabolic arcs ; further subdivision of 
the span would give a result more closely approximating to the true 
curve. 

Maximum Shearing Force —Through the pole o draw lines от, 02, 
63, 04, 05, and 06, parallel respectively to Jy Js Jo Jie 
эу and % x, meeting ace, in 1, 2, 3, 4, 5, and 6 respectively. 
Draw horizontal lines through a, 4, с, 4, and ¢, crossing the spaces 
A, B, C, D, and E respectively ; these lines joined by the verticals gh, 
А, тл, апа 4g, are shown cross-hatched and form the shearing force 
diagrams. The bases are the lines X,Y, X,Y» X,Y, etc, correspond- 
ing to the position of the span. Taking, for example, the position XY» 
the line v3 parallel to 2,7, divides the load line ae into reactions ¢3, 
and 3a at the left and right supports respectively, and the shear diagram 
génmikhg on the base X,Y, follows as in Art. 58. The maximum 
positive and negative shearing forces at each } of the span are scaled 
from the yarious base lines, and plotted on the line XY of the maximum 
shearing force e. eg. at 2 of the span from the left support the 
positive shearing forces in the first three positions are Z,S,, ZS» and 
7,$, after which there is no positive shear at this section, The maximum 
positive ordinate for this section is ZS, which is set up at ZS, The 
negative shearing forces for this section in the last four positions of the 
span аге 2,5, ZS’, ZS’, and Z,S', and the greatest is Z,S,, which is 
set downwards at ZS’, 

Some inaccuracy of the maximum shear i results from the 
fewness of the parts (five) into which the span has been divided, eg. 
the maximum negative shearing force 3 of the span from the le! 
support is measured from the line X,Y, under the load BC. Ifa base 
line intermediate to X,Y, and X,Y, were drawn, the value of negative 
shear obtained for this section occurs just as the load ED over 
it, and the amount is readily found by joining the points Zy Zm meeting 
the vertical line ED in a; then ag is the maximum ited Biche 

es 






force for this section, The same method may be ap) som 

as an exact, and sometimes as an approximate one to other points, for 
over a moderate range the ends X and Y and consecutive positions of 
other selected points on the span are collinear; for as as the 
whole load is on the span the changes in the end reactions (and there- 
fore shears between axles) are proportional to the travel. Corrected 
in this way the method yields a much closer approximation, and for a 





| 
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short load on a long span, exact values in the parts of the di: 
which are important, £e where the ordinates are greatest, It be 
noticed in drawing out the figure (which the reader should actually do 
to appreciate the method) that the greatest ordinates are determined 
by the outer loads, je. the positive and negative maximum shears at 
most sections occur when AB and ED respectively are passing over 
them, But the five divisions of the span were given positions with 
respect to the load CB which dominates the greatest ordinates of the 
maximum bending moment diagram ; consequently this diagram gave 
a closer approximation to the true values, Increased accuracy in the 
bending moment diagram may be obtained by marking vertical reaction 
lines through X and Y, and a vertical line midway between them on a 
piece of tracing paper, and picking out maximum bending moments 
under dominating loads such as BC for other points on the span. The 
result of Art. 81 may be employed in conjunction with the graphical 
method to obtain increased accuracy if desired. 

Sometimes a diagram such as Fig. 123 is set off from a horizontal 
base line either by taking the pole o on the level of æ say, or by 
calculating the moments of the loads about some point, and setting 
these off in successión as intercepts on a vertical line through the 
chosen point, and thus drawing in a polygonal bending moment diagram 

oabede, the inverse of the process 


without the use of the force 
in Art. go and Fig. 53. i 
These methods are particularly convenient for a series of spans, for 


the diagrams of bending moment and shearing force for say a 300-feet 
span will serve with movable base lines for picking out maximum 
values for all smaller spans. A sheet of tracing-paper with parallel 
lines ruled on it forms a convenient movable base line. 

Reversed. Order.—lf, às is usual, the order of loads is reversible, 
the maximum bending moment diagram will reach equal ordinates at 
equal distances from the centre of the span, and the shearing forces 
of opposite signs will also be of equal magnitude at equal distances 
on opposite sides from the centre of the span; the larger values in 

e those required on either side of the centre. 


Fig. 123 vill gi 
"al. Position of Load for Maximum Bending Moment at any 


_ Seotion of a Boam.—For a series of concentrated loads the position to 


ive a maximum 
ending moment to 
any given section C 


(Fig. 124) in passing 

Over a beam AB may в 
be found.as follows. 

Let W; be the load X Re 


to the left of C, W 
the total load on AB, 
and x the distance Fic, 124, 


of its centre of 
Уйу from A let the (constant) distance of the centre of pnivty of 


^ to the left of W be, Then the bending moment at 
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Mo = Rua 94+ а- а) = —- “© ®в+9а+а-з) (1) 


For a small movement to the right — 
e _ WS —W,, which is also equal to 4(W — W, — w=’) (2) 
For a maximum value of (negative) Mc this must change from negative 
to positive. (For a distributed load it will attain a zero value, but 
for concentrated loads it will pass discontinuously through zero as a 
load passes over C.) This can only take place as a load passes C 
moving to the right. (A load passing B decreases W, and cannot 
change (2) from negative to positive ; a load passing A increases W, 
more than it does WSs and therefore cannot change (2) from negative 
to positive.) Regarding the load just passing C as partly on either 
side, and equating (2) to zero, 

Meow, ayam Y-M, o 
£e, the average load per foot between A and C is equal to the average 


lozà per foot for the whole span; hence also the average load 7 —;- 
between B and C has also the same value, It may perhaps most con- 
veniently be remembered that the passage of the load over the section 
C changes 





Jä 
(v - Ww) - —w, 
from negative to positive, ic. changes the quantity 
load to right of C — “= x load to left of C 


from negative to positive. This defines the position of the load to 
give a maximum bending moment at any section C. In the passage 
of a given set of wheel loads two or more maximum values may occur 
each satisfying condition (3). The value M; for each position must be 
calculated, and the greatest of these values is the maximum required 


At the centre of a span a =, and (3) becomes 
We2W,orW-W,=W,. . . . . (3a) 
de. the load on either side of the centre is equal, which condition is 
satisfied when a load is passing over the centre of the span 
(W — W,) — W, from negative to positive ; that is, changing 
load on right — load on left of centre 

from negative to positive. 

Case for a Braced Girder.—lf the beam is a jointed frame or truss 

ing the loads on say the bottom joints, the foregoing investigation 

will only hold good for maximum moments about those joints. For 
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any other, such as C in Fig. 125, let W, be the load on panels from 
A to E, W, the load on the panel ED in which C lies, and W the total 
load on the span AB, the positions of the centres of gravity being as 
shown in Fig. 125, the horizontal distance of C from E being 4 and the 
length of the panel ED being &. The portion of the load W, carried 


at E will be— 
ео hi уу МАСЫ ' |, 





and the bending moment at C is 
Mo = – Ва + (а а) + w (22 





= — G2 =) + Wie - 2) + WIAD-s-2). (5) 


ам, а A 
EWW Wye ea (S 


For a maximum (negative) value of Mo this changes from negative to 
positive ; 





ам, а А 
о М7 М М 





A 
wo oT. 
na А 


1 a 
This only differs from the result (3) for a solid beam or over one of the 
loaded bottom joints in that the term z Ws appears instead of that part 
of W, which lies on the length / to the left of C. The difference would 


generally be very small. 

82. Load Position for Maximum Shearing Force at any Section of 
& Beam,—In the case of a solid beam with concentrated moving loads 
directly carried there will be at any given section a continuous and 
uniform change of shearing force as any load approaches the section, 
anda sudden or discontinuous change as each load passes it; hence 
there will be a succession of maximum shearing force values (positive 
and negative) for that section, The greatest of these values may easily 
be found by trial as in Art. 80. ' " 

Case of a Truss.—Using Fig. 125 and the notation given in Art. 81, 
for any section C, the negative shearing force at C— 


Negative Fe = — Ri +W: + EBW 


or 
VR qe С 





- Tuc ssa EY cwn gf. К) 





For a maximum value— 
Ww Ww, 


dF, 
eT JT. S 
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or "im w-whb. o... 
or if there are n equal panels of length # їп span /— 

Load on panel (W, = {10а оп врап (У). n 1) 


For a maximum shearing force at C there would generally be no load 
to the right of D, and for a maximum positive shearing force no load to 
the left of E, condition (4) giving the load on ED, 


حقاث ا لم 
a ——‏ 





1 E 





Fro, 125. 


83. Load Position for Maximum Pressure on Supports.—When a 
number of axle loads at fixed distances apart traverse a series of longi- 
tudinal beams, called rail bearers or stringers, supported on cróss girders 
which convey the load to the main girders of a bridge, it is important to 


consider the maximum load carried on any support or cross girder. 
Let AB and BC, 


Fig. 126, be two 
arse see 
supported at A, 
E and C, TS 
eams being 
ae 
Li 

dde OLG 
shown in Fig. 126, 
let the variablé distance of the first load W, from A be æ. Then by 
moments about A and C the total reaction at B— 


Ry = Wee t Wile + oh) + Wale + ch) + etc. 
4 


Wit- e+ ad) + Weds х + 40) + «с. w 





and for a small change in +— 
а E -Iw , , 
Ge (Wı + Wı + Wa + ete.) jw! + ос) 


= Ж) _ 200) 
س‎ НОЗ S 
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For maximum values of Ry, E must change from positive to 


negative. Аз in Art. 81, this can only occur when a load is passing 
from one span to the next, crossing B, When this load is partly on 


each span ® = o, and for this condition 


4R» _ o XW) _ ЖУ) X), XW) 
de TTC Pa EE RM 
ie. the average load on each span of the rail bearer or stringer is the 
same, and the same as the average on the two spans. Taking the loads 
as moving to the right, this condition (3) occurs as one load is crossing 
the support B, and so bringing the average load per foot on BC up to 
or beyond that on AB, During the passage of a given set of loads 
there may be two of more minima for positions satisfying (3) ; if so the 
pressure for each must be calculated and the greatest value found. 
‘The pressure on B when the maximum value occurs is easily calculated 
as in (1), which must inclide the weight directly over B. 
1f 4 — 4 condition (3) becomes— 
XW)£2XW) ... 0) 
{е the load on the two adjacent spans must be equal. i 

It will be noticed that the condition (3) for a maximum reaction 
at the intermediate support in the length AC (Fig. 126) is the same 
as for maximum bending moment at any intermediate section in the 
length AB (Fig. 124) given at (3), Art. 81. 

Further, if M, is the bending moment at C (Fig. 124), and R, is 
the reaction at C, if there were à support at C, AC and BC being dis- 
continuous, by taking mornents it is easy to show that— 

І x 1 
Ro= -mx (+r) or Mê X a — a) 7 (8) 
And in particular if the spansye and 7 a afe equal (£) 
2 
Ro =—Mgx for —MgxZ- > + + + (©) 
i.e. the maximum pressure on cross girders pitched a distance a apart 
is? times ‘the greatest bending moment on a span 2a Tor the same 
moving load, 

84. Equivalent Uniformly Distributed Load.—For designing the 
flanges and other parts of a girder to suit the varying bending moment, 
it is usual in British railway practice to find the uniformly distributed 
load which would give a bending moment everywhere at least equal to 
that caused by the actual greatest rolling load. The bending moment 
diagram for such an equivalent load would be a symmetrical parabola 
completely enveloping the diagram of maximum bending moments for 

single rolling load (Art. 77), or a uniformly dis- 


rolling loads, In the 
tributed moving load shorter than the span (Art. 78), the diagrams of 
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maximum bending moment (Figs. 117 and 118) are parabolic, and the 
same parabolas will be the diagrams for the equivalent distributed load 
on the whole span. The load per foot w equivalent to the concentrated 
load W is found by equating the moments— 


Lal- ajz Yala) 


as in (7) Art. 76, and (7) Art. 77, which gives— 
ea WV 
1 


And the value of w equivalent to a distributed load w per foot on a 
length c (see (9) Art. 78) is found from— 





which gives— 


In more general cases the maximum (central) ordinate of an envelop- 
ing parabola is often much greater than the neighbouring maximum 
ordinate of the diagram of maximum bending moments for the actual 
rolli and this arises partly from the fact that the enveloping 
parabola includes all ordinates, including small ones close to the end 
supports. But this is not generally necessary, for the flanges areas, 
modulus of section, and resistance to bending of a girder will near the 
supports for practical reasons be more than ample for resisting the 
small bending moments. A more reasonable plan for determining 
the modulus of the central section of a girder is to determine the para- 
bola (and corresponding load) through the ends of the span, and 
enveloping the maximum bending moment diagram for that part of the 
length of the beam over which the bending moment may exceed the 
minimum safe moment of resistance of the girder, viz. its safe moment 
of resistance at its ends, Experience shows about what fraction of 
the maximum modulus of section the minimum modulus will be for 

length of span; such a fraction will decrease with increased 
th of span. A numerical example will make this point clear. 

EXAMPLE.—Two loads of 10 tons each 12 feet apart cross a span of 
24 feet. Find the equivalent uniformly distributed load if thé minimum 
modulus of section or product of depth and flange area is at least 40 per 
cent. of the maximum modulus of section on a 24-foot span. 

From (ro), Art. 79, the maximum bending moment at a distance я 
from one end is— 

M,= = (204-2) = 120) = - Ss —х) tons-feet, 


which reaches zero for æ = o and x « 18 feet, and a maximum negative 
magnitude for # = 9 feet. When its value is— 
— 7'5 X 9 = — 67:5 tons-feet 3 feet from the centre of the span. 
The diagram of maximum bending moment is shown at ADCGB, 





Акт. 84] MOVING LOADS 177 


Fig, зат. ‘The safe moment of resistance of all parts of the girder will 
exceed— 
ty x 67'5 = 27 tons-feet, 

So we may neglect all points on the diagram below the level (27 tons- 
feet) of the hori- е a Ne 
zontal line FG, 
and circumscribe 
the remainder of 
the diagram by a 
parabola AFHGB. 
This may be ac- 
complished by 
drawing aparabola 
through A and F, 
having the centre 
line KC as axis. 
Let a and Žž be 


the co-ordinates of 
the intersection F of the line FG and the parabola AFC. The length 


@ may be measured from the diagram or calculated thus 
feet, and from the above equation for M,— 

fa(18 — x) = 27 hence xora = 9 — 4 48.6 = 2'03 feet. 
The central height 4 or HK of the parabola is then— 








©; 
Ату т х fo = 87°2 tons-feet, 
giving the vertex H from which the parabola AFHGB can easily be 
drawn. If w is the equivalent load per foot— 
or 7220 = 87'2 TU — I'21 tons per ft. run. 

» The parabola circumscribing the wo/e figure from A to B would have 

the same tangent at A as the parabola AFDC ; its slope at =o is found 
by differentiating Mx to be x 18 = 15 tons-feet per foot, For a 
central ordinate # the slope at = 2 715 Hence # = go 
tons-feet. The vertex might also easily be found graphically from the 
fact that the vertex D bisects the projection of the tangent at A on the 
axis DL, and the vertex of the circumscribing parabola bisects the pro- 
jection of the same tangent (produced) on the axis KC. 

Other Cases.—The formula 
Pi 
2 


Am bo а 
will hold good when the co-ordinates such as a and û of various points 
are determined graphically by such a method as is given in Art. 8o, trial 
per EA ints to find the greatest value of №, 
ie, the height of the parabola which will envelop all the points. 
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‘The equivalent uniform load is also sometimes taken as that which 
would give the same maximum, and in some cases as that which would 
give the same average ordinate of the maximum bending moment 
diagram ; such an equivalent will generally give maximum bending 
moment values for some sections which are less than the actual values, 
and for other sections values greater than the actual ones, In other words, 
the parabolic diagram will in some places fall within and in others out- 
,Side the actual diagram of maximum bending moments, The errors will 
decrease with increase of span when the actual diagram of maximum 
bending moments will become more nearly a symmetrical parabola, 
Equality of average ordinate is the safer rule, and gives generally a 
greater central value, It may be.approximately found by making the 
parabola agree with the actual diagram at } span from the supports, so 
that if w is the uniform load per foot from (7) Art. 76— 


= 2557 = moment at 4 span 


a 

32 „ M at ] span 

w= UL ATI 

There is no definite and general convention as to the precise signi- 
ficance of the term “equivalent” uniform load. 

Equivalent uniformly distributed rolling loads for shear may also be 
found giving the same maximum ordinate as the actual diagram, but 
lower ordinates near the middle of the span ; these loads will be greater 
than the equivalent uniform load for bending moments, particularly in 
short spans, No uniformly distributed load will give a maximum shear 
diagram completely enveloping that for the actual loads, for it cannot 

ive, say, the same maximum positive shearing force very near to the 
fr support, as occurs there under a concentrated wheel load; an 
inspection of Figs. 116 and 117 will show this, since the parabola with 
vertical axis has a horizontal tangent at its vertex. But near the middle 
of the span the shearing resistance of a girder will usually be greater 
than is necessary, and where the positive shears are low near a support 
the girder has a resistance sufficient for high negative shears, 

Other Equivalent Loads—The actual maximum bending moments 
and shearing forces produced by a given train load may very nearly be 
reproduced by a uniformly distributed load, together with a concentrated 
load, Thus, Dr. F. C. Lea? finds that for a large number of locomotive 
loads on British railways for spans from 100 to 200 feet (single track) for 
all sections the maximum shearing force may be represented by the effect 
of loads of 2 tons per foot, together with a load of 18 tons in the most 
influential position (see Arts. 88 and 89). The same loading gives close 
results for the maximum bending moments, but may, of course, be 


replaced by a uniform load of 2 + 3¢ tons per foot, f 
85. Conventional Train Loads.— Instead of using equivalent uni- 
formly distributed loads for the purpose of bridge design, a common 
practice in America and elsewhere is to use a com train load, 
3 Proc, Inst. C.E., vol. clxi, p. 284. 
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consisting of axle loads representing something like railway loads, but 
simplified in distances apart and load per axle, In Cooper's system 
the spacing of the locomotive axles is in whole numbers of feet, and is 
kept constant for trains of different weights. Consequently, for every 
section in a given span the maximum bending moments and shearing 
forces are proportional, and if calculated for one train loading can be 













(d Cooper's Z 40 Loading. 
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Fic. 128. 





found for any other by multiplying by a constant factor. Fig. 128 
represents Cooper's E 4o and E 50 loadings for a single line of railway. 
Thus class E 40 consists of two locomotives (each weighing about 127 
English tons) with the axle loads shown, followed by a train load uni- 
formly distributed of 4000 Ibs. per foot. Class E 50 is derived from it 
by multiplying all loads by $. For bridge design loading on this basis 
is chosen of such weight as to be at least equivalent to any train load 
used on the railway. One advantage of this method over tables of 
equivalent uniformly distributed loading for bending moment is that the 
same loading may be applied to find the maximum shearing force. 


Unis 1 1 1») 1; 75357575 - 1111 75 75 75-75 
!_ФФФФ oona! DODD OH OOo perto. 


Le Isis o ]IelelelsLelslelelole]elels] n 


1%1% 


ar e (for very short spans} 


Fig. 1284. 


Standard Loading for British Railways-—The system of “ unit” 
loading recommended by the Ministry of Transport is that devised 
and published by the British Standards Institution: As shown in 
Fig. 128A, the distances between the axles are stated and a ratio is 
specified between the loads on driving axles and tender axles of 
locomotives, and the proportion of load is similarly specified as 
a fraction of a unit of load per foot. An alternative two-axle 

* BS.S, No. 1) to Parts 3, 4,and 5 (1925). Also Addendum (1: 
me SNe ees Gas 9 ini 
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load is provided for short spans, where the effect is to put more weight 
in longitudinal girder under ro feet span and to put more on cross 
girders than would result from a four-axle distribution. In the 
British Standard Specification No. 153, tables will be found giving the 
maximum bending moments produced by a one-unit loading for 
spans up to 300 feet and the corresponding uniformly distributed load. 
The figures given in the table only need to be multiplied by the 
prescribed number of units for any class of line and traffic to give the 
Corresponding bending moments or equivalent loads. A usual 
conventional load for main lines is 18 uriits (which corresponds to 
18 tons on each driving axle, 13-5 tons on each tender axle and a train 
load of 1-8 tons per lineal foot). 

The tables drawn up by the Bridge Stress Committee (see Art. 41) 
zu to these values an allowance for hammer blow, f.e. for an impact 

fect. 

EXAMPLE 1.—Find the maximum bending moment at the centre 
of a 4o-ft. span when it is crossed by the load Ego, Art. 85. Marking 
on the edge of a strip of paper a length of 4o feet, and its middle point 
to scale and sliding it under load E,o, Fig. 128, it is evident that the 
condition (32), Art. 81, is satisfied when the fourth load from the left is. 
passing over the middle of the span. For then the load in rooo-lb. 
units is 20 + 40 + 40 + 40 = 140 to the left of the middle, and 40 + 
26 + 26 = 92 to the right of the centre, and the load 4o passing to the 
right increases the 92 to 132 as it reduces 140 to roo, the loads on either 
side passing through equal values. The bending moment for this posi- 
tion is easily calculated ; taking moments about the right-hand support 
for a 4o-ft. span in rooo-Ib. units. 

Left-hand reaction X 40 = 20 X 38 + 40 (30 + 25 + 20 + 15) + 
26 (6 + 1) = 4542. 

Left-hand reaction = 4442 = 113:5 thousand pounds. 

Bending moment at centre = — 113'5 X 20 + (20 X 18) + 40 (10 
+ 5) = — 1311 units a bending moment of 1,311,000 pound-feet. 

EXAMPLE 2.—Find the maximum reaction on one of a series of 
و‎ spaced 20 feet apart when they are traversed by a load 

50, Art. 85. 

By (6), Art. 83, this would be # or 7; times the maximum bendin; 
moment at the centre of a 4o-foot span. But using the result 
Example 1 above, this bending moment would be 

1,311,000 X $ = 1,638,750 lb.-feet, 
hence the maximum reaction is 
Mig! * = 163,875 pounds. 

86. Combined Shearing Force Diagrams.—The shearing force 
exerted by the dead loads on a beam is at any section alway 
same, being positive at some section and negative at others, At any 
Di section the extreme values of the resultant shearing force are 

found by adding algebraically the constant shear due to the dead load 

to the maximum positive and negative shears ively caused by 
the line load. The resultants will form a diagram ing the limits of 
the shearing force at every cross section and whether or not at any 
given section any change of sign in the shearing force takes place 





! 
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At (3) the ordinates from A'B' to f are equal to those from AB to e/'at 

(2), and the ordinates vertically upwards from e//" to A'z give the maxi- 

mum positive shear due to the combined loads; the ordinate at is 

zero, the negative shear due to the dead load being at this section just 
e 
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FiG. 129.— Conibined shearing force diagrams for moving and dead loads, 


* 
sufficient to neutralise the maximum positive shearing force due to the 
live load. To the left of £ the negative shearing forces of the dead 
load exceed the maximum shear forces due to the live load; the shear 
to the left of gis always negative, the ordinates from g/ to gA’ giving 
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the minimum magnitudes of the negative shears, and the ordinates from 
£f' to B'Z' giving the maximum magnitudes. Similarly to the right of & 
the shearing force is always positive, the vertical ordinates ftom A¢ to 
Ajg" giving the maximum magnitudes and those to 45" the minimum 


magnitudes. 

Sections between £ and 4 are subject to a change from positive to 
negative shearing force of the magnitudes given by the vertical ordinates 
from the line £/' or g4 to Age and to B'ha’ respectively. 

The diagram of the extreme values of the shearing force on the 
span AB is again shown at (4), Fig. 129, the ordinates being measured 
from the horizontal base line AB, and being the algebraic sum of the 
ordinatesin (1) and (2). The form (3) is rather easier to construct, but (4) 
is perhaps clearer. The length fg over which the shearing force changes 
sign is sometimes called the foca? /ength of the span. The position of 
the point ø may be found graphically from the diagram, or algebraically 
if general expressions for shearing force due to each kind of load 
separately can be written and equated. 

ExampLe.—Span 5o feet, live load 2 toñs per foot run, dead load 
{ton per foot. Find the length over which the shearing force changes sign, 

At a distance x from the left end— 

22* A 


Maximum positive shear due to live load = SF = ==" = * tons 


Magnitude of negative shear due to dead load e (4 — ) 2165-2. 
These magnitudes are equal when 
зо = 25 — а) ога? + 37°52 — 937'3 = o 


and neglecting the negative value of x (which is not on the span) 
& = 17°15 feet, 
Distance over which shear changes sign is 
50—2 X 1715 = 1577 feet, 

87. Influence Lines.—An influence line is a curve showing for one 
section of'a beam the shearing force, bending moment, stress, deflection 
or similar function for all positions of a moving load. It is important 
to distinguish between influence lines for bending moment or for shear 
and the diagrams previously dealt with in this chapter showing the 
mann bending moment and shearing force at a// sections of the 


88. Influence Line for Bending Moment.— Single Zoad.—Consider 
the influence line for a point C, Fig. 130, on a span AB = 4, distant а 
from the support A and /—a from the support B, for a single load 
W crossing the beam AB, When the load is distant a (greater than а) 
fgom A, the reaction at Ais W(/—2)//, and the bending moment at C, 
neglecting the negative sign, is 
W(/—a)a|t 

1 For supplement work on influence lines see W. Abbot’s “Practical 
Geometry and Engineering Graphics” grd edilon (Bick De еВ 
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which varies from WEZA) as z increases trom o to 4, £z. as the load 


moves from C to B. The vertical ordinates of the line DB represent 
this varying bending moment at the fixed point C. Similarly the line 
AD by its ordinates gives the bending moment at C for all positions 


{м 
те кнр А 





Fic, 130.—Infuence line for bending moment. 


of the load between A and C, and ADB is the complete influence 
line in this case. It is quite evident that the bending moment at C is a 
maximum for x = a, ic. when the load is at C, as already mentioned 
in Art. 77; the maximum bending moment for two concentrated loads 
has been shown in Art. 79, Fig. 120, which is a modified influence line 


for two loads. 
Uniformly Distributed Load.—Let the influence line ADB, Fig. 133, 


wper F* 





be drawn as in 130 for the point C for unit load (say x ton) 
Then Arica E E eid t y) from A ocean 


bending moment at C P 
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and if the moving load is w per foot run, a length dæ distant x from A 
would exert a bending moment 


west m 


at C, represented by w times the strip of area ydx, Similarly every 
strip of area above a load between E and F represents a bending 
moment, and the total bending moment at C resulting from a uniformly 
distributed load from E to F would be represented by area 


w x EFGH or w f: уйк 
^" 
and for all positions the bending moment at C is represented by the 
area over the loaded portion. 


For a load longer than the span it is evident that the maximum 
bending moment at C occurs when the bending moment is represented 


| 
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Fic, 132.—Infisence line for shearing force. 


by the whole triangle ADB, £. when the load covers the whole span. 
For loads shorter than the span it is easy to show here that condition (8) 
Art. 78 must be satisfied for the bending moment at C to be a maxi- 
mum, and if Z is the length of the load the distance of the loaded 


portion from A is a 54. 

The scale on which the area under the line ADB represents the 
bending moment is wg¢’ tons-feet to 1 square inch if the linear hori- 
zontal scale isg feet to 1 inch and the scale of bending moment ver- 


tically for the unit losd is 4 toos-feet to x inch, 4e DC e 2-72 4. 
inches. 

89. Influence Lines for Shearing Force.— Single Load.— Consider 
the influence line for shear at the point C. (Fig. 132), distant а тот ће 
support and / —a from the support B on a beam of span / crossed by à 
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single load У. When the load is distant x greater than a from the end 
A, the (negative) shear at C is equal to the upward reaction at A, which 
is found by taking moments about B 
к= М(х) 
Shearing force at C = – В, = 02 me (1) 
"This value varies as the ordinates of a straight line DB, from o at B, 
where x = /, to a maximum negative value DC = —w!52atC, where 
х= а When the load is between A and C, x is less than a, and the 
positive shear at C is equal to the reaction at B, viz. : 
Shearing force at C= + WÊ 
which varies as shown by the straight line AE from o at A, where 
4= 0,to a maximum EC = W5at C, where x =a. The complete 
influence line for shearing force at C is AEDB. The maximum shears 
obviously occur when the load is just reaching C. 
Uniformly Distributed Load, —Let ADEB (Fig. 133) represent the 
‘ 


— 





FIG. 133 


influence line for shear at C for a unit load, say 1 ton, moving over the 
span AB. Then the ordinate y, at a distance x from A, represents 


1-х x 
PIX +1х7 


according as x is greater or less than a, If a distributed load w 
Fae eae es ede distant > from A, exerts at Con 
shearing wd times that represented by the ordinate y, and is represented 
by the area y. dæ in the figure. A similar conclusion holds for every 
vertical strip of area between, say, F and G, and the total shearing 
force at C resulting from a distributed load between F and G is 
represented by the area— А 

w x EGH], ot ш у. 
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and for all positions the shearing force at C is represented by the area 
enclosed over the loaded portion by the line ADEB. The shearing 
force (positive or negative) at C evidently has its greatest value when 
the load just reaches C ; if the load extends on each side of C the areas 
must be added with proper algebraic sign. 

The scale on which the area under the line ADEB represents the 
shearing fc is wy¢ tons square inch of the line or horizontal 
scale is g to x inch, and the scale of shearing force for the unit load 


is ¢ tons to x inch, ie DC = $+-¢ inches and EC 777 5 g inches 


90, Influence Lines for Frame or Trass.—(1) For Shearing 
Force —When the rolling load is transferred to the beam at joints as in an 





F 10, 134.—Influence line for shear in braced girder, 


articulated frame or truss, ot any bridge floor supported on cross girders, 
the shearing force at all sections in any one panel (or space between 
two consecutive joints) is the same. Thus in Fig 694, f the load is 
carried by the lower joints, between D and C, the shearing force is the 
same for all points, Consider the influence line for shearing force in 
this panel when unit load (say 1 ton) crosses the span AB, which is 


divided into # equal panels each = long. Let there be m panels to the 
left of D, and therefore # — 1 — m panels to the right of C. When 
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the load is between A and D, distant x from A, the shearing force in 
the panel DC is equal to the reaction at B, viz. 


тх 7 
and the influence line is AE varying from o at A to% at D. Similarly 


when the load is between C and B the shearing force in the panel DCis 
equal to minus the reaction at A, and the influence line is FB ing from 


=F st Cto zero at B. As the load moves from D to C, the 


я 
shearing force between D and C diminishes from the (variable) reaction 


at B by the amount of the load carried at the joint C, which, like the 
reaction at B, varies uniformly with increase of x: hence the i 
force in the panel varies uniformly with +, that is, as the ordinates of 
a straight line. Hence the straight line EF is the influence line. In 
symbols the shearing force in the panel DC, which is the reaction at B 
minus the load carried at C (found by moments about D), is— 

z t Jug 

2-(a- 0) Ri-Qr-ak4 m). .. (2) 

1 -I= 
which varies as a straight line from 7 when a= mat Dto tM 
at C when æ = (m + nf. 

The line AEFB is then the whole influence line for shearing force 
in the panel DC. The maximum positive and negative ing forces 
occur when the load is just to the left of D and right of C respectively. 

Exactly as for the solid beam the area under the line AEFB and 
above any uniformly distributed load w per unit length, represents the 
shearing force in DC due to the distributed load. Evidently if the load 
is longer than BG the maximum shearing forces in the panel DC occur 
when the load reaches from an abutment to a point G which divides 
DC in the ratio m to s — 1 — m so that 
DE анале сс иена DB EEO 

n я 
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(0) 








y remp. iw BG =*—*-™ 
"—1 
It may be noted that e x DG — 2-1. AG in accordance with (4), 


Art. 82, 
The maximum positive shearing force on the panel DC is— 

a ә 

wx area AEG = x ED. AG e 2 "(72 15.2 
т 
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And in the last panel on the right m=” —1,and the maximum 
shearing force is MA, which would be the maximum shearing force 
at the abutment of a solid beam of length equal to » — 1 panels. 

‘The maximum negative shearing force in the panel DC is— 

w "t n—ri-—-m(n—ri-m 
w x area BGF = % x CF.GB = 2. титу 
Pow r= my 
RUS ERR ۰ )5( 


And on the first panel on the left # = o, and the maximum negative 


shearing force is $t 1, as for the positive value at the other end of 


the span. 
The maximum shears in the rst, 2nd, 3rd, 4th, etc., up to the #th 


panel are respectively— 
o, 15 25 3, etc... (n— 1) times $. 












D i 
а а n= 

a DEG =r 

which is the value in the end panels, Thus a parabola AHJKLM, the 


: _ wat » à D 
ordinate BM. being 7. —— -/, shows the maximum shearing force in 
each panel if the span is divided at ANPQRB into m — x equal parts, 
and ordinates erected to cut the parabola, The points of division 
N,P, Q, R, B also indicate the load positions for maximum shearing forces, 


for in (3) above AG = 714, the points of division for the successive 











For application of this influence line see Art. 144, and for extensions 
to the case of trusses with a curved chord see Art. 145. 
| 2 For Bending Moments,—For a vertical section which cuts a joint 
of the /oaded chord, say AB, Fig. 135, the influence line will be as in 
Fig. 130, Art. 88. For other sections such as C, Fig. 135 (including 
joints of the top chord), when loads are carried from joints of the lower 
chord the influence line will be the same for say unit load crossing the 
span AB as for a solid beam when the load is between A and E or be- 
tween F and B. Hence it is AG and HB (Fig. 135) over these respec- 
tive ranges where ADB would be the influence line for a solid beam. 
When the load is between E and F, że. in the panel in which the ver- 
tical section through C falls, the influence line will no longer be as for 
a solid beam, since the load is carried by the beam at the joints E and 
F. But it is evident that the bending moment at C will vary uniformly 
wit: the distance advanced by the load between E and F, £e. the 


| 
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influence line will be a straight line joining G to H, and hence AGHB 
is the complete influence line for C when unit load traverses the span 
AB. For uniformly distributed loads we proceed as in Art. 128, £e. the 





A EC F В, 


Fic. 135.—Influence line for bending moment in braced girder, 


bending moment at C is represented by areas under the line AGHB and 
above the loaded portion, which clearly shows that the bending moment 
at C is a maximum when the span is fully loaded. 


EXAMPLES VI. 


1. A load of 1 ton per foot and over 6o feet long crosses a span of 6o feet. 
Draw diagrams of maximum shearing force and bending moment. State 
the maximum positive and negative shearing force and maximum bending 
moment at 15 and 30 feet from the left-hand support. 

2. A single rolling load of 2 tons crosses a girder of 30 ft. span, Draw 
the diagrams of maximum shearing force and maximum bending moment, 
and state the maximum positive and negative shearing forces and the 
maximum bending moment at sections 5, 1o, and r5 feet from one end. 

3. Draw the diagrams of maximum positive and negative shearing force 
and maximum bending moment for a load of 4 ton per foot and 30 feet long. 
crossing a span of 100 feet. What is the maximum positive shearing force 
at 15, 40, and so feet from the left-hand support? State the maximum 
bending moment at the same sections. What per foot extending over 
the whole span would produce the same maximum bending moment at every 
section as the above load? 

4. The axle loads of a traction engine are 16 and 8 tons at a distance of 
15 feet aj and the engine crosses a girder of ṣo feet span, the smaller load 
leadis left to right. Draw the diagram of maximum bending moments. 
State the greatest. RUE and its distance from the centre of the span: also 
the maximum bending moment midway between the supports. E 

5. Work problem No. 4 for a span of 25 feet. Below what span will 
the greatest bending moment anywhere occur when the smaller load is off 


the span? 

UMS LIU UI cw U^ ad Dae ае 
60 feet. The loads are A = 12 tons, B — 20 tons, C = 20 tons, D = 8 tons, 
= 8 tons. The distance between the loads in the same order are 7, 74, 7, 
and 6 feet. Draw the diagrams of maximum shearing force and maximum 
bending moment. Where does the maximum bending moment occur and 
what is its amount? 
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Zz Calculate the maximum bending moment at the centre of a span of 
8o feet when crossed by a train load class Eg (Art. 85). Also for a span of 


30 feet. 
8. Estimate the maximum pressure on cross girders 15 feet apart when a 
load of class Ey, crosses a bridge. T 

9. Estimate the uniformly distributed load which would give the same 
maximum bending moment at 20 feet from one support as the load Ei, 
(Art. 85), on an 80 feet span. Find the greatest maximum bending moment 
anywhere on the span for the uniform and for the actual load. 

10. With the data of problem No. 1, find the length over which the 
shear changes sign if the dead load is 3 ton per foot run. 

11. By means of the influence lines find maximum bending moments and 
positive and negative shearing forces at a point 40 feet from the left abutment 
when a girder of 100 feet span is traversed by a rolling load of 1 ton per foot, 


extending over a length of 30 feet. 





CHAPTER VII 
DEFLECTION OF BEAMS 


‘ 
91. Stiffness and Strength.—It is usually necessary thata beam shouid 
be sti as well as strong, £z. that it should not, due to loading, deflect 
much from its original position. The greatest part of the deflection 
is generally due to bending, which produces curvature related to the 
intensity of stress in the manner shown in Art. 61, A knowledge of 
the relation between the loading and deflection of a beam is often the 
first step in finding the bending moments to which a beam is subjected 
by given loadings and methods of fixing; also in finding the stresses 
in other parts of a structure of which the beam forms a part, Structures 
in which the distribution of force due to given loads cannot be deter: 

.mined by the ordinary methods applicable to rigid bodies, but depends 
upon the relative stiffness of the various parts are called Statically 
Indeterminate. We now proceed to find the deflection of various parts 
of beams under a variety of different loadings and supported in various 
ways. The symbol y, a variable, will be used for deflections for 
different points along the neutral plane, from their original positions. 
Tbis E notto be confused with the variable y already used 
for the distances of points in a cross-section from the neutral axis of 
that section, КЫ it is estimated in the same direction, usually 
vertically, It will be assumed that all deflections take place within 
the elastic limit, and are very small compared to the length of the 


92. Deflection in Simple Bending: Uniform Curvature.—When 

a beam of constant section is subjected throughout its length to a 
uniform bending moment M it bends (see Arts, 6x and 63) to a circular 
arc of radius R, such that— 

E M 1 M » 

E t LEE 
where E is the modulus of direct elasticity, and I is the moment of 
inertia of the area of cross-section about the neutral axis. If a beam 
AB (Fig. 136) of length 4 originally straight; bends to a circular arc 
APB, the defection PP’ or y, at the middle, can easily be found from 
she geometry of Fig. 136. 
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2 
, For РР.РСе РВ = (7) 
PP(aR — PP’) - 
aPP’.R - (PP) =f 
and for small deflections, neglect- 
ing (РР)? the square of a small 
quantity— 
Us 
aPP.R = " 


v 
worPP- four, (1) 
since — RE(Amé è? 





In this case the whole length is subject to the maximum bending 
moment M as between the supports in Fig. 83. In other cases where 
parts “of the beam are subject to less than the maximum bending 
moment, the factor in the above expression for maximum deflection 

If fis the angle of slope which the ends of the beam make with 
the original position AB, taking ¢ = sin # for small deflections (in 
radians)— 


PHI M 
ово 

Uniform curvature is also treated in Art. 95, section (a). 

93. Relations between Curvature, Slope, Deflections, ete.— 
Measuring distances x, along the (horizontal) span from any convenient 
origin, y (vertical), deflections perpendicular to x, # angles of slope (in 

radians) of the beam to some fixed 
direction, usually horizontal, and ғ 
lengths of arc of the profile of the 

5. neutral surface of the beam when 
bent (Fig. 137)— 


= tan i = i (very nearly if £ is 
ds ‘ always very small) 
‘The curvature of a line is usually 
Sy defined as the change of i per unit 
P oe н” length of arc, or— 
Fie. 137. 2 


and since (Fig. x37) is very small, 8w is sensibly equal to às, ore 2 sj 
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i di d d fd 
hence the curvature i-2-2-22)-2 e Qi 
M'Y ER 
=й ИО) 


10r any point x along the beam, for this relation, established for uniform 
curvature E will also hold for every elementary length ds in cases 
where the curvature x is variable. 
Hence the slope 
a _ ey M 
io = [Fide = [itn rec RE 
the integration being between suitable limits. 
And the deflection— 
d) : M 
ر‎ =| ¥= idx or Јака. sien area) 


between proper limits. 
Combining the above relations with those in Art. 59, viz. 
ere esr еМ 
dx و‎ dx 
where F is the shearing force and w is the load per unit length of span 


at a distance ж from the origin, we have 


4 dy 
r= Д(ЕШ)=Е ..... © 
when E and I are constant, and 
w= EY o am ies © 
If w is constant or a known integrable function of x, general expres- 


sions for F, M, 5, and y at any point of the beam may be found by one, 
two, three, or four integrations respectively of the equation 


BIA = w 
a constant of integration being added at each integration. If sufficient 
\ "The approximation may be stated in another way, The curvature 
"0 
and if SZ is very small, higher powers than the frst may be neglected, and 
reduces to 22, y 
н 
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conditions of the fixing or supporting of the beam are given, the values 
of the constants may be determined. If the general expression for the 
bending moment at any point can be written as an integrable function 
of x, as in Art. 57, general expressions for $ and y may be found by 
integrating twice the equation ү 
A.M 
а? ЕІ 
Examples of both the above methods are given in the next article. 
Signs-—For y positive vertically downwards slopes or 22 will be 
positive downwards in the direction of x positive (generally to the right) ; 
and convexity upwards corresponds to increase of 2 with increase of s, 


ie. to positive values of 2%, In Art, sothe sign of the bending moment 
ae 


was so chosen that a clockwise moment of the external forces to the 
right was positive. Hence, if the clockwise moment of the external 
forces to the right of a section is written for M in equation (2) (whether 


positive or negative) positive curvature, 42 + 22 must be written on 
the other side of the equation, The same, of course, applies for the 
Y w 


contra-clockwise moments 
to the left of a section. 
If the moments are esti- 
mated in the opposite senses 


>25 
to those stated + 7, must 


be used in equation (2). A 
violation of the rule of signs 
Fio, 138. will lead to an error in the 

P signs of ; and y resulting 
from integrations of (2). It may be noted that a positive clockwise 
moment of external forces to the right of a section gives a positive 


value to 72, ie the beam will be convex upward at that section. 


94. Uniform Beam simply supported at its Ends with Simple 

1s.— The two following examples are worked out in considerable 
detail to illustrate the method of finding the constants of integration, 

(a) Let there be a central load W (Fig. 138), and take C as origin. 
Then at P, distant x horizontally along the half span CB from the 


a 

US emm- i-a) te Fe m) 

ind integrating this— 
ба-а 


where А is a constant. 
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Since f =o when # =o, substituting these values, o = o + A, 
therefore A = o; and with this choice of origin (C) A disappears, and 


a Wi $ 
о (е) оаа о (0) 


Integrating again— 
y= [Zee =- e (B2 2 @ 


the constant of integration, B, being + 4, TT, since y=o when 





The equations (1) a (2) give the slope and deflection any- 


BS da tha Dai spec аа > 


= wy? wr 
* pele) mer «i.v wisi) 


Wi 
and at the centre, Jo * Еро s e e enn n n n ng (4) 
The slopes and deflections on the other half span are evidently of 


1 
х= –. 
2 


the same magnitude at the Prisc 
same distances from C. [3 
(8) Let there be:a uni- ass 
formly spread load w per + : а ۶ 
و کو کی‎ у=» 


unit length. Take the origin 
at A (Fig. 139), and use the “| - 


equation EI = w, The Fic. 139. 


four integrations require four known conditions to evaluate the four 
added constants. The four conditions in this case are— 


EA =M =o for 4= o 

нош х=! 

J =o for x = o, and J = o for x mi 
Ed. UE esos s (0) 


Integrating, EI ae HAT TO 


Integrating again, El = jus + Ax +o 
the added constant being zero, since both sides must reduce to o for 
£0. 
Putting $ =o when =2 
oc je + AS 
‘hence A=-iw 
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(a result which mue. also be obtained from (6), since the shearing 
force is zero for + = 2) 
Then substituting for A— 
d 
EL. = jue — Jule 2... 4 (D 

Integrating this— 

= Gwe - Meli 4-B) . . . . (8) 
Integrating again— 

y= pa — pyl + Ba + o) 


the constant being zero, since у = о (ог х = o. 


Putti =ofors=s 
d iz A eer e M 

therefore B- 
err E KO Renae 
== 4 i 
and y guest — doi? e dena) 
or, у= дб 2 +?) a Fete) 
or, ya e is - 2) 


(6), (7), (8), and (9) give F, мура i, and. y respectively for any point 
distant xalong the beam from the end A. E.g. ś is a maximum when 


й = o or M = o, Że. at the ends; thus, writing ж = о їп (8) 


a= = ZE - EE E tro) 


y is a maximum when > or i es, 
and then »= = 4+) = Wer Rs im) 
or, if the whole load w  W— 

yom ste ME Ж КЫ, 


"The signs here all agree with and illustrate the convention given at 
the end of Arts, 59 and 93. 
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Ovérkhanging Ends.—Vor points between two supports a distance / 
apart the work would be just as before, except that EI e at each 
support would bé equal to the bending moment due to the overhanging 
end instead of zero. 

Propped Beam.—If this beam were propped by a central support tc 
the same level as the ends, the central deflection becomes zero, or, in 
other words, the upward deflection caused by the reaction of the prop 
(and proportional to it) is equal to the downward deflection caused by 
the load at the middle of the span. 

Let P be the upward reaction of the prop; then from (4) and (r 1)— 

Р? wit 
EI RET C +. LER a een ERR 
апа Р = £t, i.e. the central prop carries $ of the whole load, while the 


end supports each carry ;%; of the load. 
Sinking of Prop.—If the prop is not level with the end supports, but 


removes * of the deflection due to the downward load, the reaction or 


the prop will be i of the above amount. 

Elastic Prop—lf the central prop and end supports were originally 
at the same level, but were elastic and sueh that the pressure " 
to depress each unit distance is the compression of the prop is E» 


and of each end support ZF. ‘Then equating the difference of 
levels to the downward deflection due to the load, minus the upward 
deflection due to P— . ^ 

рл 


т Р 21-Р wit 
тв MEL, asl 


: 
(3+ jam) = (f1 + 
f+ 








24EI 


roe BED ire e o o (34) 


which evidently reduces to the previous result for perfectly rigid 
supports for which e is infinite, and approaches do for very elastic 
supports. If the elasticities of the end su] and central prop are 
different, the modification in the above would be simple. 

Relation between Bending Stress and Deflection.—For a beam 
simply supported at each end and carrying a uniformly distributed load, 
if 8 = central deflection, f = maximum bending stress in tons per square 
inch, and g = depth of symmetrical section in inches, from (12), 


EE 
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And from Art. 63 t 
W, 
=. 2 or a 
hence substituting in (15) 


Pe. 5. aua заваа (б), 


The deflection 8 for steel beams is commonly limited to ;3; of the span 
then taking E = 12,500 tons per square inch (16) becomes 


LI < а аА esr fn 
which gives the limit of span for uniform loading: if f= 7°5 tons per 
square inch," = 20. Any degree of concentration of the load with the 
same limitations of stress and deflection wil! allow a greater ratio of 
span to depth, e for a central load the equation corresponding to (17) 
would be 2= 18757. 


, EXAMPLE 1.—A beam of ro feet span is supported at each end and 

- caries a distributed load which varies uniformly from nothing at 

one support to 4 tons per foot run at the other. The moment of 

inertia of the cross-section being 375 (inches)* and E 13,000 tons per 

square inch, find the slopes at each end and the magnitude and position 
of the maximum deflection. 

The conditions of the ends are as before: Take the origin at the 

light end; then at a distance + inches along the span the load per inck 

run is— ^ 


s LÀ 
aso X f t Seo 0 " 


Сры 
ла” 6E * 


З-на) 


(бнын) 


20 360Е1 
Z3 = o for == L; hence Am Там 
Zi-sen(s s 
7 sns $ 
т: ү Pu 
de 36081 5-3 +3) 
min fates. Ba 
ЗЕ + B+) 
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y o for x =/; hence— 
zu "* ]* 
, P7 367 1357 360. 
dp xr (s Pp ЛТ 
dx 360El\24 12" 360. 





1 pet Te yis 
god ruso iR). 
At the light end x = o 
dy _ 1% 1208 1 : De: 
dim DE X gox 1s oco 57; n= org 
dy 


At the heavy end x — 120 inches, 7. — 0'150° 


At the point of maximum deflection 2 =o; therefore 





teed x „ ' 
= + =o 

hence, solving "521 = 62'4 inches 

and substituting this value, y = 0'0925 inch 


EXAMPLE 2.—À wooden plank rz inches wide, 4 inches deep, and 
1o feet long, is suspended from a rigid support by three wires, each of 
which is } of a square inch in section and 15 feet long, one being at 
each end, and one midway between them. All the wires being just 
drawn up tight, a uniform load of 4oo Ibs. per foot run is placed on the 
plank. Neglecting the weight of the wood, find the tension in the central 
and end wires, and the greatest intensity of bending stress in the plank, 
the direct modulus of elasticity (E) for the wires being 20 times that for 

ie wood. 

Let E, be the modulus for the wires, and E, that for the wood = pE» 
‘The force per inch stretch of the wires) g^, the strain being rhe. 
-For the wooden beam supported at the centre, 

I= yy X 12 X 64 = 64 (inches) 
"The load on the central wire may be found from (14) above 
24E,1 24E, X 64 X 8 X 18° _ ооба 


e “E, x r20 Х 120 X 120 


hence, by (14) the total tension in the middle wire is 


P = gooo x 2025 боз = 4000 X 0'578 = 2312 lbs 


In each end wire, total pull = $22 72ST = 844 Ibs. 
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The greatest bending moment may occur at the middle support, 
where the diagram is discontinuous, or as a mathematical maximum 
between the end and the middle of the beam. 

At x inches from one end— 


M = 8442 j. fF # 
s = 844 — 1$% 
which is zero for = 25°32 inches. 
Substituting this for x 
M = 21,370 — 10,685 = 10,685 Ib.-inches 
At thé middle of the span 
M = (844 60) — (2000 X 30) = — 9360 lb.-inches 


this being less than that at x = 25°32 inches, 
‘The greatest intensity of bending stress is 


My, _ 10,685 x 2 
Чек дА Gg 
95. Uniform Cantilever simply loaded.—(a) A concentrated load 
W at the free end. Take the origin O (Fig. 140) at the fixed end. 
‘Then for x = 0,2 = o, and y = o. 
At any point x the bending moment— 


= 334 lbs, per square inch 





w 
81.29-04) 
13 We- pto 
то. це EI.y e Wide — 4x") +0 
At the end A— 
(2), == =a- x e.. @ 
D yii n= Xa- v= T e (Q0) 


Note that the upward deflection of the support relative to the centre 
of the beam in Fig. 138 might be found from the formula (2), viz. 


w 
9 = TÊ asin (4) Art. 94) 


(Б) A ED load distant #/ from the fixed end. Origin at O 
(Fig. 141) at the fixed end, all conditions as above. 
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From O to C 
EI 2 = W(nl — x) 


BLY = Winks — 1?) + o 








EL. y m Wet — 12) Fro. 141, 
EG (2) ori e VO. Qs betore) eas) 
aad wu ee 


At any point B beyond C the slope remains the same as at C, and 
the deflection at B exceeds that at C by, 


à x (slope from C to B) = 3 , TO 


In particular— 


Wi Үлт Үл»? 
„= O WP) e r) ОС 


The same formula would be applicable to any number of loads and 
for a number of different values of W and » may be written 


= fa -xwe). -. .. (6 





while from (3) Р 
„= Ж")......... (з) 


The equation of upward and downward deflections as used in the 
previous article may be used to 
find the load taken by a prop at 
the free end or elsewhere. 

(@ Uniformly distributed load 
w per unit length. Origin O 
(Fig. 142) at the fixed end. A 
start may be made from relation 
oo (6) of Art. 93. Selecting Fio. 142. 





Me Elf = "(sje TP mal 
EI = (Px — kd +) +o 
EI.y - 2^2 - Va! dp) o 
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Бог х = — 
о (27) а-ар O 
where W = wi. 
^ г 
uA Merl 0 


‘The result (12), Art. 94, might be deduced from the above, for the 
upward deflection of the support relative to the centre of the beam is— 


= (ГР? ү 
zw ur 
3EI ЕГ — 359^ ET 
Partial uniformly distributed load. 
If the load only extended a distance #/ from the fixed end, the 
deflection at the free end would be, by the method employed in 
(5) above 


+ (7a) 





ya t6-9$6 xp AR -" . 


If the load extended from the free end to a distance s from the 
fixed end, the deflection of 
the free end would be found 
by subtracting (72) from (7). 

(d) Bending couple » at 
a distance n/ from the fixed 
end where m is a fraction. 
Origin at the fixed end O 
(Fig. 143). 





-ur4o 
2 
At C and beyond— 
Z£-&-REpe:9 


щш 200 


fev ED олец 
non dm I -2) « + (10) 


And ifa=t “=й п- . BE x, ie » (28) 


Art. 95] DEFLECTION OF BEAMS 203 


Which agree with (2) and (x), Art. 92, if we write M for м апд m 
If the couple » consists of two opposite vertical forces at a distance a 
apart each will be equal to ^, and if the downward force is distant 
nl from the fixed end the downward deflection at the free end due 
to it from (5) is 


HT et - ng art mo f) 


while the resultant defection of the free end due to the two forces is 
found by subtracting from (12) the corresponding expression with 
(ni — a) substituted for n/ throughout, The result will approach the 
value (9) as a approaches zero. From (3) the slope between = = n/ 


and x = Jis 
{ир (а а= бата). . 0з) 


which approaches (8) as a approaches zero. 

Propped Cantilever—From (2) and (7) it is evident, by equating 
upward and downward deflections, that a prop at the free end, level with 
the fixed end, when loaded, would carry $ оѓ ће whole distributed load. 
The bending-moment diagram may be drawn by superposing diagrams 
such as Fig. 75 and Fig 77, making W = 3w/yand taking the difference 
of the ordinates as representing the resulting bending moments: ‘The 
curve of shearing force is a straight line similar to that of Fig. 77, but 
raised throughout by an amount 2u/ relative to the base-line. Other 
types of loading of propped cantilevers may be dealt with on similar 
principles, For example, if P is the pressure on an end prop fora beam 


loaded as in Fig, 143 from (2) and (ro) 
1208074 m 
з ЕІ C = 2 
л n 
, hence p-i"(.-7) vasis uota) 
The reader should work out some simple cases fully as an exercise, 
noting the points of maximum deflection, contraflexure, etc., by integra- 


tion of the equation EI 2 = w, the conditions being y = o at both 


ends, slope = o atthe fixed end, and Z = o at the free end, 
Sinking Prop.—If the prop is below the level of the fixed end, the 
load carried by it would be proportionately reduced.  Ifit is above that 
level, the "load on it would be proportionally increased. 

Elastic Prop.—If the fixed end is rigid and the support at the free 
end is elastic, requiring a force e per unit of. depression and being before 
loading at the same level as the fixed end, for the above simple case of ` 
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distributed load, equating the depression of the prop to the difference 
of deflections due to the load and the prop 
P m^ P^ 
2 EI 7 3E 
3 
whence P= (=) 
+ d 
For other types of loading or positions of prop, simílar principles 
would hold good. 
EXAMPLE 1.—A cantilever carries a concentrated load W at 2 of its 


length from the fixed end, and is propped at the free end to the level 
ofthefixed end. Find what proportion of the load is carried on the 


VE ыб аА Кие ӨЫ рй, Then 
Pho QW wa 
igi etur 
IP = WE + BH) = AW 
P = EW 


EXAMPLE 2.—A cantilever to feet long carries a uniformly spread 
load over s feet of its length, running from a point 3 feet from the 
fixed end to a point 2 feet from the free end, which is propped to the 
fame level asthe fixed end. Find what proportion of the load is carried 

y the prop. 

Let w = load per foot run, and P = pressure on the prop. The 

total load is }w/. Deflection of the free end if unpropped would be 


оз Р + on. EP} 





T*(04096 , o'1024  ooo$1  o'o189 V w^ 
mils toe a eh eT 
P m^ 
"Therefore D - 00641 ET 


Р = o'192310/ or 0385 of the total load 


Note that this is less than half the load, althougb the centre of 
gravity of the load is nearer to the propped end. 

EXAMPLE 3.—A vertical stanchion 15 feet long 1s fixed at the lower 
end and hinged at the top end so as to form a cantilever propped at the 
free end. piii ce eite i dei teer cot 
which form a couple of хо tons-feet, the more ing ro feet and 
the nearer one 7'5 feet from the fixed end, Find the reaction at the 
hinged end andthe bending moments at the loads and fixed end (Fig. 144). 
Using expression (12) where 5 — 27 = 4 tons, or equation (5), the 


deflection of the hinged end A, if free, would be 
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4 + 1 4x10 89 
EI EI 8x3 "242 





4x1, 8 4 4X10% т EY 

Les Spei { 4 ЕГ Х16х81 
And if R = horizontal reaction at the hinge from (2), the opposite 
deflection counteracting that of the couple is 


12 X 89 

R= Té x3r‏ ن 

Bending moment at B (Fig. 144) = — 5 X 0'824 = ~ 4'13 tons-feet 
Bending moment at C = — 7'5 X 0'824 + то = + 382 tons-feet 
Bending moment at O = — 15 X 0'824 + 10 = — 2°36 tons-feet 


= 0'824 tons, 





The bending moment diagram is shown to the right of Fig. 
the positive sign corresponding to convexity towards the left. 
points of inflexion could easily be calculated. 
The ordinate MN exceeds the ordinate HK. 
The position of application of the couple to 
produce least bending moment might be 
found by equating expressions for MN and 
HK in terms of a variable corresponding 
to OB or OC. 

ExAMPLE 4.—A bar of steel 2 inches 
square is bent at right angles 3 feet from 
one.end; the other and longer arm is firmly 
fixed vertically in the ground, the short 
(3-foot) arm being horizontal and 10 feet 
above the ground. A weight of } ton is 
hung from the end of the horizontal arm, 
Find the horizontal and vertical deflection ‘ 
othe freeend. E = 13,000 tons per square Fic. 144. 
in 


The bending moment throughout the long arm is sensibly the 


same as that at the bend, viz. } x 36 = 9 ton-inches. $ 
It therefore bends toa circular arc, the lower end remaining vertical. 


A line joining the two ends of the long arm would therefore make with 
the vertical an angle 


144 
The 








M X 120 
agi (Ar* 92 (2) or (11) Art. 93) =2 ЕТ 
9 X 120 X 12 91 oar 
2 X 13,000 X zi Mago radians 
and the horizontal deflection of the whole of the short arm will be 
zl x = BS = 5:74 inches 

The inclination of the upper end of the long arm to the vertical is 

evidently twice the amount gf], which is the average inclination. The 
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downward slope of the short cantilever arm is therefore r} at the 
bend. The total vertical deflection at the free end is 


x36x36X36X12. |. os 
36x its 3 з ee SOK AE we 4 + ora = 2°467 inches 
96. Simply supported Beam with Non-central Load.—Let W bea 
load concentrated at a 

distance s from one 
support A (Fig. 145), 
and 4 from the other 
support, B, the span 
being а + 2 = 4 Тһе 


=e i 
reaction R, at A is 
А X в evidently : 





ut 
mp н 255% 
Fro. 145. арі к= р 
Suppose that a is greater than A Taking A as origin, from A to C 
Bapro e ee eee 0) 
абас 2 pery etA 
= A= + EFA) 
and Bo tty te 


Wb (2 dx... A 
1= ~ Ela +3) s+ . i) 


` and at C, where + = a 
DLRI А 
Кылт zt eneee 
Similarly, taking B as origin and measuring + as positive towards C, 
making £c of opposite sign 
Wa P no 
=з?” sho ooo oo o(5) 
Subtracting (5) from (4) 


Waa — 
E _ 


— — Wab(a — 0) 
20 fem — sua) 


(4) 


С . . » (6) 
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Substituting this value of ic in (3) 
Wh (2 d e) Wis att 2ab—s' („ 
l=- meris- ET E gD T 6 


and at C, when x = a under load 
Wa?" 


ТЮ) 


Y d) 
The maximum deflection occurs where 2 alo. Substituting for 


fg in (2), or differentiating (7) 
dy Wh (2$ ew _ 2 
Z--sre e 3. 6 5.) ese ENTE) 


and when 2 = o, 2 & fo(a + 20) 
== 7р Чадо Ч? 


which gives the value of x where the deflection y is a maximum. 
Note that this value of x is always less than a if ô is less than a. 


A corresponding expression for the other part of the span would 
not hold, for x is then greater than 4; is not zero within the smaller 


segment 4, 
Also note that as 2 varies from j/ to zero, the position (x) of 


maximum deflection only varies from }/ to Уз or 0°5774, so that 


the point of maximum deflection is always within 8 per cent. of the 
length of the beam from the middle. Substituting the above value of x 


in (7) i 
WA(a" + габ! wa - p 9 
Jun SIS LG 3] EIU retis «M 

Within the smaller segment ё ће deflection at any point distant 


(a + b — x), or, say x (less than 2), from B, the deflection corresponding 
be 


to (7) will 
Way P+2ab— x” 


RT Gat Ae oe e * « s» (Eo) 


' and corresponding to (2a) 


Boie me-a e. «e (23) 


which is never zero when 2 is lesé than д, 

Severa! Loads.—lí there are several concentrated loads on one 
span the deflection at any selected point, whether directly under a 
load or not, may be found by adding the deflections due to the several 


208 THEORY OF STRUCTURES [<н. уп 


loads as calculated by (7) or (1o) above, using (7) for points in major 
segments, and (10) for points in minor ones, the origins being chosen for 
each load so that the selected point is between the origin and the load, 

The slope between any two loads might be written down in terms of 
ж, the distance from A, by using the sum of such terms as (22) and (11), 
writing (a+ 6 — 2) instead of ¥. If this sum vanishes for any value 
of x lying between the two chosen loads, that value of x gives the position 
of the maximum deflection. If not, the maximum lies between another 
pair of loads, The pair between which the maximum deflection lies can 
usually be determined by inspection, from the fact noted above, that 
every individual load causes its maximum deflection within a short 
distance of the mid-span. A simpler method is given in Art. 97. 

ExAMPLE.—A beam of 2o-fcet span is freely supported at the ends, 

уз and is propped 9 feet from 
aim hae the, left-hand end to the 
same level as the sup- 
ports, thus forming two 
spans of 9 and r1 feet. 
‘The beam carries a load 
of 3 tons 5 feet from the 
left-hand support, and one 
of 7 tons 4 feet from the 
right-hand end. Find the 
reactions at the prop and 
at the end supports. 

If the beam were not 
propped, the deflection 
at C (Fig. 146), 9 feet 
from A, would be, for the 3-ton load, taking a = 5,6 = 15,W =3 
a = 11, in (10) above 

3 X 5 X I1 f 225 - (10 x15) — 121 34925 
»- E f 6 = 
and for the 7-ton load, taking a — 16, 6= 4, W =7,2= 9, in (7) 
129 — (256 X 2 × 16 × 4× 9( | ے‎ rs 





X4 
r= Е { 
‘Adding these, the downward deflection of the beam would be, if it were 
not propped 1 go i 
EI 
If Re is the reaction of the prop at C, the upward deflection is, Dy 
(8) above n Ex 
x8rx121 163°35Ro 
J=- Eix, Е 
Equating this to the above deflection at C 


$5 
Ro = 3255. = 6031 tons 
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The reactions at A and B follow by taking moments about the free 





g, - 6X3) G X35) = (603 X 9)... 646 tona. 


R, 2 10 — é'ogt — 3635 9 0334 ton 


97. Deflection and Slope from Bending-moment Diagrams. 
Slopes.— The change of slope between any two points on a beam 
may be found from the relation shown in (3), Art. 93 


£o 2 c (73. ae m [eas m gy f Man 


if E and I are constant, 

Between two points Pand Q (Fig. 147, in which the slopes and 
deflections are greatly exaggerated), on a beam of constant cross- 
section, the change of in- 
clination 4 — fı, which is 
the angle between the two 
tangents at P and Q, may 
be represented by 


NS ox 
й—й= үү] „Мах. (ї) 
The quantity | Max 

^ 


Y ce the areaABCD 
е bending-moment 

diagram between Pand Q. POCHE 

If the lower limit x, be zero, from O, where the beam is horizontal, 

to Q, where the slope is á the actual slope is equal to the change of 

inclination, viz. 





û = jy), Mas (which is proportional to OECD) « > (2) 


Thus the change of slope between two points on a beam is pro- 
portional to the area of the bending-moment diagram between them, and 
from a point of sero slope to any other point the area under the bending- 
moment curve is portional to the actual slope at the second point. 
Changes of sign in the bending-moment diagram must be taken into 
account if the curve passes through zero. One algebraic sign, generally 
positive, is attached to bending, which produces convexity upwards, and 
the opposite sign to a bending moment, producing convexity downwards 
Ger oy Que cie HTC EM Ebert ча E E, 

Iter. 


р! 

JScaLs.—1f in the bending-moment diagram 1 inch horizontally 
represents g inches, and x inch vertically represents s Ib,-inches, 1 square 
inch of bending-moment diagram area represents g.s tb.-(inches)* and 
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also represents 777 radians slope if E; is in pounds per square inch and 


I in (inches)! units. 
"Defiection.—From the equation— 


23 = М (а), Ап. з) 
dy Mx 
a = EF 


, Integrating between z= z, and <= z, using the method ot 
integration by parts for the left-hand side— à 


dy _ ү“ | Ms r e 
(2 DR - [3o - Meis (I is constant) . (s) 


or, 6759 - (A = m gif Me... 
. 

If the limits of integration between which the deflection is required 
are such that EA is zero (from either of the factors x or 2 being 
zero) at each limit, the expression— 

m =e, 
(2 = becomes -(»-»x).--.. (5) 
and gr [^ Mss gives the change in level of the beam between the 


two points. 
The quantity-- 


fi Msas 
E ^ 
represents the moment abou! ihe origin of the area of the bending- 
moment diagram between 2, and x. If A is this area and x is the 
distance of its centre of gravity or centroid from the origin, f sas 
а 

may be represented by A. %. 

This quantity only represents the change in level when æ: vanishes 


at both lirite. The product x P or x . i denotes the vertical projection 


of the tangent at x, the horizontal projection of which is x, If the 
lower limit is zero, and y is zero at the origin, the quantity— 


(esf 


represents the difference between the vertical projection of the tangent 
at æ, over a horizontal length z, and the deflection at x; in other words. 
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the vertical deflection of the beam from its tangent. Hence, in this 
in is equal to the 


case, the deflection at a distance a from the origin 
difference between x. i, and ii X (moment of bending-moment diagram 


area), or— 
z.i,- pr) Msds o a өй, Од), 


where [Med may be either positive or negative. 
` 
‘Scales.—If in the bending-moment diagram 1 inch (horizontally) 
represents 4 inches, and 1 inch (vertically) represents s 1b.-inches, 
being measured in square inches and ž in inches, the product A.3 
represents the deflection on a scale e inches to 1 inch. 


Applications; (a) Cantilever with Load W at the Free End (see Fig 
75).—Àf the origin be taken at the free end before or after deflection— 


d 
for x = o o 


and at the fixed end « = Zand 2 = o, hence— 
dy ү 
(2-2), 
gives the difference of level of the two ends Jo — Yo 
A.x 
EI 


where A =}. WZ. Z and z = 34 
So that the deflection is— 
z we 
aw? x V+ ElI = 3gp 
which agrees with (2), Art. 95. 
Similarly, if the load is at a distance n/ from the fixed end, A= 
JW), x — 1— $7, and the deflection of the free end is— 


- eh 3) m 


which is equal to—- 











2Е1 
which agrees with (5), Art. 95, and might be applied to the case of any 
number of isolated loads, 

‘The deflection of a cantilever carrying a uniformly distributed load 
might similarly be tound from the diagram of bending moment (Fig. 77) 
if the distance of the centroid of the parabolic spandril of Fig. 77 from 
the free end is known, Otherwise the moment of that area may be 
found by integration. Taking the origin at A (Fig. 61)— 


si neon if tn ier 


which agrees with (7), Art. 95. 
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(8) Irregularly Loaded Cantilever—For any irregular loading of a 
cantilever the same method can be applied after the bending-moment 
diagram ABFEDA has been drawn (Fig. 148). The deflection of the 
free end is given by as before, the scales being suitably chosen. 
The method in such a case 
is a purely graphical one, 
consisting in drawing the 
bending-moment diagram 
to scale, measuring A and 
finding X by any of the 
various graphical methods, 
or finding the product Ax 
by a derived area, as in 
Art. 53; the derived area 
corresponding to the pole 
B would represent the area 
under a curve M. x with 
origin at B. 4 
| If.the irregular load- 

Fra, 148, ing consists of a number 

of concentrated loads, the 

whole area A may be looked upon as the sum of the areas uf a 

number of triangles, and the product A. as the sum of the products 

of the areas of the several triangles and the distances of their centroids 
from the free end. 

Propped Cantilever. Irregular Load.—If the cantilever is propped 
at the end, let P be the upward reaction of the prop at B (Fig. 148). 
The bending-moment diagram for the irregular loading is ABFED, and 
that for the prop is the triangle ABC the ordinates being of opposite 
sign. The moments of these two areas about B are together zero, for 


the quantity E^ -›) between limits o and Zis zero, every term being 
zero, hence 





A.F=}.PIXIxX# 


p.25 


a general formula applicable to regular or irregular loads, the latter 
problem being worked graphically, 

‘The resultant bending-moment diagram is shown shaded in Fig. 147, 
E giving the point of inflection, The parts DCE and EFB are of 
opposite sign, The reader should apply this method to the various 
cases given in Art. 95. 

The deflection of any point X between A and B may be found by 
taking the moment about X of so much of this diagram as lies between 
verticals through X and A, taking account of the signs of the areas. 
Since the areas reckoned from A represent the slopes, the slope is zero, 
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and the deflection a maximum at some point to the right of E where 
the area to the right of E is equal to DCE. 

If the cantilever is propped somewhere between A and B the above 
formula holds good, provided the area A and the length x refer to the 
portion of the diagram ABFED between A and the prop, x being 
measured from the prop, and / refers to the distance of the prop 


from A. 
(2 Beam supported at two Points on the same Level—Taking the 


origin at one end A (Figs. 145 and 149) 
dy ài A T f" Az 
(2-0) а = gy) Made = Ê 
where A is the area of the bending-moment diagram, and x is the 


distance of its centroid from A, or A . represents the moment of the 
area about the origin A, hence 


A.x 
=} +++ 
and similarly from the moment about B 


y A(i — 3) 
ر‎ а О, ЗОН 
and is of opposite sign to ip With the convention of signs given in 
Art. 93, A is negative for a beam carrying downward loads which 
produce convexity downwards ; hence é, is positive and i, is negative. 
Thus (in magnitude) the slopes at the supports are proportional to 
the area of the bending-moment diagram between them, and the ratio 
of one to the other is inversely proportional to the ratio of the distances 
of the supports from the centroid of that area—just the same kind of 
relation, it may be noted, that the reactions at the supports have to the 


total load. 

1f the area of the bending-moment diagram from A to a point X, 
distant x to the right of A, be A, which is negative for convexity 
downwards, and the slope at = is 

i, = iı + prf Mas ori + êj adaha B) 

which is zero at the section where maximum deflection occurs, A, being 
negative. 

re dy n 1| 
——M 

gem sii gi) Made AN Lor T] 

and substituting for i, from (8) — 


= ма земаа 


= 2, + — gy (moment of A, about A) . ө 


` 


(6) 
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or the deflection at X is— 
Ja = (x x slope at A) + (moment of A, about Xe . (to) 


which gives the deflection anywhere along the beam, the second term 
being negative. And from (8a) we may write— 
Je = (x X slope at X) — (moment of As about А) » (11) 


remembering that A, is a negative quantity. 

Probably the form (ro) is more convenient than (11), £, being a 
constant. As indicated by (8), the slope at X will be negative if X 
is beyond the point of maximum deflection. Note that the second term 
in (ro) is negative, and represents the vertical displacement of the beam 
at X from the tangent at A, and the second term in (11) represents the 
vertical displacement of the beam at A from the tangent at X. In the 
case of convexity upwards the signs of these second terms would be 
changed. The reader should illustrate the geometrical meaning of the 
various terms on sketches of beams under various conditions, 

Overhanging Ends.—The deflection at any point on an overhanging 
end, such as in Figs. 83, 84, 92, or 93, may be determined as for a 
cantilever, provided the deflection due to the slope at the support be 
added (algebraically). For points between the supports of an over- 
hanging beam the above relations hold, provided that the signs of the 
areas and moments of areas, etc., be taken into account. For irregular 
loading these processes may be carried out graphically, and the moments 
of areas (A. x) may be found by a “ derived area,” as in Art. 53 without 
finding the centres of gravity of the areas. 

When the above expressions for slopes and deflections, which are 
applicable to any kind of loading, are written down symbolically in 
terms of dimensions of the bending-moment diagram, they give algebraic 
expressions, such as have already been obtained in other ways for 
various cases of loading, ee. the deflection and slope anywhere for a 
beam carrying a single concentrated load may be found in this way as 

“an alternative to the methods in Art. 96. 

AVon-centra! Load.—From Fig. 145 and (7) above, dividing the 

moment of the area of the bending-moment diagram about B into two 


1 Wad Wab @ 
À* gio x7 ^ are ®)+ (045) 
ee M. ITUR Eo cepe EGE) 
pM 


and from (8) within the range A to C— 
i, =i, — 2 (area PAX) = iı wis 2) 
SUE А 0а +272 


Wh — (dd. 226 Я 
7 El(a 42) (SEES * 80. cc "v (83) 
which agrees with (2a), Art. 96. ` 
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Fori,=0 a = ia" + 208) 
Also from (xo), within the range A to C— 


Ai Whe xxx Wéz o ай 4 205 – 
Jy7À.*-g(,3 a3 Ela E 6 2) (x4) 


which agrees with (7), Art, 96. And when х = a— 
Wep 
JT Ela ` zr ess gat ATED 


Several Loads.—1f there are several vertical loads Wy, Wa Ws, and 
W,, at P; Ps P, and P, . 
ud 
Р; 





(Fig. 149), distant a,, a 4 М ud Wa 
and a, from A, thè bending- [= | 
moment diagram may be - SI 8 
drawn as in Art. 58, or 
calculated as in Art. 56. 
Let the bending moments 
at P, Pa Ph etc, be My 
Ma Mn etc., respectively. N 
Let the total area of the 

bending-moment diagram gaa ж, » Я 

be A, and let it be divided Fio. 149. 

by verticals through P, Pa 

P, and P, (Fig. 149), into five parts, An A» An A, and An as shown, 


so that— 2 
a= یر‎ Маа) ی ہے‎ a) 

and so on, all the areas being negative for downward loads. 

Then „== A 


where z is the distance of the centroid of the area A from the origin A, 
and / — z is its distance from B. 

The quantity A(/ — x), or the moment of the area A about B, may 
be found by the sum of the moments of the triangular areas of the bend- 
ing-moment diagrams, which might be drawn for the several weights 
MINUS i the quantity é, is the sum of four such terms as (12) 








уе, 

The slopes at Pj, P P, etc., are then ^ 

henge gene tte gay htt, 
and so on, the second term in each case being negative. 


The segment in which the slope passes through zero is easily found 
from the slope, or total area from point A to successive loads. If the 
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zero slope occurs between, say, P, and P, the slopes at P, and P, are of 
opposite sign 

- 

4 








= (Ay + As) is less than — 4 

— (4ı + A, + A,) is greater than — 203) 
If the zero slope is at X, distant # from A, the bending moment 
there is M, + = SM- M,), and the slope being zero, the area from 


point A to the point X of zero slope is equal to A. —, or 
мА м FEZ. u, Mg} e о) А. 


from which quadratic equation æ may be found, 

The magnitude of the maximum deflection is then easily found from 
(11) above, viz.— 
= gi (moment about point A of the bending-moment diagram over AX) 


an expression which may conveniently be written down after dividing 
the area over AX into triangles, say, by diagonals from P, — The deflec- 
tion elsewhere may be found from equation (ro). With numerical data 
this method will appear much shorter than in the above symbolic form. 
Other purely graphical methods for the same problem are given in the 
next article, 

Other Cases.—Beams carrying uniformly distributed loads over 
part of the span might conveniently be dealt with by these methods, the 
summation of moments of the bending-moment diagram area being 
split up into separate parts with proper limits of integration at sudden 
changes or discontinuities in the rate of loading, 

EXAMPLE 1,—The example at the end of Art. 96 may be solved 
from the bending-moment diagram as follows :— 

Let the bending-moment diagram be drawn by the funicular polygon 
(see Art. 58), or ey calculation (see Art. 57). It is shown in Fig. 146, 
AEDB being the diagram for the two І on the unsupported span 
AB, Then from @— 


= gi (moment of area AEDB about B) + AB 








Divide the negative area AEDB into four triangles by joining DF 
for convenience in calculating the above moment. Using ton and feet 


units (ss: 48. 2*1 чехи x G3) 
+ {( S54) xt е} (202505) ав +0] 


155'2 
EI 





a= eI 


„= 
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And from is dividing EHCF by a diagonal FH 


EP xoc PES) (8884)‏ = مر 

- (COPS) 9l] 
و‎ = 9L A18 2 9555 (downward) 
For an upward load Rg at C, by (15)— 


Ro x 81 X 121, 163°35Ro 
yom Ezo = pI (upward) 


Equating this to the downward deflection at C— 
Ro = $555. Gros tons 
- (6 : 
R= X965 х3) (603 x pe 


Rs = 10 — 0°334 — 603 — 6:636 tons 


The above methods might now be applied to the resultant bending- 
moment diagram, shown shaded in Fig. 146, to determine the deflection 
anywhere between A and C, or between C and B and the position of 
the maximum deflection, etc. 

EXAMPLE 2.—Find the deflection of the free ends of the beam 
in e 84. From (6) and (7) above, slopes downward towards the 
right— 

1 zs wi 
mas g- ice 


= = - 
у Lie. 
or, -a(- = ta) - бё —4) 


which is negative if 4 is less than 44/6. 
Downward deflection at the free end is. 


= th + Bi 7 zip (606 = + )ا‎ 


Upward deflection at the centre consists of 


(upward deflection due to end loads) — (downward deflection due ta 
load between supports) 


which, using (11) for the first term, is 

1 wh? 4-4 

xit P5) - smi = suu - A) 
which is positive if 4 is less than ,/ 482. 
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Ехамрі 3.—Find the deflection at ‘B and midway between A and 


C in Ex, 2 of Art. 58 (see Fig. 92). 
Taking the origin at A, R, being ro tons, by (6), downwards 


towards B 
» Е 
1 «Л е _ 21,8453 
“= ан (о) sig t2 5), - Sent 


E being in tons per square foot, and I in (feet)!— 
A 21845) | 32X8X 8X8, 8X 8X 8X8 
Deflection at B. EC X X6EI )+ = + TEILS 
16,896 
= EI 
(if Band I areininch units, deflection at B= 1728 x 596 inches.) 


‘Taking an origin midway between A and C and x positive towards C 





М = 10(8 + х) + 08 + х)? =24 18x + 112 tons-feet 


and using (4a) over the range from the origin to C, the deflection 
upward at the origin is 


21,8453 _ 1 [2 
Ват а + 18s + пел) 


I 
= gy (101922 — 7168) = 3754 feet 


or, 1728 x 7S s inches if Eis in tons per square inch and I in (inches) 

98. Other Graphical Methods. 

First Method,—The five equations of Art. 93 immediately suggest 
a possible graphical method of finding deflections, slopes, etc., from 
the curve showing the distribution of load on the beam. If the five 
quantities z, F, M, i, and y (see Art. 93) be plotted successively on 
the length of the beam as a base-line, each curve will represent the 
integral of the one preceding it, fe. the difference between any two 
ordinates of any curve will be proportional to the area included 
between the two corresponding ordinates of the preceding curve. 
Hence, if the first be given, the others can be deduced by measuring 
areas, se. by graphical integration, Five such curves for a beam 
simply supported at each end are shown in Fig. 150. At the ends 
the shearing forces and slopes are not zero, but the methods of finding 
their values have already been explained, and are shown in Fig. 150 
G and G' being the centroids of the loading- and bending-moment 
diagrams respectively. The reader should study the exact analogies 
between the various curves. In carrying into practice this graphical 
method the various scales are of primary importance; the calculation 
of these is indicated below, 
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In the case of a cantilever, the F and M curves corresponding to 
(2) апа (¢), Fig. 150, must start from zero at the free end (unless there 
is a concentrated end load), and the i and y curves corresponding to 
(d) and (2), Fig. 150, must start from zero at the fixed end. 






t 4 
Ra" f ude SUUM PO. 


l 





fiaz SLOPE, 
e i DEFLECTION. 


Fic. 150. 


Scales for Fig.150.—Linear scale along the span, £ inches to x inch, 
Ein pounds per square inch ; I in (inches)*. 
Oris lbs per inch run = r inch, 
ore 1 square area represents 
(Orit nsque ема бы у= К zt e 
Areas 1 square inch represent я. #. {° Ib. 
(9 Orien, т square و ت رر‎ Ib. 


d date йай кый ЫДБ 
(d) Ordinates, w square inches from (9) iz inch = A radians. 


Areas x square inch represent Ff inches, 


(© Ordinates, m square inches from (d) = 2 inch e ETT 
inches. 
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If instead-of ? Ibs. per inch run to x inch the force scale is û Ibs, to 
x inch, the deflection scale would be "72/7 inches to x inch. 
Second Method. —This is probably the best method for irregular 


types of loading. The equations 


or the diagrams in Fig. 150 show that the same kind of relation exists 
hetween bending moment (M) and deflection (y) as between the load per 











3 FUNICULAR 
POLYGON. 


‘DEFLECTION CURVE’ 






Tony of went BES 
Ета. 151. 


unit of span (w) and the bending moment. Hence, the curve showing y 
on the span as a base-line can be derived from the bending-moment 


of which the curve of deflection touches internally, and which approxi- 
mates to the curve of deflection with any desired degree of nearness. 
With a distributed load it was necessary (Art. 58) to divide th 
loading diagram into parts (preferably vertical strips), and take 
part of the load as acting separately at the centroid of these 
Similarly the bending-moment diagram, whether derived from a 
tributed load or from concentrated loads, must be divided into 
(see Fig. 151), and each part of the area treated as a force at its centre 
of gravity or centroid. A second pole O' is chosen, and the distances 


i 


е 


1 
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ab, bc, cd, de, etc.. set off proportional to the areas of bending-moment 
diagram, having their centroids on the lines AB, BC, CD, DE, etc. 
The second funicular polygon, with sides parallel to lines radiating 
from O', gives approximately the curve of deflection ; the true curve is 
that inscribed within this polygon, for the tangents to the deflection 
curve at any two cross-sections must intersect vertically below the 
centroid of that part of the bending-moment diagram lying between 
those two sections, ^" 

To show the form of the beam when deflected the deflection curve 
must be drawn on a base parallel to the beam, £e horizontal. This 
can be done by drawing the second vector polygon again with a pole 
оп the same level as 7, and drawing another funicular polygon 
corresponding to it, or by setting off the ordinates of the 
funicular polygon from a horizontal base-line, 

This method is applicable to other cases than that of the simply 
supported beam here illustrated, provided the bending-moment diagram 
has been determined. When different parts of a beam have opposite 
curvature, #.c, when the curvature changes sign, eg. in a overhanging or 
in a built-in beam (see Chap. VIII.), the proper sign must be attached 
to the vertical vectors in the vector polygon. If bending-moment 
diagram areas of one kind are represented by downward vectors, 
those of opposite kind (or sign) must be represented by upward 
vectors. 

Scales.—If the linear horizontal scale is g inches to x inch and the 
force scale is 2 lbs. to x inch, the horizontal polar distance of the first 
vector polygon being 4 inches, the scale of the bending-moment diagram 
ordinates is ^. g. 4 lb.-inches to 1 inch, as in Art. 58. One square inch 
area of the bending-moment diagram represents P. ¢*. A Ib.-(inches)* ; 
and if the (horizontal) polar distance of the second vector polygon is 
# inches, and the vector scale used for it is m square inches of bending- 
moment diagram to 1 inch, the deflection curve represents El.y on a 
scale m... A. A lb.-(inches)* to x inch, and therefore represents y 

scale 


ona 
35 shes to x inch 


E being in pounds per square inch, and I in (inches)*. 

i instead of a Torce $ Ibs. to x inch a scale of 2 lbs. per inch run 
to x inch be used on a diagram of continuous loading, as shown in 
Fig. 122, the final scale would be "Y inches to x inch. If the 
forces are in tons, E should be expressed in tons, and the other 
modifications in the above are obvious. 

99. Beams of Variable Cross-Section.—The slopes and deflections 
во far investigated have been those for beams of constant section, so 
that the relation (3) of Art. 93— 


LIT become gr (Mas 
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ирта оа ape сомари but E is constant, this becomes 


= 


and the equation (1), Art. 97, becomes 
ў fe Mee 


and the equation (3), Art. 81, becomes 


Mz 
Cz J- Re 
^ 

The methods of finding the slopes and deflections employed in 
Arts. 94, 95, 97, and 98 may therefore be applied to beams of variable 
section, provided that the quantity is used instead of M throughout. 
Where I and M are both mE as simple algebraic functions of 
(distance along the beam), analytical methods can usually be employed 
it below), but when either or both vary in an ii manner, 
graphical methods should be used. Thus equation (3) of Art. 97 

may be written S 
р e 
dz 7^ E 


I 


^ 
of its centroid from the origin. The moment A.% may of ‘course 
be found conveniently by a derived area (see Art. 53). When the 
quantity I varies suddenly at some section of the г but is a + 
simply expressed quantity over two or more ranges, neglecting the 
жш of * кү tinuity in the cross-section, ordinary eae 
may be emplo; if the integrals are split up into ranges with suit 
limits (see Ex. 2 below). The onion of robles on propped 
beams of all kinds by equating the upward deflection at the prop. 
caused by the reaction of the prop to the downward deflection of an 
unpropped beam caused by the load, is still valid, the deflections 
enl calculated for the section as above. For example, the 
x nr te dard by a prop at the end of a cantilever, , 
Eu any loading, as in ne 148, may be stated as follows, If M ís the 
bending moment in terms of the distance from the free end B 


ef os 
- ene f 


Where A or (Mae = area under the curve T. and 3 is the distance 
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Fora graphical solution, let A be the area enclosed by the curve 
x, and 3 the distance of its centroid from B. Assume any load P on. 


the prop, and let P a. Draw the bending-moment diagram (a 
straight line) for the end load 4 ; divide each ordinate (2 . x) by I, giving 
a curve jÊ. Let A’ be the area enclosed by this curve, and # е 
distance of its centroid from B, Then the above equation in graphical 
form becomes— 
` А.х=а.А'.? 
à а= Ах -- АЗ апіР = а ; 

The moments A. and A'.Z may be most conveniently found 
graphically by the derived area method of Art. $3, with B as pole; the 
bases (/) being the same for each diagram, the equation A. x — aA 
becomes— 

first derived area of A = a(first derived area of A’) 

The scales are not important, a being a mere ratio ; it is only neces- 
sary to set off the ordinate 2/ in the bending-moment diagram for the 
assumed reaction 2, on the same scale as the bending-moment diagram 
for the loading. A more general application of these methods to other 
cases is referred to in Arts. 103 and 106. 

EXAMPLE L.—A cantilever of circular section tapers in diameter 
uniformly with the length from the fixed end to the free end, where the 
diameter is half that at the fixed end. Find the slope and deflection of 
the free end due to a weight W hung there. 

Let D be the diameter at the fixed end at O, which is taken as 
origin (Fig. 140). Then diameter at a distance x from O is 


D(z - 5) Diar- a) 
At O about the neutral axis, I, — 2 D* (see Arts. 52 and 66); 
hence at a distance x from O— 
= sy | 
reg D(: ~ 2) e iet а 
and M = W(/ — 2) (see Fig. 75). 






M 16W/* 
ы ые ee eee 
{ в 
or in partial fractions— 
КА 1 
Aar / > 2 GF 
160/4 





1 x 
EL (агау 2 
the constant term — =" being such that i = o for x — o. 
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Then, for ж = /— 
ant Ee 
Also 
y= [item ae Cro 9 ал ad 
and for x =} n= 


If the deflection only were required, it might be obtained by a single 
integration by modifying (3), Art. 97, taking the origin at the free end A, 
Fig. 140— 


di | 1| Mx 
£- X -»- sf, ^ 
iw o£ 16у й al 1 
J = El, Jas RES ATE ET +7 | 


16W/ m 1 1 1 we 
=E (UFA T UFa TF a), FE, (a before) 


EXAMPLE 2.—A cantilever of circular section is of constant diameter 
from the fixed end to the middle, and of half that diameter from the 
middle to the free end. Estimate the deflection at the free end due Lo a 


weight W there. 
1f I, = moment of inertia of the thick end (fixed) 
E Dae gs D thin E fen: jue 
in Art. 95, taking the origin at the O (Fig. r. m 
O to C (the middle point)— mu 
d Nah 
Z-g-9 
а) w 
è io gegm = te) +o 
4 wr 
and atx = > = т, 
= w 
y Jids m zr — 13?) o 
4 w^ 
and atm; x= om, L 
From C to A (free end)— 


iee- pA 
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4 Wı 
RP i= i p (above) hence A = = Ee 
w 
J= ids gpi — 3x") — Px + B) 
"х=; Y= ‘ape (above) hence B= 4 
>= py (Bet – 40) – x +) 
and at x= / ر‎ = 


‘To find the deflection only, the method of Art. 97 might be used 
taking the origin at A, the free end (Fig. 140). Then M = Way and 
splitting the integration into two ranges, over which I is I, and gla 


1 1 
“r [Mz 1 16 
у i [ Pave a foit ae 


-htn- C) 9] - nz 


EXAMPLES VII. 


1. A beam of I section 14 inches deep, is simply supported at the ends of 
a 20-feet span. If the moment of inertia of the area of cross-section is 440 
(inches), what load may be hung midway between the Supports without 
jucing a deflection of more than } inch, and what is the intensity of 
ding stress produced? What total End distribute load would 
produce the same deflection, and what would then be the maximum intensity 
of bending stress? (E — 13,000 tons per square inch.) 

2. A beam is simply supported at its ends and carries a uniformly dis- 
tributed load W. At what distance below the level of the end supports must 
a rigid central prop be placed if it is to carry half the total load? If the 
prop so placed is clastic, and requires a pressure e to depress it unit distance, 
what load would it carry, the end supports remaining ngid ? 

3. A beam rests on supports 20 fect apart and carries a distributed load 
which varies uniformly from 1 ton per foot at one асран to 4 tons per foot 
at the other, Find the position and magnitude of the maximum deflection 
if the moment of inertia of the area of cross-section is 2654 (inches)*, and 


Eis 15000 tons per square inch, 
4. A cantilever carries a load W at the free end and is supported in the 
middle to the level of the fixed end. Find the load on the prop and the 


deflection of the free end. 
5. A cantilever carries a load W at half its length from the fixed end. 


The free end is supported to the level of the fixed end. Find the ya 
by this support, the bending moment under the load and at the fixed end, 
and the position and amount of the maximum deflection, Е 
If this cantilever is of steel, the moment of inertia of cross-section vi 
зо (inches), and the length 3o inches, find what proportion of the 
be carried by an end support consisting of a vertical steel tie-ro? 
1 
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то feet long and $ a square inch in section, if the free end is just at the level 
of the fixed end fore the load is placed on the beam. 

6, A cantilever carries a uniformly spread load W, and is propped to the 
level of the fixed end at a point f of із length from the fixed end. What 


proportion of the whole load is carried on the I t Я 

7. A cantilever carries a distributed load which varies uniform: from w 
per unit length at the fixed end to zero at the free end. Find the deflection 
at the, free end. Д 

8. А girder of I section rests on two supports 16 feet apart and carries a 
load of 6 tons 5 feet from one support. If the moment of inertia of the area. 
of cross-section is 375 (inches)s, dnd the deflection under the load act at the 
middle of the span, and the position and amount of the maximum deflection. 
(Е = 13000 tons per, square inch.) 

9. If the beam in the previous problem carries an additional load of 
B tons 8 feet from the first one, and is propped at the centre to the level of 
the ends, find the load on the prop. By how much will it be lessened if the 
prop sinks o'r inch? 

1o. EIE of 16 feet span carries loads of 7 and 6 tons 4 and 6 feet 
MGR from one end. Find the position of the maximum deflection 
and its amount if the moment of inertia of the cross-section is 345 (inches)* 
and E = 13,000 tons per square inch. 

11. A steel beam 20 feet long is suspended horizontally from a rigid 
support by three vertical rods each ro feet long, one at each end and one 
midway between the other two. The end rods have a cross-section of 
1 square inch and the middle one has a section of 2 square inches, and the 
moment of inertia of cross-section of the beam is 4o (inches) Ifa uniform 
load of 1 ton per foot run is placed on the beam, find the pull in each rod. 

12. A cantilever carries a uniformly distributed load throughout its length 
and is propped at the free end. What fraction of the load should the prop 
carry if the intensity of bending stress in the cantilever is to be the least 

ssible, and what proportion does this intensity of stress bear to that in a 
pus propped at the free end exactly to the level of the fixed end? 

13. At what fraction of its length from the free end should a uniformly 
loaded cantilever be propped to the level of the fixed end in order that 
the intensity of bending stress shall be as small as possible, and what 
Proportion does this intensity of stress bear to that in a beam propped at 
the end © the same level? What proportion of the whole load is carried by 

prop 

“14. A cast-iron girder is simply supported at its ends and carries a 

uniformly distributed load, What proportion of the deflection at mid-span 

may be removed by a central prop without causing tension in the com- 

pression flange? at proportion of the deflection at 1 span may be 
by a prop there under a similar restriction? . 

15. A beam, AB, carries a uniform load of 1 ton per foot run and rests 
on two supports, C and D, so that AC = 3 feet, CD = 10 feet, and DB = 

















7 feet. Find the deflections at A, в and F from the level of the supports, F + 


being midway between C and D. I = 375 (inches). E= 13,000 tons per 
square inch. How far from A is the section at which maximum upward 
deflection occurs? T 

16. If the beam in the previous problem carries loads of 5, 3, and 4 tons 
at A, F, and B respectively, and no other loads, find the deflections at A, F, 
and B, and the section at which maximum deflection occurs. 

17. A cantilever is rectangular in cross-section, being of constant breadth 
and кы varying uniformly from d at the wall to $d at the free end. Find 
the deflection of the free und of the cantilever due to a load W placed there, 
the moment of inertia of section at the fixed end being ly 
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18. A vertical steel post is of hollow circular section, the lower half ot 
the length being 4 inches external and 3} inches internal’ diameter, and the 
upper half 3 inches external and 2} inches internal diameter. The total 
Jength of the post is 20 feet, the lower end being firmly fixed. Find the 
deflection of the top of the post due to a horizontal pull of 125 Ibs., 4 feet 


from the top. (E = 30,000,000 Ibs, per square inch.) 
19, A beam rests on supports at its ends and carries a load W midway 


between them. The moment of inertia of its cross-sectional area is I, at 
mid-span, and varies uniformly along the beam to $l, at each end. Find 
an expression for the deflection midway between the supports. 

20. Find the deflection midway between the supports of the beam in the 
previous problem if the load W is uniformly spread over the span. 


CHAPTER VIII 
ELASTICITY OF BEAMS (continued) 


100, Built-in or Encastré Beams.—By this term is understood a 
beam firmly fixed at each end so that the supports completely constrain 
the inclination of the beam at the ends, as in the case of the “ fixed” 
end of a cantilever, The two ends are usually at the same level, and 
the slope of the beam is then usually zero at each end if the con- 
straint is effectual. The effect of this kind of fastening on a beam of 
uniform section is to make it stronger and stiffer, f.e, to reduce the 
maximum intensity of stress and to reduce the deflection everywhere. 
When the beam is loaded the bending moment is not zero at the ends 
as in the case of a simply supported beam, the end fastening imposing 
such “fixing moments” as make the beam convex upwards at the 
ends, while it is convex downwards about the middle portion, the 
bending moment passing through zero and changing sign at two points 
of contraflexure. 

If the slope is zero at the ends, the necessary fixing couples at the 
ends are, for distributed loads, the greatest bending moments anywhere 
onthe beam. Upto a certain degree, relaxation of this clamping, which 
always takes place in practice when a steel girder is built into masonry, 
tends to reduce the greatest bending moment by decreasing the fixing 
moments and increasing the moment of opposite sign about the middle 
ofthe span. In a condition between perfect fixture and perfect freedom 
of the ends, the beam may be subject to smaller bending stresses than 
in the usual ideal form of a built-in beam with rigidly fixed ends. The 
conditions of greatest strength will be realized when the two greatest 
convexities are each equal to the greatest concavity, the greatest 
bending moments of opposite sign being equal in magnitude, 

Simple cases of continuous loading of built-in beams where the 
rate of loading can be easily expressed algebraically may be solved 
by integration of the fundamental equation— I 


4% 
EIA = w (Art. 93) 
Taking one end of the beam as origin, the conditions will usually be 
dy = o for x = o and for # = /, and y — o for æ = o and for s & 4. 
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For example, suppose that the load is uniformly distributed, being 
w per unit length of span, integrating the above equation— 


EI. f = we + A 
d 
EI. = dus! + Ax +B 
BI. = роо + FA + Be +o 


since Ž = p for x c o, and putting = o for x 2 /— 
o-iw^-jALRB and Be -lw^-]jA: 
dj 
EL. = jus? + As! — jus — Ax 
EIJ = hwat + 4Ax — wis! — 1A +0 
since y = о {ог ж = о, and putting y = o for x= /,and dividing by A— 


o — diu — del 41A — 1A 
hence A--kyw and B= wh 


Substituting these values in the above equations, the values of the 
shearing force, bending moment, slope, and deflection everywhere are 
id, viz.— 


FE w(s- V) 
M = E192 = (6s? — Ge + 2) 
which reaches a zero value for x = “(4 + 0289), i.2. 0°289/, on ا‎ 
side of mid-span, Also for æ = o, or æ = 4, M = hw, and for s = 7 
М = дод, 
dj w 
. t= = gos - ses) 


which reaches zero for x = o, x =4x=4 
= Ера) 
And at the centre, where a 7, the deflection is— 
w Гү гу u^ 
amr G) G) -hEr 
or $ of that for a freely supported beam (see (12), Art. 94) 
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The bending-moment diagram is shown in Fig. x 52; it should be 
noticed that the bending moment varies in the same way as if the 
ends were free, varying 
from + yyw to — dw? 
a change of jw, as in 
the freely supported beam 
(see Fig. 81) but the 
greatest bending moment 
E which the beam is 
subjected is only 4w” 
instead of gw”, Anse 
with the same cross- 
Section the greatest in- 
Fic. 152. tensity of direct bending 
stress will be reduced in 
the ratio 3 to 2. The greatest bending moment and cie shearing 
force (}w/) here occur at the same section. Evident! , to attain the 
Greatest flexural strength the bending moment at the centre should be 
equal to that at the ends, each being half of lw, In this case the 
equation to the bending-moment curve would be, from (7), Art. 94 


M= EIZ = jus! — puole + peP 


the last or constant term alone differing from the equation used aboye, 
Integrating this twice and putting y = o for # =o and for # = Z or 


integrati once and putting 2 = o for x = / because of thes metry, 
ting = = symmetry, 





the necessary slope at the ends is found to be jÊ or 3 of that ina 
beam freely supported at its ends (see (1o), Art. 94). 
Other types of loading where zv is a simple function of x may be 
easily solved by this method. 
Ms VU тае suppose that w = o, but one end support sinks 
a distance à, both ends remaining fixed horizontally, Taking the origi 
at the end which does not sink ^ А TUA n 


EI е 
Erf. y 
where F is the (constant) shearing force throughout the span, 
xr.f 4. Ех + т 
where m is the bending moment for x = о, 
EL. Ret + mx +o 
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and putting Z= o for 4 = 4 
aaa 
and EI. = FF =) 
ارت‎ a 
Er. - jT - = +0) 
and putting y = 8 ог х = 2— 
FP a. 
EL.3=*"¢- p= - Are 
12EI8 6EIà 
F= Na = 
and the bending moment anywhere is— 


6EI.8  r2EI.x.8 
Ku LENT 


A straight line reaching the value — 7 at s The equal and 


opposite vertical reactions at the supports are each of magnitude F. 
101, Effect of Fixed Ends on the Bending-Moment Diagram.—In 
a built-in beam the effect of the fixing moments applied at the walls 
or piers when a load is ap- 
plied, if acting alone, would 
be p make the beam comet 
upw: throughout. Sup- м, 
pose only these “fixing G 
couples" act on the beam, 





the bending moment due to T 
them at any point of the 1 
i 


Span may easily be found | 
by looking on the beam as = Me 
one simply supported, but i 
ing the supports at i $ 
each end and carrying such ^ 3 d 
loads on the overhanging FiG, 153.—Effect of fixing couples, 
ends as would produce at 
the supports the actual fixing moments of the built-in beam, If these 
ig moments are equal they produce a bending moment of the same 
magnitude throughout the span (see Fig. 83). If the fixing moments 
at the two ends are unequal, being say M, at one end A (Fig. 153) and 
M, at the other end B, the bending moment throughout the span varies 
from M, to M, as a straightline diagram, £e at a constant rate along 
the span, as the reader will find by sketching the diagram of bending 
Moments for a beam overhanging its two supports and carrying end 
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loads. At a distance x from A the bending moment due to fixing 
vouples will be 


M=M,+ м» — M,) (see Fig. 153) 


The actual bending moment at any section of a built-in beam will be 


the algebraic sum of the bending moment which would be produced 

by the load on a freely supported beam, and the above quantity M’. 
Without any supposition of the case of an overhanging beam, we 

may put the result as follows for any span of a beam not “free” at 


the ends, 
Let F, (Fig. 153) be the shearing force just to the right of A, and 


F, the shearing force just to the left of B, M, and M, being the 
moments imposed by the constraints at A and B respectively. Let w 
be the load per unit length of span whether constant or variable. 
Then, as in Art. 93, with À as origin 
aM 
2 ЭЛЕ эел ol al sa (X) 
For E = fas +. .... < 


F, being the value of F for # = o. 

Then м= /' [өйде + Y, n +My 58. XAR) 

ў 
M, being the value of E194 for x= 0, Putting + =Z 
oa 
м, = Јава + + м, 

М, ү" 

1) ) 04505... (0) 





Note that the term j "агаа із е value of the reaction at A if 


Ms — M,, or if both are zero as in the freely supported beam, 
Substituting the value of F, in (3)— 


BI or M- f fons + (Ma — Mı) My = Fff prizas (s) 


or rearranging— 
M = Ma + (Ma — 37 4 f, frm - f [едак (6) 
With free ends M, = M,= o, and— 


жы ш 


Авт. 102] ELASTICITY OF BEAMS 233 
and if the ends are not free there is the additional bending moment, 
which may be written 

M = M+ (Ms = MJ 4.<. (0) 


i 
7 M eee (a) 





or, M'-M,. 


a form which will be used in Arts. 103 and 104. 
With this notation (5) may be written— 


d’ 
M-EEZ-A-MW-AaRM, ROT M) . (8) 


where yu is the bending moment at any section for a freely supported 
beam similarly loaded, and M' is the bending moment c 153) at that 
section due to the fixing moments M, and M; at the en: Usually 
and M' will be of opposite sign ; if the magnitudes of and M' are then 
plotted on the same side of the 
same base-line, the actual bend- 
ing moment M at any section 
is represented by the ordinates 
giving the difference between 
the two curves (see Fig. 154). 
The conventional algebraic 
signs used in the above inte- 
grations (see Art. 93) make M. 
negative for concavity upwards, 
The reactions R, (2 — F,) and 
К, тау Бе found from equation (4). If M, — M, is positive, the reaction 
at A is less (in magnitude) than it would be for a simply supported 


beam by 7(M, — M,) and the réaction at B is greater than for a simply 


supported beam by the same moment. 

102. Built-in Beam with any Symmetrical Loading.—For a sym- 
metrically loaded beam of constant cross-section the fixing couples at 
the supports are evidently equal, and Fig. 83 shows that equal couples 
at the ends of a span cause a bending moment of the same amount 
throughout. Or, from (7), Art. ror, if Mp = M,, M’ = M, = M, at 
every section. Hence, the resulting ordinates of the bending-moment 
diagram (see Art. ror) will consist of the difference in ordinates of a 
Tectangle (the trapezoid APQB, Fig. 154, being a rectangle when 
M, = Ma) and those of the curve of bending moments for the same 
span and loading with freely supported ends. And since betwees 





в тог [М 
Ec! Гаа oe (3), Art 93) 
if E and Y are constant, the change of slope gif Méx between the 


two ends of the beam is— 
* 12 
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File + Mae 


with the notation of the previous article, where /is the length of span 
and the origin is at one support. Now in a built-in beam, if both ends 
are fixed horizontally, the change of slope is zero, hence 


fe + Mas =o 
© - [Mar = [pas OE) 
x е 


This may also be written— 
(ATA! MO. alles le: SR T (3) 


where A stands for the area of the j curve, and A' stands for the 
area of the trapezoid APQB or M' curve (Fig. 154), which in this 
special case is a rectangle, AA'BB' (Fig. 155). 

VU + M’)dx represents the area of the bending-moment diagram 
for the whole length of span, and equation (1) shows that the total 
area is zero. Hence the rectangle of height M, (or M"), and the 


bending-moment diagram w for the simply supported beam have the 
1 


same area —A, and the constant value (Mj) of M' is —7 f, gs; 


the ordinate representing it is — ^ A and y being generally negative. 1 


Hence, to find the bending-moment diagram for a symmetrically | 
loaded beam, first draw the bending-moment diagram as if the beam were | 
simply supported (ACDC'B, 
Fig. 155), and then reduce 
all ordinates by the amount 
of the average ordinate, or, 
in other words, raise the 
base-line AB by an amount 
M,, which is represented 
by the mean ordinate of 
the diagram ACDC’B, or 
(area ACDC'B) + (length 
AB). The points N and N' vertically under C and C'are points of 
contraflexure or zero bending moment, and the areas AA'C and BB'C' are 
together equal to the area CDC' and of oppositesign. With downward 
load, the downward slope from A to N increases and is at N pro- 
portional to the area AA'C. From N towards mid-span the slope 
decreases, P at mid-span when the net area of the bending- 
moment diagram A is zero, ¿e as ‘much area is positive as 
negative. 


The slopes and deflections may be obtained from the resulting 
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bending-moment diagram by the methods of Art, 97, taking account 
of the sign of the areas. Or the methods of Art. 98 may be employed, 
remembering the opposite signs of the different parts of the bending- 
moment diagram area, and that the slope and deflection are zero at the 
ends. Another possible method is to treat the portion NN’ between 
the points of contraflexure (or virtual hinges) as a separate beam 
supported at its ends on the ends of two cantilevers, AN and BN’. 

If the slopes at the ends A and B are not zero, but are fixed at 
equal magnitudes i and of opposite sign, both being downwards towards 
the centre, slopes being reckoned positive downwards to the right, 
equation (1) becomes 


je + Mas = —ai. EI 
ai. El 


л 

xà fM -f pds- aie or м ifi pde 1 
p being usually negative, and for minimum intensity of bending stress 
this value of M' should be equal in magnitude to half the maximum 
value of p 

EXAMPLE r.—Uniformly distributed load w per unit span on a 
built-in beam. The area of the parabolic bending-moment diagram 
for a simply supported beam (see Fig. 8r) is 

$ x dot x 1= hot 

The mean bending moment is therefore pw". By reducing all 
ordinates of Fig. 8x by the amount jw/*, we get exactly the same 
diagram as shown in Fig. 152. 

EXAMPLE 2.—Central load W on a built-in beam. 


The bending-moment diagram for the simply PEO DOR, ad 


shown in Fig. 79. Its mean height is proportional to ic vg 
Hence for the builtin 
beam the bending-mo- 
ment diagram is as shown 
in Fig. 156. The points 
of contraflexure are evi- 
dently }/ from each end, 
and the bending moments, 
at the ends and centre 


are W 4 
E a Fro. 18$. 

‘aking the origin 
the centre or either end, using the method of Art. 97 (3) and taking 
account of the signs, 2 vanishes at both limits and y at one limit, and 
the central deflection under the load is 


bo T 12-0120) «at 
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103. Built-in Beams with any Loading.—As in the previous 
article, and with the same notation, if I and E are constant 


йү за, eque Dey 
or, A+A' =o 
or substituting for M' its value from (7), Art. rox 

femmes wee... o5 


"The loading being not symmetrical, M, is not necessarily equal to 
M,, and the area A’ is not a rectangle but a trapezoid (Fig. 157). and 
the equation of areas A and A' is insufficient to determine the fwo 

۳ fixing couples M, and My. 

i "m We may, however, very 

conveniently . proceed by 

the method used ip Art. 97 
to establish a second rela- 
tion. Thus, taking one end 
of the span, say A, Fig. 157, 





ae i as origin 
d TM 
Fro, 157 Er 


and multiplying by x and integrating (by parts), with limits Z and o 
(E yd ra epe 
or, xis - s). = Az + Az” 


where % and ¥ are the respective distances of the centres of gravity or 
centroids of the greas A and A’ from the origin, Further, the term 


d ' 
LOL 
is obviously zero, since each part of it vanishes at both limits x = / and 
s=0; 
As + AF = o = | prde + маа лаб ну 
or the moments about either support of the areas A and A’ are 


equal in magnitude, in addition to the areas themselves being equal, 
or, in other words, their centroids are in the same vertical line (see 


Fig. 157). 
` Evidently, from Fig. 157, the area APQB or A’ = 
hence from (1) 


Mat May 


CUL PEN eg 
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and, taking moments about the point A (Fig. 157), dividing the trapezoid _ 
into triangles by a diagonal PB 


AZ = (AM. 7.20) + (Ma -/.9) = AM, + 2M). (40) 
or from (3), }(M, + 2My)= — AZ . «5 e + © ee © (5) 


6 
or, Mı +2M, = — 4. AR 


and from (4), Mı + Ma = — 3. A 


from which M,= 24 _ 8 or #А(х - #) .. 6) 


Az OA z ` 
M=6 5-47 ог (F-a) a 


"Thus the fixing moments are determined in terms of the area of the. 
bending-moment diagram (A) and its moment (Ax) about one support, 
or the distance of its centroid from onesupport. The trapezoid APOB 
(Fig. 157) can then be drawn, and the difference of ordinates between 
it and the bending-moment diagram for the simply supported beam 
gives the bending moments for the built-in beam. The resultant 
diagram is shown shaded in Fig. 157. With the convention as to signs 
used in Art. 93 the area A must be reckoned negative for values of M 
producing concavity upwards. With loading which gives a ud 
moment the area of which and its moment are easily calculated, Ms 
M, may be found algebraically or arithmetically from (6) and (7), and 
ко the Pending moment elsewhere found from the equation (8) of 

тот. With irregular loading the process may be jed out 
graphically; the quantity A.Z may then conveniently be found by a 
“ derived area,” as in Art. 53, Fig. 64, using the origin A as a pole, 
without finding x. 

When the geriltsnt a moniént i ES A 
either of the graphical methods of Art. 98 may be used to find the 
deflections or slopes at any point of the beam, taking proper account of 
the difference of sign of the areas and starting both slope and deflection 
curves from zero at the ends. gl zea Lj oh 
may be employed, taking account of the different signs in calculating 
slopes eae areas of the bending-moment diagram or deflections 
from the moments of such areas. When the bending moment has been 
determined, the problem of finding slopes, deflections, etc., for the 

iltin beam is generally simpler than for the merely supported beam, 
the end slopes are generally zero. ‘Ihe shearing-force diagram 
built-in beam with an unsymmetrical load changes from 
t to point just as for the corresponding simply supported beam 


since 2E = w), but the reactions at the ends are different, as shown 
by (4), Art. 01, one (Ry) being greater in magnitude, and the other (R.) 


rll 


i 
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being less by the amount 3(M,—M,), which may be positive or 


negative. 

If the ends of the beam are built in so that the end slopes are not 
zero, equation (1) becomes 
i А+А'=Е(Ь-) ..... (8) 
where i, and f, are the fixed slopes at the ends B and A, and are 
reckoned: positive if downward to the right (usually they will have 
opposite signs). Equation (3) then becomes 

Ах+ Ах =Е./.Ь5Ь ..... (д) 
and the values of M, and M, are 
2A se р кан EE n) 


Mg = e 
+ i AS 
My = SEF _ 44 , Gxt sit oe © (rr) 


quantities which will be less in magnitude (the area A being negative} 
than (6) and (7) when both ends slope downwards towards the centre, 
unless i, and ;, are very unequal in magnitude. "To secure the greatest 
possible flexural strength from a given section it would be necessary 
to make the two fixing moments M, and M, equal, and opposite to 
half the maximum bending moment for the freely supported beam. 
The necessary end slopes could more easily be calculated than secured 
in practice, And in the case where A — o 


1 1 
n=- (2Ma + Ma), i =+ ggr(M, + 2Ma) (12) 
while if A is not zera, 
list AL az 
a=- - pe (MA +B) = Jey + Gey (Ma 2M) (13) 
which reduces to (7) and (6), Art. 97, when My =0 = My. Also 
P 1 
а М+М)... (130) 
another form of equation (8) 
галод. 


An Alternative Me 
A very simple method of dealing with a beam encastré at its ends is to 
Е look upon it as a canti- 


En B lever fixed at one end, A, 
м 2 JMa say (Fig. 158), the other- 
" fo god ra ы 

y a force 
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at B if free by the loads be # and ê respectively. Ther using (1) and 
(11), Art. 95, and equating the resultant upward slope to the right at B 
to zero, say 
M, 

mn x- #= о, ог$Ё,. 7 — М,./—Е.#= о. . (п) 
And using (2) and (11), Art. 95, and equating the resultant deflection 
to zero 

R? M,” 

З а -= 99169-47 Ы.2=о . (15) 


‘And from (x4) «nd (15) R= (23 — 4) der o) 





Mee pa... i. (D) 


Then R, 2-wholelad -R, . .. ... -.... (18) 
And М, = My + moment of whole load about A — Ra... . (19) 
Given slopes #, at A and /4 at B may easily be taken into account 
in equations (14) and (15), and any given difference in levels of the 
ends in equation (15). 
‘Also equations (14) and (15) might have been written in the 


notation of Art. 97, application (6), 2 replacing 8 and $ replacing i, 


The factor =; then disappears from the result, and (16) becomes 
R= 5805-0 Р E + + (20) 


and (17) becomes Mea . «+ + (ax) 
A and 3 in (20) and (21) referring, of course, to the cantilever diagram, 
and differing from the A and in equations (6) to (134). 
Values of F, M, 5, pa J anywhere may be found by methods and 
expressions used for 
cantilever combining the 
effects of Ry, My and the 
loads, or otherwise. 
EXAMPLE 1.'—A built- 
in beam of span / carries 
a load W at }/ from one yy 
end. Find the bending- s p 
moment diagram, points © 
of inflection, deflection : Fic. 159. 
under the ee re ae х рь 
ition and magnitude of the maximum deflection. 
taking the beam as a cantilever having the fixed end A (Fig. 159), 
! For'an alternative solution by equation (6), etc., see tbe Author's "' Strength of 
Materials," Art. 87. 
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and an upward force R, and moment M, applied at B, from (5), Art. 95, 
the deflection at the end is 
a; W^ 
8= 28 ЕГ 
and fiom (3), Art. 95, the slope at the end is 
Tu. m. 
32 EI 
hence from (16) 
Rs - 6( — $)W -5W, and R, = 4W 
and from (17) 
M, e (ly — SW e RW! 
and hence the bending moment at A 
My = QW/+ 3W/- BW! = RW! 
For the longer segment A to C, taking moments of forces to the left 
of a section with A as origin 
М = М,- В,.х= 2W/- Ws 
which vanishes for x = ;3/, giving the position of the point of inflexion 
E. For the shorter segment C to B, taking moments to the right of a 
section 
M = M, — B,(/ - 2) = W/ — БУО а)= — BWI} Wa 
which vanishes for + = $ giving the point of inflection F, The deflec- 
tions and slopes might be found from the general expressions for deflec- 
tion in Art. 95, sections (a), (7), and (2), but it is simpler, since i and 
y vanish for ж = o, to use the relations (3) and (4) of Art. 94 directly 
thus. 


Slopes from A to C reckoned positive downwards to the right 
w w 
i= prf de MP m estat) 
‘This vanishes for x — $7, which gives the position of the point of 
maximum deflection. That its distance from A is twice that of the 
point of inflection under E is evident from a glance at the bending 


moment diagram, Fig. 159. 
For x = at C 
E 


азан dau 
Slopes from C to B 
b xf tete а-ал) 
which does not reach zero for any value of x between M and 4 ^ 


3 
4 
[ 
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Deflections from A to C 


T w w 
I= Jida = ppr] (5 + stajda e s Crit in) 
and at C, where x = 34 


w^ 

Je = tu Ег 

and at «= 3, Ime = tutes Ue 
Ki a 
asi = + үг 


Deflections from C to B 
Е w^ w 
yart fii dem tat E + f (8F — aste ae 
w "| 
‚шшк o не + ө) 
WwW 
= Sap 2a" З + 422 — 2) 


EXAMPLE 2,— The more general problem of a load W on a built-in 
beam, placed at distances a from one support A and é from the other B, 
may be solved in the same way or by using equations (6) and (7). 

If a is greater 
than 2, and A is the w 
origin (Fig. 160) 





"The slope under the load is 


"The zero slope and maximum deflection occurs at 


2а 
E Ed +2) 
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and when 4 = o this becomes 3(a + 4), so that the maximum deflection 
is for the built-in beam always within the middle third of the span. 

‘The deflection under the load is 

wep 
7 7 sEl(a 4- 25 

which is cis times that for a freely supported beam, 

The maximum deflection is— 

Wap 


Le + 27ЕІ 


and the deflection at mid-span is— 


Wé(3a — b) 
48EI 

Built-in Beams of Variable Section.—Having considered in Art. 99 
how simple beam-deflection problems are affected by a variable section, 
and in the present article the case of built-in beams of constant 
section, it will be sufficient to say that the modification in the work 
when the quantity Tis not a constant consists in using ¥ instead of M 
as a variable throughout. The matter is treated fully from its algebraic 
and graphical aspects in the author's “Strength of Materials.” 

104. Continuous Beams. Theorem of Three Moments—A beam 
resting on more than two supports and covering more than one span 


A c 


*----*---5--- 
м! 
4 M, 
M, Mc 


A B с 
Fro, 161, 


is called a continuous beam. Beams supported at the ends and propped 
at some intermediate point have already been noticed (Arts. 94 and 
96), and form simple special cases of continuous beams. 

Considering first a simple case of a continuous beam, let AB and 
вс, а траат н о ССН 
tinuous beam, the uniformly spread loads on 4 and 4 being m, and w, 
per unit length respectively. Then for either span, as in Art. ror, the 
bending moment is the ic sum of the bending moment for a 
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freely supported beam of the same span and that caused by the fixing 
moments at the supports, or, as in Art. ror (8) 


M = BIS = e + M! 


M', being generally of opposite sign to A. First apply this to the 
span BC, taking B as origin and x positive to the Eier being equal 
to ~ "*(4x — 2), being reckoned negative when producing concavity 
upwards, by (7) and (8), Art. 1ox— 


и = Poet Set + My + (Me= ME 2. б) 


and integrating— 
нё = ی‎ at Mast (Mo муб + EI. 4, (2) 


where iy is the value of at B, where x = o. 


Integrating again, y being o for x — o ^ 
DA ag а Маа (М.М) БЕГА аф 
жа +h + (Me — Ma) + EL faz +0 (3) 


EL.y=— 2, 
and when z — 4, y — o, hence dividing by 4 


wh _ Mah _ (Me = Ma)h 4 
2 6 


EI. = 2 

вв. m амм о... 0) 
Now, taking B as origin, and dealing in the same way with the 
voe ep dic DAE a e AC Ed 
sign of 


or, 


-SEL A — ah = Ma. wo 2) 


and adding (4) and (s) 
Mah + aMa(h +4) + Moh е + о) mo . (6) 


This is Clapeyron's Theorem of Three Moments for the simple 
loading considered. If there are ж supports and  — 1 spans, or 
7 — 2 pairs of consecutive spans, such as ABC, » — a equations, such 
As (6), may be written down. Two more will be required to find the 

moments at s supports, and these are supplied by the end 
Conditions of the beam; eg. if the ends are freely supported, the 
bending moment at each end is zero. 
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If an end, say at A, were fixed horizontally, £, = o and an equatior 
similar to (5) for the end span would be 


When the bending moment at each support is known, the reactions 
atthe supports may be found by taking the moments of internal ana 
external forces about the various supports, or from Art. ror (4), the 

ing force on a section just to the right of A, : 
Ma — My _ wr 
2 


The shearing force immediately to each side of a support being 
found, the pressure on that support is the algebraic difference of the 
shearing forces on the two sides. As the shearing force generally 
changes sign at a support, the magnitude of the reaction is generally 
the sum of the magnitudes of the shearing forces on either side of the 
support without regard to algebraic sign. 

EXAMPLE 1.—A beam rests on five supports, covering four equal 
spans, and carries a uniformly spread load. Find the bending moments, 
reactions, etc., at the supports. 

Since the ends are free (Fig. 162), M, = 0, and My =o. N 

And from the symmetry evidently Mp = Ma. 

ав the equation of three moments (6) to the portions ABC 
an 


R= 


64 2M,. 27 4- A ac 


and Ms./ + aMo. 22 + My — uw? = o 
hence 4My 4- Md — 3e? — o 
and 4М 4- 8Mg — w^ — o 


7M./-)w M -àw?  M.,-dqu-M, 
Taking moments about B 


Rl a gu R= Hw R 


Taking moments about C 


Hwl + Ry./ — 20Р = — hel R, = fw = Ву 
Ro = qwl — Yul — ful = Ful 

The shearing-force diagram for Fig. 162 may easily be drawn by 
setting up }}z/ at A, and decreasing the ordinates uniformly by an 
amount tw/ to — }77/ at B, increasing there by $2/, and so on, changing 
at a uniform rate over each span, and by the amount of the reactions 
at the various supports, 

The bending-moment diagram (Fig. 162) may conveniently be drawn 
by drawing parabolas of maximum ordinate lw/ on each span, and 
erecting ordinates My, Mg . Mp, and joining by straight lines. The 
algebraic sum of » and M’ is given by vertical ordinates across the 
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shaded area in Fig. 162. An algebraic expression for the bending 
moment in any span may be written from (8) Art. ror as follows x— 


Span AB, origin A— 
M = ~ T(x — 2) + ule = - Eu a) 
Span BC, origin B— 
м= -7(®- =) + or = fle = — (ж — Ал — г) 





Fic, 162, 


EXAMPLE 2.—A continuous girder ABCD covers three spans, AB 
60 feet, BC roo feet, CD 40 feet. The uniformly loads are 
x ton, 2 tons, and 3 tons per foot-run on AB, BC, respectively. 
If the girder is of the same cross-section throughout, find the bending 
moments at the supports B and C, and the pressures on each support. | 

$ For the spans ABC— 
© + 320M, + 100Mo = } X rooo(216 + 2000) = 554,000 
16Mp + 5Mo = 27,700 tons-feet. 


For the spans BCD— 
100M, + 280Mo + o = } x 1000(2000 + 192) 
hence Ma + 14M, — 27,400 ton-feet. 
From which $ ^" = 1260'3 ton-feet Mo = 1507'o tonfeet 


Taking moments about B, К, x бо — 60 X 3o = — 12603 
К, = 9 tons 
C, 9 X 160 + 100R, — 60 X 130 — 200 X 50 
- — 1507 n Ra = 148'5 tons 


» . 
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Taking moments about C, 40Rp — 120 X 20 = — 1507 


à Rp = 22'3 tons 
E " * B, 2273 X 140 - 100Ro— 120 X 120—200 X 56 
= — 1260 Rd 2001 tons 


105. Continuous Beams ; any Loading.—Let the diagrams of bend- 
ing moment APB and BQC be drawn for any two consecutive spans 
AB or 4, and BC or 4 (Fig. 163), of a continuous beam as if each span 
were bridged by independent beams freely supported at their ends, Let 
the area APB be A, and the distance of its centroid from the point 
A be ž, so that A,7, is the moment of the area about the point A, Let 
the area under BQC be A, and the distance of its centroid from 
C be 7, the moment about C being A, (In accordance with the 





Fic, 163, 


signs adopted in Art. 93, and used subsequently, the areas A, and A, 
will be negative quantities for downward | ;, bending moments 
which produce upwards convexity being reckoned positive.) Draw the 
trapezoids ARSB and BSTC as in Art ror, to represent M’, the bending 
moments due to the fixing couples. Let A, and A; be the areas of 
ARSB and BSTC respectively, and x; and z/ the distances of their 
centroids from A and C respectively. * 

From A as origin, x being measured positive towards B, using the 
method of Art. 97 equation (3) between limits + = 4 and х = о, Ше 
supports at A and B being at the same level í 


(e 7), = a = |] (e+ Made = p (AR +AT) (1) 
dj 


i, being the slope at B. 


From C as origin, æ being measured positive toward E, C and B 
being at the same level— pet 


е2 - =i m pA HAE) 6s 5 (2) 
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Equating the slope at B from (1) and (2) with sign reversed 
account of the reversed direction of. o e eR Ex 


А + Аузу b ADM 
T. =o AN LI loa a 


4 
And as in Art. 103 (4a), by joining AS and taking moments about A— 





se ee (3) 


و 
A3! =% (Mi + 2Ma)‏ 
and similarly Ag = Zt. + 2Ms)‏ 
hence (3) becomes—‏ 
BR LAB ым, + IMG + 4) + Moh = o‏ 


4 
» n 

o, + aM + A) + Moh = 0. (4) 
This is a general form of the Equation of Three Moments, of which 
equation (6) of the previous article is a particular case easily derived 

1 

by writing A, = Eco. and x, =4, etc., the areas A, and A, 
being negative for bending producing concavity upwards, For a 
beam on # supports this relation (4) provides # — 2 equations, and the 
other necessary two follow from the manner of support at the ends, If 
-either end is fixed horizontally, an equation of moments for the adjacent 
span follows from the method of Art. ro3. If A is'an end fixed hori- 
' zontally, and AB the first span, from area mo ments about B, an equation 


similar to (s), Art. 103, is— 
aM, + Ms + A o. (A: being generally negative) 

lf both ends are fixed horizontally, a similar equation holds for the 

other end. If, say, the end A is fixed at a downward pepe da towards 

B, the right-hand side of this equation would be — * instead of 

- zero. If either end overhangs an extreme support the bending moment 


at the support is found as for a cantilever. . р 

If E or all the supports sink, the support B falling 3, below A 
and à, deow C, a term corresponding to y appears in (1) and (2), so that 
(3) becomes— 


As 








X EI Ан + Ау + ЕЗ. . (se) 
2 


А 


and (4) becomes— 


бА х, н & 
URB A м, +зм„а+) +М,.А+вЕЦЁ +7) = (6) 
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Wilson's Method.—A simple and ingenious method of solving general 
problems on continuous beams, published by the late Dr. George Wilson,’ 
consists of finding the reactions at the supports by equating the upward 
deflections caused at every support by all the supporting forces, to 
the downward deflections which the load would cause at those various 
points if the beam were supported at the ends only. This provides 
sufficient equations to determine the reactions at all the supports 
except the end ones, The end reactions are then found by the usual 
method of taking moments of all upward and downward forces about 
one end, and in the case of free ends, equating the algebraic sum to 
ч » is Е , лего. To take a definite 
case, suppose the beam 
to be supported at five 
1 points A, B, C, D, and 
" E, Fig. 164, all at the 
Fro, 164. $ * same level. Let the dis- 
i tances of B, C, D, and E 
from A be Û, ¢, 2, and e respectively. Let the deflections at A, B, C, D, 
and E due to the load on the beam if simply supported at A and E 
be o, Ym Yo Jm and o respectively. These may be calculated by the 
methods of Arts. 94, 96, 97, 98, according to the manner in which the 
beam is loaded. 
Now let the upward deflection at B, C, and D, if the beam were 
supported at the ends, due to 1 Ib. or 1 ton or other unit force at B be 
wÎ, ıo, and à, respectively, 
and those at B, C, and D due to the unit force at C'be 
y, Boy and 8p respectively, 
and due to unit force at D be 
dôn ao and «bp respectively. 
"Then all the supports being at zero level, if Ry, Ro, and Ry are the 
reactions at B, C, and D respectively, equating downward and upward 
deflections at B, C, and D for the beam supported at the ends A 
and E only 
Ya = (Ry X 482) + (Ro X 89) + (Ro х abs)» « (6) 
Yo = (Ra X ı8e) + (Ro X sry ees toe g 
Jo = (Ry X à) + (Ro X 5) + (Ro X ôo)» +- (8 
Note that Ba = 80, 43s = o, «êy =o, which becomes apparent 
by changing 4 into x, x into ? and a into a + 4 — = in (7), Art. 96. 
From three simple simultaneous equations (6), (7), and (8), 
Rs, Ro, and Ry can be determined. Rx may be found by an equation 
of moments about A. 
Е, х е = (moment of whole load about A) — 4. Rc — Ке — ZR, 
and КЁ, = whole load — Ry — Re — Ry — Re 
3 Proc, Roy. Sec, vol. 62, Nov., 1897. 


- 
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The exercise at the end of Art. 96 is a simple example of this 
method, there being only one support, and therefore only one simple 


equation for solution, 
Wilson’s method may be used for algebraic calculations when the 


loading is fpe. so бае the upward and downward deflections may 
be easily calculated, but it is equally applicable to irregular ty; 
of loading where downward deflections at several Points are И 
determined in one operation graphically. 

When the reactions are all known, the bending moment and shear- 
ing force anywhere can be obtained by direct calculation from the 
definitions (Art. 56). 

Sinking of any support can evidently be taken into account in this 
method very simply. If the support at B, for example, sinks a given 
amount, that amount of subsidence must be subtracted from the left- 
band side of equation (6). 

If one end of the beam is fixed, the deflections must be calculated 
as for a propped cantilever (Arts. g5 and 97). If both ends, they must 
be calculated as indicated in Arts. 102 and 103. 

EXAMPLE r.—Find the reactions in Ex. x of Art. 104 by Wilson's 


Method. Using Fig. 162 the beam being supported at A and E only, 
and A being the origin, by (9) Art. 94 


a = Др 8 + 64) = = ж from the symmetry 


Апа Бу (тт), Art. 94 
256/* jm 
Joust tr =F FI 


And using (7) and (8), Art 96, the upward deflections due to the props 
are, ч 
төз _ Eexsq-1-p- 4-0] 
= £d ^F BR), since by symmetry Rp = Re 
And at C 





watt + Be} = ORs + a 


Equating upward and downward deflections at B and C 


= 4R HR. 
- Elm 
from which R, = Ry = $«/ and Ro = Fw. 
В, = Ву = d(aw — 2 X fool — Heol) = Yoo! 


M, = — Hot + 2 = dur 
M, = aw? — tw? — Bowl x of = de? 
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The bending moment anywhere can be simply stated, the diagrams 
of bending moment and NEUE being as shown in Fig. 162. 
EXAMPLE 2.—À continuous beam 3o feet long is carried on supports 
at its ends, and is propped to the same level at points ro feet and 
22 feet from the left-hand end. It carries loads of 5 tons, 7 tons, and 
6 tons at distances of 7 feet, 14 feet, and. 24 feet respectively from the # 
left-hand end. Find the bending moment at the props, the reactions 
at the four supports, and the points of contraflexure. 
Firstly, by the General Equation of Three Moments,—For the spans 
ABC, Fig. 165, with the notation of Art. 105. | 
Tons ins 6Tons. | 





Fi, 165. 
Moment of the bending-moment diagram area on AB about A 
Аж = (0.7.1.807) +G. 3.3.8) = 33 + 126 = agr'$ ton«(feet)! 
Moment of the bending moment diagram on BC about C 
ata = (4. 448.92) + (4.8. 4818) = pt p tr = 746'6 ton(feet `' 


‘This must be taken as negative in accordance with the signs adopted 
at the end of Art. 93. Then from (4) of Art. ros, since M, = о 





= (6 x 29775) — SX 148 4 9 4 aMy x 22 + aM, mo 
ог 44M, - 12M, 7 55183 . . e o o o (9) 


For the spans BCD 
About Aun = (3.4.9.2. .8.58.39) — sor'$ 
AbD A PLS 


Ге 
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Taking these as negative, from (4), M; being o 








r =5х59 te rar aera rein 
or, 12M, 49M, m 4248 . . . . . (xo) 
And from the equations (9) and (то), 

E М, = 10°51 ton-feet Me = 7:46 ton-feet: 


Taking moments to the left of B 
5 X 3 — 10R, — ro'sr R, — 0449 ton 
Taking moments to left of C 
5X15 +7 X8 — 22% 045 = 12R, = 7°46 Ra = 9'471 ton 
Taking moments to right of C 
6 xX 2 — 8Rp = 7'46 Ry = 0567 ton 
Ro = 5 + 7 + 6 = 0'45 — 947 = 0°57 = 7'51 tons 
Infiections.~sTaking A as origin and taking convexity upward as 
positive bending. From s ton load to B 
bending moment = 5(x— 7) — 0°449% = 4'551x — 35, which vanishes, 
for x - 7:9 feet, * 
From B to 7 ton load, bending moment is 
45515 — 35 — 9'471(x — 10) 5971 — 4'92x, which vanishes, for x 
= 12°14 feet, 
From 7 ton load to C the bending moment is 
5971 — 4'92x -- 7 (x — 14) = 2°08 — 38°29, which vanishes, for x 
= 18'5 feet, ` 
From C to 6 ton load the bending moment is 
208r — 3829 — 7 51(z — 22) = 126'9 — 543, which vanishes, for x 
= 23'4 feet, 
Secondly by Wilson's Method.—With end supforts only, the down- 
ward deflections by (7) and (10) of Art. 96, are, at B 








&ET x golls X 7 X 20(529 + 322 — 400)} 
+{7x16x 10(196+448 — 100)}-+{6 x 6 X 10(576-+288—100)}] 
200020 


1, 
== ЖО (315,700 + 609,280 + 275,040) = "T. ETT. 





т 


7*7 gg y go ls X 7 X S(s29 - 322 — 64) 


FX 14 X 18(2564-448 — 64)) H- (6X 6x 22(576-+288—484)}] 
023,080 
осурган TE (220,360 + 501,760 + 300,960) = MEI 
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With end supports only, the юа deflections due the props at 
B and C are 
[{2Rax 100 xX 400} + (RcX8X 10(4844- 352 — 100)]] 


^t B geras 
Е =BsEI(80/000Rs + 58,880R,) 
. س4‎ БЕТ зо Кх 10 X 8 (400 4- 400 — 64)) -- (2Rc X 64 x 484)] 


(58,880R, -- 61,952 Rc) 





= TET 
= Eauating the upward and downward deflections at B and C 
80,000Ry + §8,880Re = 1,200,020 . (11) 
58,880R, 4- 61,952 Ro — 1,023,080 omen oil (za 
which equations give the values 
Ra = 9'47 tons Re = 7°51 tons 
confirming the previous results. The reactions at thé ends, bending 
moments at the supports, and position of the points of inflection follow 
by direct calculation very simply (see Fig. 165). 

EXAMPLE 3.—If the cross-section of the continuous beam in 
Example 2 above has a moment of inertia of 300 inch units, and the 
support B sinks 3; inch and the support C sinks j; inch, find the bend- 
ing moments and reactions at the supports, E being 13,000 tons per 


square inch. 
Firstly, by Wilson's Method, — The downward deflection at B due to 


the load would be 


1,200,020 ton-(feet)" 
gest) feet or aS 


EF units. If E and I are in inch units the 
deflection at B would be 


Hx woe inches, the dimensions being o пенай 


The upward deflection at B due to the props has to balance o*os 
inch less than this amount, hence 


13Ê (Bo,oooR, + 58,88оК) = 1728 (1,200,020) — o'os 


or corresponding to (11), putting I = 3oo and E = 13,000 
8o,oooR, -- 58,880R. — 1,200,020 — 20,312 — 1,179,708 (13) 
and corresponding to (12) with o' inch subsidence at C. 
58,880R, + 61,952Re = 1,023,080 — 40,625 = 982,455 (14) 
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From the simple equations (13) and (14) 
Ro = 6'13 tons Ry = 10°23 tons 

And by an equation of moments about A, Rp = 1°33 tons, 

and by an equation of moments about D, Е, 0°31 ton, 


Secondly, by the General Equation of Three Moments,—From equa- 
tion (s), Art. 105, an equation corresponding to equation (9), the units 
of which are ton-(feet), may be formed, Using such units, this be- 


comes 


т44(44М + т12М,) + 6х 13,000 х 300( 295 - E = $5183 X 144 


or, 44My + 12Mo = 55'83 11'3 . . . (15) 
And corresponding to (ro) 


«§ — § X 13,000 X 300/0'o! o'r 
M, M, 6- Ss ee 
ганнын дЫ; 144 Ga? 96, 
or, 12M, 4oMo 199. . |. . . (16) 
And from (15) and (16) 
Mz = 11°87 ton-feet Mg = 1°404 ton-feet 
From an equation of moments to the leftof B, Е, = o'31 ton 
» » » » right of C, Ro = 1°33 tons 


right of B, Re = 6'13 
n  leftofC, R, = 1033 „ 





^" » » 
” ^ » ” 
confirming the previous results, 

The diagram of bending moments is shown in the lower part of 
Fig. 165. Тһе serious changes in the magnitude of the bending 
moments at B, C, and under the 6-ton load may be noted ; also the 
change in postion of the points of inflection to the right and left 
of C, involving change in signs of the bending moment over some 
length of the beam ; all these changes arise from the slight subsidence 
of the two supports at B and C. 

106. Continuous Beams of Varying Section.—The methods of the 
previous article may be applied to cases where the moment of inertia 
of cross-section (I) varies along the length of span. The modifications 
in the first method»will consist in dividing all bending-moment terms 
by the variable I before making the summation of the various terms in 
fiMzds and writing E in place of EI. The complete method is more 
fully explained in the author's “ Strength of Materials.” 

Fixing of the girder ends at any inclination may also be taken into 
account as indicated in Arts, 103 and 105. ы 

Wilson's Method of solving problems in continuous beams by 
equating the downward deflections produced by the load to the upward 
deflections produced by the supporting forces, supposing the beam to 
be supported at the ends only, may be applied in cases where the value 
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of I varies, provided the deflections for the necessary equations are 
determined in accordance with the principles in Art. 99. Generally, 
a graphical method will be the simplest for determining the deflections. 
Full details of a numerical example will be found in Dr. Wilson's paper 
already referred to, where the deflections are found by a novel graphical 
method. 

107, Advantages and Disadvantages of Continuous Beams.—An 
examination of Figs. 162 and 165 and other diagrams of bending 
moment for continuous girders which the reader may sketch, shows 
that generally (x) the greatest bending moment to which.the beam 
is subjected is less than that for the same spans if the beam were cut 
at the supports into separate pieces ; (2) disregarding algebraic sign, the 
average bending moment throughout is smaller for the continuous beam, 
and less material to resist bending is therefore required ; (3) in the 
continuous beam the bending moment due to external load is not 
greatest at points remote from the supports, but at the supports ; hence, 
in girders of variable cross-section, the heavy sections are not placed 
in positions where their effect in producing bending stress is greatest, 

‘On the other hand, a small subsidence of one or more supports 
may cause serious changes in the bending moment and bending stresses 

at particular sections, as.well as changes of sign in bending moment and , 
bending stresses over considerable lengths, with change in position of 
the points of contraflexure, These changes, resulting from very small 
changes in level of a support, form serious objections to the use of 
continuous girders. Another practical objection in the case of built-up 
girders is the difficulty in attaining the conditions of continuity during — 
construction or renewal, or of determining to what degree the conditions 

are attained. In a loaded continuous girder two points of contraflexure 
usually occur between two consecutive supports; if wt these two points | 
the girder is hinged instead of being continuous, the bending moment 
there remains zero, and changes in load or subsidence of a support 

do not produce changes in sign of the bending moment and bending 
stresses. This is the principle of the cantilever bridge (see Art. 150), 
although the girder is not sulid, but of the braced type dealt with in 
later chapters: the portions between the hinges are under the condi- 
tions of a beam simply supported at its ends, and the portions adjoinii 

the piers are practically cantilevers which carry the simply EU 
beams at their ends. The points of zero bending moment being fixed, 
the bending-moment diagrams become very simple. For cantilever 
bridges and continuous braced girders, see Chap. XIII. 

, 108. Resilience of Beams.—When a beam is bent within the elastic 
limits, the material is subjected to varying degrees of tensile and 
compressive bending stress, and therefore possesses elastic strain 
energy (Art. 34), £e it is a spring, although it may be a Stiff one, 
The total flexural resilience (sce Art. 34) may be calculated in various ^ — 
ways; it may conveniently be expressed in the form 


£ x X volume of the material of the beam 8 (0 
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where # is the maximum intensity of direct stress to which the beam is 
subjected anywhere, and ¢ is a coefficient depending upon the manner 
in which the beam is loaded and supported, but which is always less 
than the value į, which is the constant for uniformly distributed stress 
(see Art. 34). If fis the intensity of stress at the elastic limit of the 
material, then 


A. 
“ху X volume 


is the proof resilience of the beam, 
For a beam of any kind supporting only a concentrated load W, the. 


resilience is evidently 
$. W x (defection at the load) . . . . (a) 
eg. a cantilever carrying an end load W has a deflection 
” wr 
ЗЕТ бее (а), Ат. өз) 
hence the resilience is 
3 p wp 
ER STO ла „лгу, 
If the beam is of rectangular section, the breadth being 4 and the 


4, 
p= Wis lod 
volume = öd 
and l=}? 
hence $ e = j or resilience = v ba” ) 5. (9 
For any shape of cross-section, if the radius of gyration about the 
neutral axis is &— 5 
since Am WII and area of section = 1+ # 
fm (7). d 
I 
resilience = e x THE xp x 2= $ x 
г 
hence =X) and resilience = $.5.4 x volume 


eg. for the rectangular section @- 25, for standard I sections ^ is 
usually about 0*4. P iat 
^... The same coefficients, etc., as those above will evidently hold for a 
beam simply supported at its ends, and carrying a load midway between 
If all the dimensions are in inches and the loads in tons, the 
resilience will be in inch-tons, 
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If with the notation of Art, 93, in a short length of beam d, over 
which the bending moment is M, the change of slope is di, the elastic 
strain energy of that portion is 

fM. ....... (9. 
and over a finite length the resilience is— 4 


VMÁ .....-.. (5) 


o (6) 
| 


зај меа eee) 


which may also be written 
ی‎ c if ae fen 


or, if EI is constant— 


From these forms the resilience of any beam may be found when _ 
the bending-moment diagram is known. For a beam of uniform 1 


section and length /, subjected to “simple bending” (see Arts. 61 and 
92), for which the bending moment and curvature are constant, the 


resilience, from (4) or (7), is— 
з, 
¥M x change in inclination of extreme tangents = EF’ O 





If such a beam is rectangular in section, the breadth being 6 and 
the depth 4 2 = М <- 402, апа іп е form (1), the resilience, from 


(2), ів 


6M? у 
extx volume or ¢ X Му л ама 
a 
hence £ = $, and the resilience = 14 bil 


‘The same coefficient (}) will hold for any of the rectangular beams 
of uniform bending strength, in which the same maximum intensity of 
skin stress ^ is reached at every cross-section, and which in 
circular arcs. For circular sections the corresponding coefficient is }. 

In the case of a distributed load w per unit length of span, the 
resilience corresponding to (2) may be written 

Vus zov ovre tel 


where y is the deflection at a distance x from the origin. 

Beam ions calculated from Resilience—In equation (2) the — 
deflection has been used to calculate the elastic in energy. Simi- 
larly, if the resilience is calculated from the bending moments by (5) 
or (7), the deflections may be obtained from the resilience. For 
example, in the case given in Art. 96, of a non-central load W on a 
simply supported beam, using the notation of Art. 96 and Fig. 145» 
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taking each end as origin in turn, and integrating over the whole span, 
ausing (7) 

M? 1 юу ү т aW ү 
=] = af e) ei af eu 5а 
us wep 

ke Jo = 3a + DEI 


which agrees with (8), Art. 96. 
‘aking as a second example the case (7), Art. 94, and Fig. 
139, of a uniformly spread load w per unit span on a beam simply 
supported at each end, at a distance x from either support 
M EC — x?) (see Fig. 81) 

To find the deflection at a distance a from one end, consider the 
effect of a very small weight W placed at that section, It would cause 
an additional bending moment 

ay di l-a 
EI gy or EIRT У.х 
at a distance x from the end anywhere over the range of length a; 
hence over this portion 
j_n l-a Wz 
oy ates 
and similarly for the remainder at a distance x from the other end 
Q2 Ws 
a= TED dx 


Hence from (5) the total increase of strain energy in the whole beam 
due to W would be— 


W w a 
Vei - agr P (0 — of te sta t af Gt - уа) 
=}.W.y 
Reducing this 
wa(l – а) 
yu EL (А + а – а) 
which agrees with (9), Art. 94, when x is written instead of a. 
Generalising this for any type of beam, take W = 1, and let m be. 
the bending moment at any section due to unit weight at the particular, 
section the deflection at which is y, then di = gy e 
M 
xı xy =} Mai = 4| Ж" ә у= |р 09 
K 
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the integration being over the whole length of the beam and if necessary. 
divided into separate ranges with convenient origins. In the particular 
case of the deflection under a load W, M = Wm, and— 


y= 4 ЧУ ө.» PARRA 


ExAMPLE.—À beam of rectangular section is supported at its ends, 
and carries a uniformly distributed load. Find the resilience in terms 
of the greatest intensity of stress, and the volume of the beam, 

Using the notation of Fig. 81 


-м= 20-20) 
the total resilience from (7) is 


E m 
2 fee — ald + Ade = 


24081 





If the breadth of section is 4 and the depth 4, the greatest intensity 
uit 
of stress P occurring at mid-span is }w/"+ jdd* = {тя 


‚ш рр Ê X 
and _ e.g Volume or c. ia: ppg [75772 
hence = фала resilience = 4 x% x volume 


This might also be obtained as the sum 
l 
Afris 
; 


. using the expression (9) of Art. 94 for y. 

109, Elastic Energy in Shear Strain; Shearing Resilience.— 
When material suffers shear strain within the elastic limit, elastic straip 
energy is stored just as in the case of direct stress and strain. For 
simple distributions of shear stress the resilience or elastic strain ene! 
is easily calculated. Let Fig. 9 represent a piece of material of lei 
4 perpendicular to the plane of the diagram, having uniform shear stress 
of intensity 7 on the face BC, causing shear strain 4 and deflection BB". 

"Then the resilience evidently is 
ў х (force) x (distance) = } x (BC .Z.g) x BB" = }.BC./.¢. ABO 


= 4-BC.1,AB.& 
d x volume or 4% per unit of volume 


where N is the modulus of rigidity. s 
Note the similarity to the expression # per unit volume, which is. 
the resilience for uniformly distributed direct stress (Art. 34). 





“os i 
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110. Deflection of a Beam due to Shearing.—In addition to the 
ordinary deflections due to the bending moment calculated in Chap. VI., 
there is in any given case other than “simple bending” (Art. 64) 
a further deflection due to the vertical shear stress on transverse 
sections of a horizontal beam. This was not taken into account in 
the calculations of Chap. VL, and the magnitude of it in a few simple 
cases may now be estimated. 

In the case of a cantilever of length Z carrying an end load W 
(Fig. 75), if the shearing force F ( = W) were uniformly distributed over 
vertical sections, the deflections due to shear at the free end would 


4 x (angle of shear strain) 
Fase cee 
or Ф. = мо 


where A is the area of cross-section. If the section were rectangular, 
of pom û and depth æ, the deflection with uniform distribution would 
4 

be ALN 

But we have seen (Art. 72) that the shear stress is not uniformly 
distributed over the section, but varies from a rhaximum at the neutral 
Surface to zero at the extreme upper and lower edges of the section. 
coe consequence is that the deflection will be rather more than 
АС We can get some idea of its amount in particular cases from 
the distribution of shear stress calculated in Art. 72. But it should 
be remembered that such calculations are based on the simple theory 
of bending (see Art. 64), and are approximate only. While the simple 
(or Bernoulli-Euler) theory gives the deflections due to the bending 
moment with sufficient accuracy, the portion of the total deflection 
which is due to shearing cannot generally be estimated with equal 
accuracy from the distribution of shear stress deduced in Art. 72. It 
becomes desirable, then, to check the results by those given in the more 
complex theory of St. Venant (see Art. 64) if a very accurate estimate 
of shearing deflection is required. Ina great number of practical cases, 
however, the deflection due to shearing is negligible in comparison 
with that caused by the bending moment. Assuming the distribution 
of sheer stress to be as calculated in Art. 72, and constant over a 
narrow strip of the cross-section parallel to the neutral axis of the 
section, a few deflections due to shear will now be calculated for cases 
where the shearing force is uniform, and for which the simple theory 
of bending is approximately correct (see Art. 64). 

Cantilever oj ern. Section with End Load—The breadth 
being 4 and the depth d, a longitudinal strip of length / width 4, and 
thickness dy, paralled to the neutral surface and distant y from it, will 


Store strain energy— 
3.5 6.1, dy (see Art, r09) 
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due to shear strain. And from (4), Art. 72 
6F (a? 
r=”) 
where F — W, the end load. 


зет, а 
? pet 





Hence 
‘The total shearing resilience in the cantilever is 


i 
a" 18W% a ay 
A 2| i00 
2 


po, yy и‏ ا 
hie Nod \16 6 5s, ‘Nia‏ 

1f 8 be the deflection at the free end due to shearing, the shearing 
resilience is y. W.3 = $75, hence 

wi ‘mean value of 
m x 

which is 20 per cent. greater than it would be with uniformly distributed 
shear stress. 

Similarly, for a beam simply supported at its ends and of length 4, 
carrying a central load W, putting £ for д апа У for W, the shearing 
deflection is 

wi 
$N 
or the total deflection due to bending and shearing is 

w^ WEEN Efa 
axi Pe gel + +2} 
Е > ул ү 
orit E §, this becomes aA $ 21 
a 4Wi " 
or for the cantilever awit +a) 

‘The second term is negligible if (à) is large, which is generally the 
case in practice. This expression for.the shearing deflection is in fair 
agreement with the more exact expression deduced by St. Venant,! 
provided the breadth is not great compared with the depth. 

Disw iduted Loads.—Witb» a distributed load the simple theory of 
bending does not hold with the same accuracy as when the vertical 


shearing force on the cross-sections is constant throughout the length 
2 See Todbunter and Pearson's ‘History of Elasticity,” vol. ii. Arts. 91 and g6. 
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(see Art. 64). Neglecting this, however, for a beam of rectangular 
section the deflection due to shear strain of an element of length dx 


would 
6 F 


: SN 
In the case of a uniformly distributed load w per unit length at a 
distance æ from the free end, 


Е = 0х 
hence the total deflection 
бо П, зоа 
suia [7 3 Nae 
Vias WE 
5Nód 


the effect of a distributed load being half that of the same load 
concentrated at the end. The same coefficient will evidently hold 
good for a beam freely supported at its ends, and uniformly loaded, 
compared to similar beam carrying the same load concentrated 
midway between the supports. 

I-Sedon Girders.—The cases in which the shearing deflections are 
of more importance are the various built-up sections of which girders 
are made, particularly when the depth is great in proportion to the 
length. In an I-girder section, for example, the intensity of shear stress 
in the web is (see Art. 72) much greater than the mean intensity of 
shear stress over the section. A common method of roughly estimating 
the total deflection of large built-up girders is to calculate for ordinary 
bending deflection, using a value of E about 25 per cent. below the 


usual value to allow for shearing, etc. 
Any Section.—For any solid section instead of (1) the elastic energy 


Wê would be 
med fot сао 


where s is the breadth of the section at a depth y, as in Art. 71, and 
= E yt, as in Art. 72, hence the strain energy— 
, 


М м | 
наа, [elfi] rG) 


* In {һе case of a varying section we must substitute for g the value given in the 
footnote to Art. 72, and for £ we must write yy which is not a constant, but the 
extreme value of y for any section; and for the right-hand side of (2) we must write 


A Ж ы . This may be found if I and y, are known as fonctions of ж, * 
| -. 
the'iength of beam. A different method of obtaining a rather more general result ia 


given by Prof, S, E. Slocum in the Jourmal of the Inst., April, 1911. 


AER EE ee 


M 
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or for the cantilever symmetrical about the neutral axes of the sections 
with end load W, where F = W— 


i 
we | rr rt awi | "xy fe us Y, 
1.w.= ІГ) ana sa (five) a 
` è 


For a simply supported beam of span 1 and central load W, the 
deflection would be À of the above expression. 

For sections the width (s) of which cannot be simply expressed as a 
function of the distance (y) from the neutral surface, a graphical method 
will be most convenient. The values of g may be found as in Art. 7a 
and Fig. тто. A diagram, somewhat similar to Fig. rro, may then be 
plotted, the ordinates of which are proportional to ¢* x s, by squaring, 


(5) 





Fi0, 166. 


the ordinates of Fig. rro and multiplying each by the corresponding > 
width of the section, The total area of this diagram would represen 


т 
f dy, and the deflection of, say, a cantilever may be found from it by 
T 


multiplying by and dividing by W. If the diagram of ¢ is not 


required it is rather more convenient to proceed as follows (see Fig. 166). 
Draw the ordinary modulus figure for the section as shown at (a), and. 
plot a diagram (5. showing g . з instead of g, on the depth ofthe beam _ 
as a base line. Equation (3), Art. 72, shows that at any height y from 
the neutral axis 


ү =Й x (area of modulus figure between y and?) 
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from which equation the ordinates of (6) may be found by measuring 
areas on Fig. (a). Square the ordinates of this diagram (4), and divide 
each by the width s and plot the results as ordinates of the diagram (c) 
on the depth dasa base. The area of the resulting figure (c) represents 


qu as before, and the deflection (see (2) above) is found by 
+ ‚ 


multiplying'by К and dividing by W for a cantilever with an end load, 


and is } of this for a beam of length / supported at its ends and carrying 
a, central load W, provided W is used as above in finding gs, or 


] ttis it V the actual shearing force is used in finding gs. 


It is, of course, not necessary to actually plot the diagram (4). 
Scales,—Fig. 166 (a) being drawn full size, the width of the modulus 


ay g 
figure represents gx If? "ше inches of modulus figure area at 
(a) are represented by x-inch ordinates on (6), the ordinates represent 


* yady on a scale of x inch = x £ (inches). If the ordinates of (6) ia 


inches are square and divided by 7, say, for convenience, and then plotted 


ғ a 
in inches, on Fig. (o), the area of Fig. (c) represents ПИЕ? p 


e 
^i 


on a scale of 1 square inch = a (5S y, the units being (inches) 

To obtain, say, the cantilever deflection, it is only necessary to 
multiply the result in (inches) by У, Фе unit of which are (inches) * 
when inch units are used for /, I, and N, to obtain the deflection in inches. 
For the centrally loaded beam the factor would be L|. Fig. 166, when 
Ae Za Erie T = agor Cochen and e web i av ind 
thick: the area of the diagram (c) represents 761 (inches), and the 
shearing deflection of a cantilever would be 0416 inches, 

The defection due to shearing of an I beam with square corners 
such as Fig. 109 may be found by integration in two ranges over which 

: In the case of a beam, the section of which varies along its lengthy we might 
divide the whole into a number of short lengths , and find graphically unm for 
viltiplying each value by 8/, and dividing the sum by NW, we could 


each ; then by mı 
find the deflection (see preceding footnote). 
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the breadth is constant (see example below), and this method might 
be used as an approximate for any Isection by using mean values for 
the thickness of the flanges and web: an example is given below. 
Simple Approximation for X Setions.—O wing to the limitations of the 
simple theory of bending, none of these calculations can be regarded as 
correct, and perhaps the simplest approximation may also be the best, 
viz, to calculate the deflection due to shear as if the web carried the 
whole shearing force with uniform distinction, so that for a cantilever 
we 
$-— 


AN 
and for a beam simply supported at its ends 


where A is the area of the web and 7 is the length of the beam, all the 
linear units being, say, inches. 

ExAMPLE.— Find the ratio of the deflec- 
tions due to shearing and bending in a 
^ cantilever of I section, 6 inches deep and 
Si inches wide; the: flanges ando wen each 
3 inch thick, carrying an end load, © being 
taken as $. I — 437125 (inches)* (see Fi, 
167). In the flanges ge 


eos - 30-5 
¢ = 6 ~ 187 x4) 
Fic. 167. In the web 

e (foo *[or)- ra -2)- TG -£‏ ر 

е- (ын T) 

"Taking both sides of the neutral axis, thé total shearing resilience 
is by (2) 
wie af e = а-у + Oy 

eS enia] 
a= Wess +3145) = Sa oyo 





(This agrees closely with the result given for Fig. 166, being less in я 
about the same proportion that the web thickness is greater, I being — 
nearly the same in each.) 
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; . sharing 632W/. 3EI | 1896 E 1 
Ratio of deflections у дне = IN * WAT T N P À 


110 


Ў Е CHR S 
taking I = 43'125 and y «f this ratio is 777 nearly. For a simply 








supported beam of span / the ratio would be w, and if the span 


were то times the depth, or 6e inches, the ratio would be #4, or over 


12 per cent. 
EXAMPLES VIII, 


т. A beam is.firmly built in at each end and carries a load of 12 tons 
uniformly distributed over a span of 20 feet. If the moment of inertia of 
the section is 220 inch units and the depth 12 inches, find the maximum 
intensity of bending stress and thé deflection. (E = 13,000 tons per square 


Inch.) 
beam carries a distributed load which varies uniformly 


2. A bui 
from nothing at one end to a maximum w per unit length at the other. 
Find the bending moment and supporting forces at each end and the 


position where maximum deflection occurs. 
3. A built-in beam of span / carries two loads each W units placed 2 

from either support. Find the bending moment at the supports and centre 

the deflection at the centre and under the loads, and find the points 


contraflexure. 

4. A built-in beam of span / carries a load W at a distance 4/ from one 
end’ Find the bending moment and reactions at the supports, the deflection 
St the centre and under the load, the position and amount of the maximum 


deflection, and the position of the points of contrary flexure. 
5. А built-in beam of 20-feet span carries two loads, each 5 tons, placed 






$ feet and 13 feet from the left-hand support. Find the bending moments 
at the supports. 
6. A built-in beam of l carries a uniformly distributed load w per 


unit of length over half the span. Find the bending moment at each 
support, the points of inflection, the position and magnitude of the maximum 


defection. 

7. The moment of inertia of cross-section of a beam built in at the ends 
varies uniformly from I, at the centre to $l, at each end. Find the bending 
moment at the end and middle, and the central deflection when a load W 


d at the middle of the span. 
i. Solve the previous problem when the load W is uniformly distributed 
over the span. 

beam rests on supports at its ends and two other 


9. À continuous 
Supports on the same level as the ends, The supports divide the length 
into three equal spans each of length 4 If the beam carries a uniformly 


read load W per unit length, find the bending moments and reactions at 

supports, 

то, А continuous beam covers three consecutive spans of 30 feet, 
40 feet, and 20 feet, and carries loads of 2, 1, and 3 tons per foot run 
respectively on the three s Find the bending moment and pressure 
at each support. Sketch the diagrams of bending moment and shearing 

11. A continuous beam ABCD 20 feet Lond rests on sopporta A, B, S 


and D, all on the same level, AB = & feet, Bi =7 feet, CD = 5 feet. 
carries loads of 7, 6, and 8 tons at distances 3, 11, and 18 feet respectively 
ind the’ bending moment at B and ©, and the reactions at 
K2 
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A,B, C,and D. Sketch the bending-moment diagram, (The results should 
be checked by using both methods given in Art, 90.) 

checkelve problem No. 9, (2) if one end of the beam is firmly built in, 
(6) if both ends are built in. 

13. Solve problem No. 11, the end A being fixed horizontally, 

12 Solve problem No. 11, if the support B sinks jy inch, I being go 
(inches)! and E = 13,000 tons per square inch. 

15. Uf the limits of safe bending stress for steel and ash are in the ratio 
819 1, and the direct moduli of elasticity for the two materials are in the 
B tio 2o to 1, compare the proof resilience per cubic Inch of steel with that 
Taro Zh and where both are bent in a similar manner. If steel weighs 
o ibs. per cubic foot, and ash $o Ibs. per cubic foot, compare the proof 
Fesilience of steel with that of an equal weight of ash. 
end. beam of I section is 20 inches deep and 7} inches broad, the thick 
ness of web and flanges being o'6 inch and 1 inch respectively. If the beam 
Berries a load at the centre of a 20-feet span, ind approximately what pro- 


partion ofthe total dedection is dae to shearing if the ratio jf =25 


17. Solve question No. 13, Examples IV», if the ends of the girder are 


fixed, and find also the bending moment at the ends. 
08." Bolve question No. 14, Examples IV., if the ends of the girder are 
ling moment at the ends. 


fixed, and find also the 





CHAPTER IX 
DIRECT AND BENDING STRESSES 


111. Combined Bending and Direct Stress.—It often happens that 
the cross-section of a pillar or a tie-rod mainly subjected to a longitudinal 
thrust or pull has in addition bending stresses across it, the pillar or tie- 
rod suffering flexure in an axial plane; or that the cross-section of a 
beam resisting flexure has brought upon it further direct stress due to 
an end thrust or pull, the loads on the beam not 
ones, such as were supposed i 

the beam also a strut or a tie. In either case the resultant longitudinal 
intensity of stress at any point in a cross-section will be the algebraic 
sum of the direct stress of tension or compression and the direct stresses 
due to bending. If P is the intensity of stress anywhere Gn a section 
subjected to an end load— 





у= РҮ serre) 


where 2, is the total end load divided by the area of cross-section, and 
f is the intensity of bending stress as calculated from the bending 
and is of the same 


moments for purely transverse loading in Art. 63, 
sign as /, in part of the section and of opposite sign in another x 
‘The stress intensity 2 will change sign somewhere in the section if the 
extreme values of f, are of greater magnitude than 4 but the stress 
will not be zero at the centroid of the section as in the case of a beam 
bent only by transverse forces. The effect of the additional direct 
рк to change the position of the neutral surface or to remove 
it entirely. 

112. Eccentric Longitudinal Loads—If the line of action of the 


direct load on a prismatic bar is parallel to the axis of the bar, and 
ion at a distance й (гош 


intersects an axis of symmetry of the cross-secti 
the centroid of the section, bending takes place in the p 
axis of the bar and the line of action of the eccentric load, Thus, 
Fig. 168 represents the cross-section of a bar, the load P passing thi 

the point C, and O is the centroid of the section. Let A be the area of 
cross-section, and y, the distance OD from the centroid O to the extreme 
edge D in the direction OC, and let I be the moment of inertia of the 
area of section about the central axis FG perpendicular to OC. Then, 
in addition wo the direct tension or compression 5 ог A, there is a 
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bending moment M = P . 4 on the section, the intensity of stress at any 
point distant y from FG being— 
P ES 
ج ا = رج = و‎ ү?” (Ar 63) 
or since I e AP, where £ is the radius of gyration about FG— 
P, PA E Ж, А. 
p+ (+P) +). < ® 


y being positive for points on the same side of FG as C, and negative 
on the opposite side. The intensity 
varies uniformly with the dimension 
y, as shown in Figs. 168, 169. 
‘The extreme stress intensities at 
the edges of the section will be— 


Ath and A—f 









a he 
ر > لھ الا ج چ‎ 





Fic, 168, 


where / and f are the opposite extreme values of 4, or if y, and y are 
the distances of the extreme edges from the centroid O, the extreme 
stress intensities of stress are— 


№ 
ПО аа р: 0) O 
on the extreme edges D and E, the former being on the same side ot 
the centroid as C, and the latter on the opposite side. If the section is 
symmetrical about FG— 
4 
, 

л=х= 
Evidently # = o for y = — if this distance is within the area of 
cross section, A4 if is leas Баз у; the distance from the centroid te 
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the edge E opposite to C. An axis parallel to FG and distant x from 


it on the side opposite to C might be called the neutral axis of the 
section, for it is the intersection of the area of cross-section by a surface 
along which there is no direct longitudinal stress, The uniformly vary- 


ing intensity of stress where й is greater than = is shown in Fig. 168. 
1 


кё, greater than yy’, i.e. if A is less an the stress throughout the 
section is of the same kind as f,; this 1 uniformly varying distribution 
of stress is shown in Fig. 169. With loads ofconsiderable eccentricity, 
it should be noted, such metals as cast iron, which are strong in com- 
pression, ultimately fail in tension under a compressive load. 

Re lar Section.—In the rectangular section of breadth 4 and 

d, shown in Fig. 170, in order that the stress on the section shall 

beall of the same sign, the maximum A 
deviation in the direction OE of the 
line of action of the resultant stress 
from the line GH through the cen- ~ 
troid is— 

ПЕРЕТЕ 


From this result springs the well- 
known rule for masonry, in which , 
no tension is allowed—that across 
a rectangular joint (see Art. 213) - 
the resultant thrust across the joint Ft. 170, 
must fall within } of the thickness 
from the centre line of the joint, or within the middle third, The 
limiting deviation in the direction OG under the same conditions is $. 
1f the line of action of the stress is on neither of the centre lines of 
the section, the bending is unsymmetrical, and may conveniently be 
resolved in the planes of the two principal axes as in Art. 7t, If the 
line of action of P fall in the quarter GOEB say, at a point the co-ordi- 
nates of which, referred to OE and OG as axes, are x and y reckoned 
positive toward E and G respectively, the bending moment about OE 
is P. y, and about OG is P. x, and the stress at any point in the section 
the co-ordinates of which are 2^, y^, is— / 





PP P.x.x Pj nA Y 
(Le tV wt tz) M) 


The least value of this is evidently always at D, where з = od 


and y = —2 when the least value of 2 i5— 


9 -i-2 
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This just reaches zero when 

Zt uisum 

jtj7b v 77-6 
mhich is the equation to the straight line joining points g, $ from O 
along OG, and 4 from O along OE. Similar limits will apply in 
other quarters of the rectangle, and the stress will be of the same sign 


in all parts of the section, provided the line of the resultant load falls. 
within a rhombus «g/A, the diagonals of which lie along EF and GH, 
and are of length : and ; respectively. This rhombus is called the 
core or kernel of the section. 

Circular Section.—In the case of a circular section of radius R, 
the deviation which just produces zero stress at one point of the 
perimeter of the section and double the average intensity diametrically 
opposite is— 

E ka PTR=- 
and for a hollow circular section of internal radius ry and external 
radius R the deviation would be— 

R+” 


жс» 





which approaches the limit JR in the case of a thin tube. 
Other Sections —A more general form of (3) is evidently— 


m EE ы аата EE 


where 2, and &, are the radii of gyration of the area of section about 
the axes of x and y respectively, and for zero stress at a point the 


co-ordinates of which are x, Y— 





ax 

: a @ 
For a symmetrical I section of breadth in the direction of x, and 
depth d in the direction of у, the four corners will be limiting points of 
zero stress, and the limits of deviation of load from the centroid for no 
change in sign of the stress will be the bounding line— 
заг 
у= ЫЗ И: ee MERE N 
and three others forming a rhombus having the principal axes as 
diagonals. Similar bounding lines will fix the deviation limits or cores 
for various other sections the boundaries of which can be circumscrib 
by polygons. 

? See end of Art 174 and footnote thereto for experimental verification and 
application- л 
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For a symmetrical I section such as Fig. 62, if the axis OY is 
taken as the vertical principal axis of the section, for a corner— 


5 4 
#=?апйу =! 


If x and y are the co-ordinates of the centre of the loading, the unit 
stress from (4) is— 
xb 


Pi yd ү ж 
в) н а-л тая .0 


For various values of Ё equation (7) would represent a series of 


straight lines on which the load centre would lie; the inclination of 
the lines to the axis OX would be at an angle @ such that— 


k? b 
C git? ov di s Mesi det Io I) 
and equation (6) is the particular line for =o. The minimum 
eccentricity of loading to give any ratio Ê at the comer of the section 
would occur when a line joining the Centroid to the load centre is 
үн to the lines represented by (7), «e. inclined to the axis 
X at an angle the tangent of which is— 


P d 

о) 
Common examples of eccentric loads occur in tie-bars “cranked” 
to avoid an obstacle, frames of machines, such as reciprocating engines, 
members of steel structures, and columns or pillars of all kinds; but 
itis to be remembered that, particularly in the case of pillars, the 
deviation A is a variable along the if flexure takes place. 
Frequently, however, in columns which are short in proportion to their 
cross-sectional dimensions, and in which the deviation 4 of resultant 

thrust from the axis is considerable, this variation in A is negligible. 
Masonry Seating for Beam End:,—f we assume the forces exerted 
by the walls on a cantilever or a builtin beam to consist of a uniform 
upward pressure equal to the total vertical reaction R and equal upward 
and downward pressures varying in intensity uniformly along the length 
from zero at the centre of the seating to maxima at the ends, giving a 
resultant couple or fixing moment, formula (1) may be applied to calcu- 
late the maximum intensity of pressure on the masonry. If 4 be the 
(constant) breadth of the beam and d the length of the seating, A, = 


The moment of the seating pressures about the centroid of the 
seating is nearly the same as the bending moment at the entrance to 
the wall if the seating is short, exceeding it by R X у Taking the 
case of a cantilever of length / carrying an end load W (Fig. 75), the 


bd 
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moment is wh: + B writing this for P , л, апа 5. d for A, and $7 for 


AP i (1) or (a), the extreme intensity of pressure at the entrance to 


the wall is— — 
ERAN. T 
Pat Hu.  ddN d. 


which serves to calculate the maximum pressure intensity if is known, 
Dr to determine d for a specified value (say about soo pounds per 
square inch) of the working intensity of crushing stress on the seating. 
EXAMPLE 1.—In a rectangular cross-section 2 inches wide and 
1 inch thick the axis of a pull of 1o tons/deviates from the centre 
of the section by } inch in the direction of the thickness, and is in 
the centre of the width. Find the extreme stress intensities- 
The extreme bending stresses are— 
М хто 3 
SEE ix FK т = 3 tons per square inch 
tension and compression along the opposite long edges of the section. 
To these must be added algebraically a tension of— 
d 3$ — s tons per square inch 
hence on the side on which the pull deviates from the centroid the 
extreme tension is— 
5 + 3 = 8 tons per square inch 
and on the opposite side the tension is— 
§ — 3 = 2 tons per square inch 
Here a deviation of the load a distance of j; of the thickness from 
the centroid increases the maximum intensity of stress to 6o per cent. 


over the mean value. 
EXAMPLE 2.—A short cast-iron pillar is 8 inches external diameter, 


the metal being 1 inch thick, and carries a load of 2o tons. If the load 
deviates from the centre of the column by xj inch, find the extreme 
intensities of stress. What deviation will just cause tension in the pillar? 
"The area of section is «(64 — 36) = 22'o square inches 
The moment of resistance to bending is equal to— 
20 X 12 — 35 ton-inches t 
hence the extreme intensities of bending stress are— 


- (8'—6 35X8X32. .. 5 
Gt = 35X os. T ror] tons per square inch 





35+ 


32 
The additional cofnpressive stress is— 
22 = o'gog ton per square inch 


hence the maximum compressive stress is r'o17 -- 0909 — 1:926 tons 
per square inch, and the minimum compression is o'9o9g — 1017 7 — — 
— o'108, i.e. o'ro8 ton per square inch tension. 
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If there is just no stress on the side remote from the eccentric load 
the deviation would be— 
“ "909 et 
175 X For = r'56 inch 

$ EXAMPLE 3.—A short stanchion of symmetrical I section withstands 
' a thrust parallel to its axis such that the stress would be a tons per. 
*square inch if the thrust were truly axial. Determine the eccentricity 
which would be sufficient to produce a stress of 1o tons per square inch 
if the section is 9 inches deep, 7 inches wide, 17°06 square inches area, 
the principal moments of inertia being 229°s (inches)! and 463 (inches), 

the former being about an axis in the direction of the breadth. 

229" 6". 
= m eg = 2714 








табор А = к А 


and in equation eaves this gives— 
h 
Seg etal SES == Еи" 
Se +, т? 3854x — 1196 
as the locus of the centre of pressure to produce the extreme stress at one 
"The inclination of this locus to the horizontal principal axis is— 
tan-(— 3°854) = 180 — 75°55 = 10445" 

and бог х= о, у = — 11°96 inches. 

Hence the distance of the line from the centroid is— 

11°96 cos 7555" = 3'00 inches 
in a direction inclined 1445" to the horizontal axis. If the centre of 
re were on the horizontal axis of the I section, the deviation to 
produce the same extreme stress would be— 
11°96 dn 
38547 3 B 

EXAMPLE 4.— A cantilever 8 inches broad is at the wall subjected 
to a shearing force of 20 tons and a bending moment of 400 ton-inches. 
Assuming a uniformly varying pressure between the beam and its 
seating, ind what length of the beam must be built into the wall in 
order that the pressure shall not exceed } ton per square inch. 

Taking the upward pressure to support the shearing force and the 
upward pressure constituting part of the fixing couple, if 2 is the length 
required— 


corner. 


dá 4o 4 (20x 4) 
i-g* Txàxd 
d' — 4od — 1200 — 0 
Hence 4 — 6c inches, £e the beam must be built 


a length of 5 feet. dew 
11да. The 8-Polygon.—A useful method of dealing with the extreme 


stresses produced in unsymmetrical bending (whether produced by an 
eccentric longitudinal load, a transverse load, or by a pure moment or 
couple) may conveniently now be noticed. 


into the wall for 
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From equation (1) of Art, 7o, with the notation of that article and 
Fig. 105, the bending stresses produced at any point (such as Q in 
Fig. 1704) the co-ordinates of which are a^, J, bya bending moment 
M in the plane OY’ (Figs. 105 and 170A) is— 


үл ыыы сы 

х LI, 3 
= A E тэрле экон ызыра. 
ot, Bou. E i i ts sapere ar ERR ERE 





Fic, 1704. 
where S is the section modulus (of which Z in Art. 63 is the particular S 


value for a — o), and mos 
ST сока ата JAF eos a — RF sina ` A 
where A is the area of cross-section of the beam or column, 


Tf ihe plane of the bending moment M makes an angle û with OX, 
we may write a = û go, and making this substitution in (4) and 


inverting $ 
[Ci tm) К PERT З 
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This is the polar equation for a straight line, with a radius vector S, 
inclined ô to the initial line OX; the tangent of the angle which the 
straight line makes with OX is— 


-45 or -E3 EE ERRAR | 
and the intercept on OY is— 
and on OX is— aeons E 
z x 


From which the line can easily be drawn and the value of S measured 
for any inclination @ of the plane of bending to OX. The line is 
defined by (7) or (6) and (7), and is, of course, dependent only on the 
position (x) y) of Q and the shape and size of the section, and is 
dependent of the position @ of the plane of bending OY’. It may 
conveniently bexcalled the S-line for the point Q. To find the bending 
stress produced at Q by a bending moment M in the plane OY" or OK, 
itis only necessary to measure the intercept or radius vector OH, 
which gives the value of S, and to substitute this in equation (3). The 
radius vector is of course of infinite length when parallel to the S-line 
for Q, i.e. from (6), when— 


i LF 
wase- e (8) 


for then Q is on the neutral axis of the section, which is in agreement 
with (9. Art. 70. 

If any section be circumscribed by a polygon, without re-entrant 
angles, the apices of this polygon are points which might, for different 
directions of bending, form extreme points of the section, and hence 
be in fibres of maximum bending stress. The S-lines drawn for each 
apex in turn form a polygon which has been described and called by 
Prof. L. J. Johnson! the S-polygon. When the S-polygon has been 
drgwn for any particular section, since for all extreme (and other) 
points by (3) the bending stress A, is inversely proportional to the 
Tadius vector S, it is easy to pick out (by nearness to O) the plane of 
bending which for a given bending moment causes the maximum stress 


Jy at any point, and to calculate the value of f, (vi. $) by measuring 


S to scale.* 
1 An Analysis of General Flexure in a Straight Bar of Uniform Cross Section," 
Trans. Am. Soc. of Civil Engineers, vol. Wi. (1906), p. 169. 
з Тһе minimum value of S, of course, occurs when the radius vector is measured 
perpendicular to the S-line, &.e, when— 
tané- "m 5 
а= 
‘This is not necessarily in the direction joining O to Q, except when fy = te he tw 
doubly symmetrical sections, 
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it is easy to pick out the point on the section, and 
which for a given value of M give the maximum 
in the section. Both are detetmined by drawing 
from O the perpendicular on to the nearest side of the S-polygon. 

Tn the case of sections having partially curved boundaries containing 
points which are extreme ones for some planes of bending (eg. the 
section shown in Fig. 106), the curved boundary may be looked upon 
аз the limit of an inscribed (or of a circumscribed) polygon. Successive 
apices of such a polygon would have corresponding sides in the S-polygon, 
and if the successive apices of the inscribed polygon be taken close 
together, the successive S-lines will differ little in slope and position and 
in the limit they will define a curved side in the S-polygon. If necessary 
such a curved side could be drawn approximately, but in sections such 
as unequal angles, Z-bars, T-bars, it will generally be sufficiently near 
to treat the outer corners as square instead of being rounded off. 

Tt is evident from (4) that the dimensions of S are the cubes of 
lengths, say, (inches)*. It ‘will often be convenient to draw a cross-section 
full size, and the S-polygon to a scale of one (inch)? to x inch, though 
any scales may be emp! loyed for either the cubic or linear quantities. 

A convenient way of drawing the polygon is to set off each S-line 
by means of its intercepts given by (7), and the S-lines may be denoted 

ital letter used to denote the 


by small letters corresponding to a capil 
of the section to which they correspond. The 


points in the boundary 
apices of the polygon are denoted by the two small letters on the pairs. 
of S-lines meeting there. 

Another method of drawing the S-polygon for any section is to 
locate its apices or intersections of the successive S-lines for the succes- 
sive apices of the polygon circumscribing the section, This may be 
done by the following formulz forthe co-ordinates, Let x, Ja, be the 
co-ordinates of a point A, and х, у, be those of a point B, AB being 
‘a side of the polygon circumscribing the section. 

‘Then for the point A the S-line equation (5) may be written— 


: s+ + (9) 


and its intersection with the corresponding ‘line for B is given by the 


co-ordinate a5 Yao, Where— 
za = —29 or A580 9), , , (y 


And, similarly, 
the plane of bending, 
bending stress anywhere 





1 
1 
E 


A — s. =. M 
1а, – «X ALN x. — A) 
JT LA-M. C ATA. C en 


„ной буш ue heptane of i scion or hh ipi БЕ 
aa c ماو‎ p + (a= )X(xydudy) 
Lo lo N 


уа = litro — m) — Ua — Án sped) 
Eja -a 
The product of inertia 2(sydyds) being not zero in this ease, This may be preferable. 





| 
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The similarity of the S-line defined by (5) or (7) to the line (5) of 
Art. 112 will be noted. The two lines have the same slope as given at 
(6), but line (5) of Art. 112 makes intercepts— 


АР x 
zy en Oy and c on OR. piece x AAS) 


in place of those given in (7). Thus the lines forming the sides of the 
core are parallel to those of the S-polygon, ‘but on opposite sides of the 
origin O. The core and the S-polygon 

are therefore similar figures, and the core 
might be used in place of the S-polygon, 
S being found by multiplying the radius 
vector of the core on the opposite side of 
O to the point concerned by A, the area 
of the section, or modifying the scale. 

Fig. 1708 shows the S-polygon for a 
British Standard Beam Section (No. 8, 
6" x 3") ABCD (see Appendix), the side a 
corresponding to A, and so on. It is easily 
drawn from the intercepts (7) to which, in 
fact, the formule (1r) and (ro) reduce 
when +, = — %, and y, = Jr etc. 

‘The intercepts are in such a case the 
principal moduli of the, section denoted 
by Z, as in Art. 63, and given in steel 
section tables. The inner or smaller 
rhombus shows the core of the section. 

‘A more useful example of the S-polygon 
is shown in Fig. 17oc for a 6^ x 3j X 
British Standard Angle (see Appendix). 
"The corners at D, F and Chave been taken 
for simplicity as square. This polygon 
was drawn by setting out the angle section 
ABCFDE, and the axes OX' and OY' from 
the details in the tables, and then setting 
Out the principal axes OX and OY at the 
inclination to OX' and OY' respectively of Y 
19°, or tan™ 0'344, given in the standard Fic. 1708, 
tables. The apices of the S-polygon were 
then calculated by the formule (x0) and (x1) from the co-ordinates 
of A, B, C, D and E with respect to OX and OY, measured from the 
drawing. The work was checked by calculation from (7) of intercepts 
on OX and OY, If desired, a more exact result could be obtained 
for the information given in some tables 5 those relating to British Standard Sections, 
however, contain sufficient information ta allow the use of the simpler formula (10) 
and (11), which involve less arithmetic ‘computation, but Za, Ya, etc., must sometimes 
be me whereas for one pair of axes (not ly principal axes) they may 

- be obtained from tbe tables or without simple sul 
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by putting in the curves at C and D as in Fig. 106, and drawing their 
common tangent and regarding it, instead of a line CD, as one of the 


enr 
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five sides of a circumscribing polygon of the section; but for all 
practical purposes a circumscribing polygon ABCDE is sufficiently 
Accurate. From the S-polygon (Fig. 170c) it is immediately apparent 
that the least resistance to bending (f, x S) is for a plane of bending 
between OX and OX', and the least value of S is evidently found by 
dropping a perpendicular OH, from O on to the line & 

The following examples illustrate the simplicity and usefulness of 
the S-polygon for certain problems. Other examples will be found in 
Prof. L. J. Johnson's paper previously referred to, and in a paper by 
Prof. Cyril Batho. 

EXAMPLE 1.—Find for a beam the section of which is агсам 
of depth d and breadth 2 the position of the plane of bending in wi 
the greatest bending stress will be pro- 
duced by a given bending moment, and 
the bending moment necessary to pro- 
duce a bending stress A, Also the 
maximum stress which may be produced 
by a longitudinal thrust P with an eccen- 
tricity A. Fig. 170D represents a quarter 
of the rhombus, the whole of which forms 
the S-polygon for the rectangular section, 
the hypotenuse of the right-angled tri- 
angle being the S-line for one corner of 
the section. The minimum value of S 
is represented by OH, the perpendicular 
from O on to the hypotenuse. The 
required plane of bending is therefore 
through the axis of the beam and OH, Fic. 170p. 
iz, inclined to OX, the shorter principal 
axis at an angle 0, which from the simple geometry of the figure is 
evidently tan $, Also OH, from the geometry of the right-angled 
triangle, represents a value— 

get pn 
OV + a 
Hence the minimum bending moment to produce a bending stress of 
intensity A, is— 





Mni ا‎ 

VEF Ë 

(Note that the value required in a plane through the beam axis 
and the shorter axis of the section is 2è x d, which is q/x + 


times the minimum value.) 


1 “The Efect of End Connections on the Distribution of Stress in certain 
Tension Members,” Journa! Franklin Inst., Aug., 1915- 
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Also if the eccentric thrust P acts in this most effective position, 
ie in the axial plane OH, its moment is PA, and it produces a bending 
Ma БЕ VET in addition to the direct stress E Hence 

the maximum stress intensity is— 


Да) 


ExAMPLE 2.—Find the bending moment which an angle section 
6' x 3' x 1 will resist in every plane (perpendicular to the section) 
without the bending stress exceeding 6 tons per square inch. 

From Fig. 170C the shortest perpendicular OH, from O on the 
S-polygon measures 0'94 inch when drawn to a scale 1" — one (inch), 
hence the minimum value of S = 0-94 (inch), and by (3)— 

M =6 x 0°94 = 5°64 ton-inches 


(Compare the result in Example 1 of Art. 70 for a е through 
O parallel to the long leg of the angle. OH, = 2°45 (inches)’, and 
indicates a moment of 6 X 245 — 147 ton-inches. This moment is 
quite 15 ton-inches if the S-polygon is drawn for a polygon circum- 
seribing the angle with the comers D and C rounded as in Fig. 106.) 

ExAMPLE 3.—A structural member made of a 6" x 33" X 2" angle 
carries a thrust of 10,000 lbs. applied at a point K (Fig. 170C) үр" from 
AE at a point in AE 32” from A. Find the maximum compressive and 
tensile unit stresses in the section. 

OK is the plane of the bending moment produced by the eccentric 


thrust. This meets the ¢ line at Hy, and OH, scales 5°15 (inches}*, while © 


OK = 68 inches. Hence from (3)— 
M _ 10,000 x 1°68 
57s = $15 
which is a compressive stress, OH, being on the same side of O as K is. 
The mean direct stress is— 
_Р _ 10,000 * 
ا‎ yas = 3080 Ibs. per square inch 
Hence from (1) Art. 111 (at E)— 


max. compressive unit stress = û, + ^, — 3260 + 2920 
= 6180 Ibs. per square inch 


The length OH, in KO produced scales 2'17 (inches)* 

Hence (at B)]— 
(tensile) û, = 

Hence (at B)— 
max. tensile unit stress = 7850 — 2920 = 4930 Ibs. per square inch 


= 2920 Ibs. per square inch 


10,000 X 1'68 


T = 7850 lbs. per square inch 





شوت 


Art. 113] DIRECT AND BENDING STRESSES 281 


. The position of K is about the probable centre of a thrust transmitted 
to the angle bar by a " gusset plate. 

113. Pillars, Columns, Stanchions, and Struts.—These terms are 
usually applied to prismaticand similar-shaped pieces of material under 
compressive stress. ‘The effects of uniformly distributed compressive 
stress are dealt with in Chap. II. on the supposition that the length of 
the strut is not great. The uniformly varying stress resulting from 
combined bending and compression on a short prismatic piece 
material is dealt with in Arts. rrr and rra, There remain the cases 
in which the strut is not short, in which the strut fails under bending or 
buckling due to a central or to an eccentric load. Theoretical calcula- 
tion for such cases is of two kinds: first, exact calculation for ideal 
cases which cannot be even approximately realized in practice, and 
secondly, empirical calculation, which cannot be rigidly based on 
rational theories, but which can be shown to be reasonable theoretically, 
as well as in a fair measure of agreement with experiments, Calcula- 
tions of each kind will be dealt with in the following articles, and the 
objections and uncertainties attaching to each will be pointed out, but 
the stresses and strains produced in struts by known 
loads cannot be estimated by any method with the 
same degree of approximation as in the case of 
beams or tie-rods, for reasons which will be indicated. 

114. Euler's Theory : Long Pillars.— This refers 
to pillars which are very long in proportion to 
their cross-sectional dimensions, which are perfectly 
straight and homogeneous jn quality, and in which 
the compressive loads are perfectly axially applied. 
"Under such ideal conditions it is shown that the 
pillar would buckle and collapse under a load much 
smaller than would produce failure by crushing in a 
short piece of the same cross-section, and that until 
this critical load is reached it would remain straight. 
This evidently could not apply to any pillar so short 
eae elastic limit is reached before the buckling 


‘The strength to resist buckling is greatly affected 
by the condition of the ends, whether fixed or free. 
A fixed end means one which is so supported or 
clamped as to constrain the direction of the strut at 
that point, as in the case of the ends of a built-in 
or encastré beam, while a free end means one which 
by being rounded or pivoted or hinged is free to take 77] mh 
[i any angular position due to bending of the strut. 

the collapsing load for a strut with one kind of 
end support is found, the corresponding loads for 
other conditions may be deduced from it. Fio. 171. 

Case I, Fig. 171.—Notation as in the figure. 

One end O fixed, and the other end, initially at R, free to move 
laterally and to take up any angular position. Taking the fixed end 


e RF E Su 
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O as origin, measuring x along the initial position of the strut OR, and 
bending deflections y perpendicular to OR, the bending moment at Q' 
is P(a — y) if the moment is reckoned positive for convexity towards the 
initial position OR; then, neglecting any effects of direct compression 
and using the relations for ordinary transverse bending, the curvature— 

M Ра) 

EI^ EI 
where I is the least moment of inertia of the cross-section, which is. 
assumed to be the same throughout the length— 





FA z (approximately, as in Art. 93) 


Н 
gt E EL” эө ә Даре (Аў) 
‘The solution to this well-known differential equation із 1— 


pma Bono / Tes sin / Pis. . (2) 


where B and C are constants of integration which may be found from 
the end conditions, When x = 0, y = 0, hence— 


o=ma+B+o or B= —a 
And when х = o, Z = o, hence, differentiating (2) — 


2 - / E( - nsio pe C ena. 


zd о (9+0) hence C= 0 


2 






and (2) becomes— 
y= a(1 -s gr) r taka an 


This represents the deflection to a curve of cosines or sines, and holds 
for all values of x tox =/, In particular, at the free end x — / and 
y = 4, hence— 


P 
а= а – а соз EI 
Р 
ot, = a cos E=’ 


From this it follows that either æ = о ог the cosine is zero. In the 
former case evidently no bending takes place; in the latter case, if 
bending takes place— 


9: 479 v cw МАР Б (9) 





PE EI 
Bue op ay oe 
and Hw 9 а ete 


? See Lamb's “‘ Infinitesimal Calculus,” Art, 182. 
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Taking the first value =, which gives the least magnitude to P— 


PEF or Pw Ж voce tee (0) 





Fic. 172. 





the elastic limit of compressive stress. 
А is the constant area of cross-section and 4 


gyration 
WEA AY 
=”) 
or the average intensity of compressive stress is 
P Ey 
a=k- G) oe 


р Vase I, Fig. 17a—Both ends on pivots on frictionless hinges of 
otherwise free to take up any angular position. If half the length of 
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the strut be considered, its ends and loading evidently satisfy the con- 
ditions of Case I.: hence the collapsing load 


ee а) сеа ДВЈ 


5 
and Ааа 


Case III., Fig. 173.—Both ends rigidly fixed in position and direc- 
tion. If the length of the strut be divided into four equal parts, 
evidently each part is under the same end and loading conditions as in 
Case I., hence the collapsing load— 


E! 
iro) E cur ETT E 


G 
and Alum). ы ез (еу 


Thus the ideal strut fixed at both ends is four times as strong 
as one freely hinged at both ends, ° These two are the most im- 


portant cases, ' 

Case IV., Fig. 174.—One end O rigidly fixed, and the other R 
hinged without friction, £. free to take any angular position, but not to 
move laterally. Evidently, if bending takes place, some horizontal force 
F at the hinge will be called into, play, since lateral movement is pre- 
vented there, Take O as origin. The bending moment at Q', reckon- 
ing positive those moments which tend to produce convexity 
OR, is F(/ ж) — P . y, hence— 

d’ 
EI = F— 2) - By 
ay cp Fu 
or, Bta nl? 
the solution of which is— 


y= B cos aa / Er + C sin 


Finding the constants as before— 
y= o for æ = o gives o = B + o + $f and B = -7 


$F =otors =o gives o =o + C Р гасе р 
and substituting these values in (10)— 


Е p im gti) 


10-3. (9) 
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for all values of x. And putting J = o for x = /— 
LN. FE EI 
o= (=r tp ii) 
hence either F = o, in which case there is no bending, or— 


: mA dn 


an equation in VE which may be easily solved by a table giving 
the values of tangents and of angles in radians. The solution for which 
P is least (other than P — o) is approximately — 

P е li 

М 45 radians 

trom which PE, es o o e (tt) 

P RY 
and a=} =E) + e ETS 

By substituting the known values of y in the original equation, and 
equating a to zero, we find approximately 4'5 = tan 5S which is 
satisfied by x = Z or ж = 0°30/, ice, the point of infection I (Fig. 174) 
is o'30/ from 0 and o'7o7 (approximately) from R, 0°35 of 
being under conditions similar to Case I. 

The ultimate strength of the strut in each case is inversely proportional 
to the square of its length, and comparison between the four cases above 
shows that the strengths are inversely proportional in Figs. 171, 172, 
173, and 174 to the square of the numbers 1, }, 4, and 0°35 (approx.), 
the fraction of the lengths between a point of inflection and a point of 
maximum curvature, The strengths in the same order are fore 
proportional to the numbers 1, 4, 16, and 8 (approx.). 

115. Use of Euler's Formulm.—Since actual struts deviate from 
many of the conditions of the ideal cases of Art. 114, the use of the 
formule there derived must be accompanied by a judicious factor to 
take account of such deviations beyond the ordinary margin of a factor 
of safety, the effect of very small deviations from the ideal conditions 
being very great (see Art. 118). 

“Fixed” and “ Free” Ends.—Most actual. struts will not exactly 
fulfil the condition of being absolutely fixed or perfectly free at the ends, 
and, in applying Euler's rules, allowance must be made for this. An 
end consisting of a broad fiat flange bolted to a fairly rigid foundation 
will approximate to the condition of a perfectly "^ fixed" end, and an 
end which is attached to part of a structure by some form of pin-joint 
will approximate to the “ free” condition ; in other cases the ends may 
фе so fastened as to make the strength conditions of the strut inter- 
mediate between two of the ideal cases of Art. 114,and sometimes to 
make the conditions different for different planes of bending. 
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Elastic Failire.—Eulers rules have evidently no application to 
struts so short that they fail by reaching the yield point of crushing or 
compressive stress before they reach the values given in Art. 114. For 
example, considering, say, a mild steel strut freely hinged at both ends 
(Case IL, Art. 114), and taking E = 13,000 tons per square inch, and 
the yield point 21 tons per square inch, the shortest length to which 
formula (7) could possibly apply would be such that 


b=. 13,000.(4) 


Z being about 8o times 4, which would be about 20 diameters fora solid 
circular section, and 28 diameters for a thin tube. Since these rules 
only contemplate very long struts, it is to be expected that they would 
not give very accurate values of the collapsing load until lengths con- 
siderably greater than those above mentioned have been reached. For 
shorter struts than these Euler's rules are not applicable, and will, if 
used, evidently give much too high a value of the collapsing load ; such 
shorter or medium-length struts are, however, of very common occurs 
rence in structures and machines. The values of 7, for columns of mild 
steel and cast iron with freely hinged ends, as calculated by (7), Art 
114, are shown in Fig. 175. 

116. Rankine's and Other Empirical Formula. 

Rankine—Fot a strut so very short that buckling is practically 
impossible the ultimate compressive load is— 

Py afi SOAT ITO 
where A is the area of cross-section and fe is the ultimate intensity 
of compressive stress, a quantity difficult to find experimentally, because 
in short specimens frictional resistance to lateral expansion augments 
longitudinal resistance to compression, and in longer specimens failure 
takes place by buckling; 7 may well be taken as the intensity of stress 
at the yield point in compression. 

‘The ultimate load for a very long strut is given fairly accurately by 
Eulers rules (see Art. 114). Let this load be denoted by Pa; then, 
taking the case of a strut free at both ends (Case IL, Art. 114)— 


Pm FED, EA) PRS ERR 


If P is the crippling load of a strut of any length / and cross-section 
A, the equation 
oer 
РР, 
evidently gives a value of P which holds well for a very short strut, 


for E then becomes negligible, or P = Pe very nearly, and also holds 


for a very long strut, for = then becomes negligible in comparison with 
E and P = P, very nearly. Further; since the change in P is caused 
Д 


роо ео & 
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by increasing /, for a constant value of A must be a continuous change. 
it is reasonable to take (3) as giving the length of P for any length 
of strut. 

For a strut with both ends freely hinged, the equation (3) may be 
written— 


£A fA 
E eras (4) 
+в Ct) 





where a = a constant for a given material, or if /, is the mean 
intensity of compressive stress on the cross-section— 


Р 
отоо 
In the case of a strut “fixed” at both ends the constant is ®, or half 
the length may be used for /in (5), and for a strut fixed at one end with 
1 
angular freedom at the other the constant is Н (approximately), or EA 
2 


may be used for / in (5), and for a strut fixed at one end and free to 
move in direction and position at the other it is 4a (see Cases IIL, IV., 
and I, Art. 114). The above are Rankine’s rules for struts; they are 
really empirical, and give the closest agreement with experiments on a 


series of struts of different ratios à when the constants are determined 
from such experiments rather than from the values of E and A fora 
short length. The values / and Js. of the constants in (4) may be 
called the “theoretical” constants ; the value of a would evidently be 
less than А for ends with hinges which are not frictionless, and which 


consequently help to resist bending. 
Gordon's R: Rankine's rule is a modification of an older rule of 
Gordon's, viz.— 


fA A 
TE 


where Z is the least breadth or diameter of the cross-section in the 
direction of the least radius of gyration, and ¢ is a constant which will 
differ not only for different materials and end fixings, but with the 
shape of cross-section, its relation to Rankine's constant a being— 


1 
\ Lis simpler and more correct than the valve $a fien given (ee Cute IV 
Art 114). 
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eg in a solid circular section of radius R, de 2R, 4# = Ê, anû 
c= 16a. 

Rankine’s Constants.—The usually accepted values of f, and a in 
Rankine's formula are about as follow :— 





Material. Ёл ns j 
Mild steel. s s s- а тёз | 
Wrowhtirn. . . .| 16 vii 
Сшйш.....| 36 тбл 


اا ا سے 


‘The above constants for wrought and cast-iron are those given as 
average values by Rankine and widely adopted. The value of /, fo. 
mild steel taken as the yield point may be rather lower than that given 
above, and rather higher for many kinds of machinery steel, the value 
of a being altered in about the same proportion. The values of 
obtained from Rankine's formula (5) with the above constants will 
generally be rather above the values of Euler's " ideal” strut, and 
therefore obviously too high for very long columns with absolutely free. 
ends, because the values of a (generally deduced from experiments in 
which the ends are not absolutely free) are smaller than the ''theo- 


retical” value 46, The average intensities of stress, or load per unit 
area of cross-section occurring at the ultimate load for mild steel and 


castiron struts of various strength with free ends, as calculated by 
Rankine’s formula, and the above constants, are shown in Fig. 175. 1 

Choie of a. Formula)—]f the ratio i exceeds about 150, which it 
rarely if ever does, Euler’s values may be used to give the breaking 
loads, and factors of safety on the average intensity of stress of 5 for 
steel and wrought iron, 6 for cast iron, and ro for timber may be used 
to give the working loads. For shorter struts Rankine’s formula may 
be used with factors of safety of about 3 or 4 for steel. 

It may be noted that the specifications of the American Bridge Co, 
for dead loads give the permissible loads in pounds per square inch of — 
cross-section, as . ’ 

p = 15,000 + {x + (//A)2/13,500} (for soft steel) 
and $ — 15000 - (1-F GJD*|11,000) (for medium steel) 
where /is the length of a structural strut centre to centre of the pins at | 


its ends. 
Various other values of the constants in Rankine’s formula are in 











1 Papers on Struts will be found in Proc. Inst. Mech. Eng., 19035 in Trans. 
Am. Soc. C.E., vol. 76 (1913); and in Engineering, July 14, 1005 ; Jan. 10, 1908; 
July 2, 1909; Jan. 14, 1910; and March 31, 2911, by Dr. W. E. Lilly. Also in 
"Engineering, July 26 and Aug. 2, 1912, by Mr. H. Y Hutt; Aug. 22, 1912, by 
deiner, a а6 апо Аце. sea, Sept at and Noy. 3, 1917, by the Author, 
See also Jan. 24 and 31, 1919, Author and Bisacre. ‘also LCL. Selected 
Engineering Paper No. 28,“ Strength of Struts," by Prof. A. Robertson (192$), 
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use depending upon the quality of the material, the type of end connec- 
tions and factor of safety used. 

Euler’s formula, for cases in which it may reasonably be used, has 
the advantage of directness ; the necessary area of cross-section may be 
found for a given load from (4), (6), (8), or (11), Art. 114. 

Rankine’s formula, like all others except Euler’s, while quite ĉon- 
venient for finding the working or the ultimate load for a given area 
and shape of cross-section, is not very direct for finding the dimensions 
of cross-section in order to carry a given load ; it leads to a quadratic 


se — Е سس‎ 




















Po or, tons per square inch 
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FiG. 175.—Ultimate strength of struts. 


equation in the square of some dimension. For practical purposes, 
however, with standard forms of section the area required is easily 
found by trial. 

Johnson's Parabolic Formula.—Prof. J. B. Johnson adopted an 


irical formula 
DU e Mun) en 


which, when plottéd ón a base-line giving values of //4, is a parabola, 

ais the yield point in compression, and Û is a constant determined so 

as to make the parábola meet the curve plotted with Euler's values of fo 

tangentially. For ‘a strut absolutely freely hinged at the ends this con- 

dition makes 5 = f.2/4n°E, and, owing to friction, Johnson adopted the 

smaller values of about f2/64E for pin ends and. /2/100Е for flat ends. 
L 
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For values of //& beyond the point of tangency with Euler’s curve, 
Euler’s values of 2; must be adopted, and to allow for the frictional 
resistance to bending offered by pin or flat ends, (7) of Art. 114 is 
modified to 16E(£//) and ss EAD? respectively, these values of py 
being based on experimental results. The form of Johnson's formula 
is a trifle more convenient than that of Rankine’s, 

Straight Line Formula.—A great many experimental determina- 
tions of the ultimate strength of struts have been made under various 
conditions, and various empirical formula: have been devised to suit 
fhe various results, The results have been most consistent, and in 
agreement with empirical algebraic formule, as might be expected, 
when the conditions of loading and fixing have approached most nearly 
on the other hand, such conditions do not correspond 
‘ical strut, as used in machines and structures which 
want of straightness and homogeneity of 
of the thrust, and in the conditions 
of freedom or fixture at the ends, The results of tests obtained for 
struts under more or less working conditions show great variations, 
and no formula, empirical or otherwise, can more than roughly predict 
the load at which failure will take place in a given case. This being 
so, for design purposes one empirical formula is generally about as 
accurate as another, and the simplest is the best form to use, 
constants in any case being deduced from a (short) range of values 
of //A, within limits for which experimental information is available ; 
for example, straight-line formule of the type 
po =f — (constant X HA) . s. (8) 


where fp is the load per unit area of cross-section and / is a constant, 
may be used to give the working or the breaking-stress intensities over 


short ranges of //A. 
For example, an 

column with square (or flat) AE square inch of section is 12,000 lbs. 

for values of //4 less than 90 above this length i 


fs — 17,109 — s;./[& pounds per square inch . . (9) 
which is equivalent to about 
o — T5 — o'oas /[& (British) tons per square inch - (то) 


these giving about Ф of the ultimate load per savers fae 
‘Consideration of the ideal strut would suggest doubling the coefficient 
(57 or 07025) for struts freely hinged at both ends, but flat-ended struts 
fall short of absolute fixture, and round ends or hinges of struts offer 
more resistance to turning than ideally freely hinged ends, and to apply 
1 See “ Experimental Researches on Cast a 
Trans. Roy. Soe., 1849; “ Tron Bridges,” by T. C. Clark, Proc. Inst. 
“ Experiments on of Wrought Iron |. Christie, 
Civ. Eng., 1884, yol. xiii. ; also extract Proc. 
H. Fidler’s “ Notes on Construction in, 
Fidler’s “ Treatise on Bridge Construction.” 


to the ideal, but, 
to those for the practi 
deviate from the ideal in 
material, more or less eccentricity 





American rule for the safe load on a built-up steel | 
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an empirical experimental straight-line formula such as (9) to struts not 
fixed at the ends the coefficient (or /) should be multiplied by about 
rasonly. The formula must not, óf course, be used for values of //& 
below that stated, or it would give too high a working stress. 

Monerief's. Formula—An extensive analysis of experimental 
results was made by J. M. Moncrieff 1 and his formule adopted as the 
basis of working load fp tons per square inch tables by Messrs. Redpath 
Brown in their Structural Steel Handbook are 


For round ends //£ — 1oov/[(214/(53'5 — 4420) (10*7/£o — 2°6}] (11) 


For both ends fixed for all values of //4 and for both ends flat for values 
of //& not exceeding 1069 


ДЕ = 2ooy/[{2x-4/(53'5 — 4°420)}{10°7//0 — 16]. y (r2) 
and for flat-ends and values of //4 exceeding 106-9, 
ДА = 200204 X 04 зб... . (13) 


British Standard Practice—British Standard Specification No. 

, relative to structural steel in building gives a series of values of 
allowable (axial loading) stress intensity Ао for different values of //& 
ranging from 7:2 dowh to 2*o tons per square inch as //4 rises from 20 
to rgo. These are based on a formula 


At Us 0 --929 VUE GE DAP TAB. 09 


where 2; is the intensity of yield stress (taken as 18 tons square 
inch) and 2, is the Eulerian load per square inch 13,000 7*/(//A)® tons 
per square inch, and A is a factor taken as 2-36 and » is o*003 //A. 

The foregoing is not an exhaustive account of all the various strut 
formule in use, but the reader can compare any one with others by a 
diagram such as Fig. 175. A point of great uncertainty in the design of 
struts, and particularly of stanchions, is the condition of the ends. 
Whether a base and its foundation is so rigid as to be taken as “ fixed,” 
and whether a top end or cap is to be taken as “ fixed,” “ hinged,” or 
absolutely free, makes much difference in estimated strength, but must 
generally be a matter of individual judgment (see Art. 185). 

Experiments always show that flexure of struts intended to be 
axially loaded begins at loads much below the maximum ultimately 
borne, this being due to eccentricity and other variations from the 
Premises upon which Euler’s and Rankine’s rules depend. This leads 
Us to consider in Art. 118 the effect of eccentric loading on a long 
column where the flexure is not negligible (as it is in a very short one), 
and where the greatest bending moment may be mainly from the in- 
creased eccentricity which results from flexure. 

Exampe 1.—A mild-steel strut hinged at both ends has a T section 
6" x 4’ x §" (see B.S.T. 21, Table VI. Appendix), the area being 3'634 


` 8 Trans. Am. Soc. Civ. Eng., vol. xlv., and Engineering, June 6, 1902. 
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square inches, and the least moment of inertia is 4°70 (inches). Find, 
by Rankine’s formula, the crippling load of the strut, which is 6 feet 
long, if the ultimate crushing strength is taken at 21 tons per square 


‘The square of the least radius ofgrration is 4T. = 17293 (inches)? 
, 
() = 2X72 5 


1'293 
Using the constant given in the text, viz. ygs for this case 


[634 X ar 
Р = УЗ agar = jf X 3634 X 22 = 497 tons 


EXAMPLE 2.—A steel stanchion of the form 
shown in Fig. 176 has a cross-sectional area of 
39:88 square inches, and its least radius of gyration 
is 3°84 inches. Both ends being fixed, and the 
length being 4o feet, find its crippling load, (1) by 

f Eulers formula, (2) by Rankine’s formula, (3) by 

iY the straight-line formula. (E = 13,000 tons per 
Fic, 176. square inch.) 

By Euler's formula 


jx х 39:88 х (3'8. 
ےم‎ X 15000 3988 (SP — 5507 tone 
By Rankine’s formula, and the constants given 
21 X 3988 ے‎ 21× 3988 
Pm ao xao 1520 را ا‎ 
384 X 384 X 30,000 , 
8o 

Formula (10) gives m T$ Хх ты = *38 tons per square 
inch, which corresponds to a working load of 39:88 X 4'38 — 175 tons, 
and to a crippling load of 4 X 175 — 700 tons. 

Taking the equivalent length for hinged ends as 20 feet, 247 
= 62°5, and formula (11) gives  — 141875 tons per square inch, or a 
cri] load of 141875 X 39:88 — 565 tons, agreeing closely with 
Rankine's formula. 

EXAMPLE 3—Find the necessary thickness of metal in a cast-iron 
column of hol low circular section, 20 feet long, fixed at both ends, the 
outside diameter being 8 inches, if the axial load is to be 8o tons, and 
the crushing load is to be 6 times this amount. 

Let d be the necessary internal diameter in inches, 

The sectional area is =(8*— 2%), and = 7, (8-24), hence # = 


+4). 
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The breaking load being 480 tons, Rankine’s formula, with the 
constants given in Art. ro2, becomes 


д 36x AE — 4) _ 8-9 
Tom 240 X340 X16 208 +4 


Thickness of metal = EE = 1°96, or nearly 2 inches. 

__ 117, Forms of Section for Stanchions and Built-up Struts. — 
‘The theory of bending or the theory of buckling of struts (see 0 
Art. ı14 or (5) Art, 116) shows that for economy of material the 
section of a stanchion, strut, or column must have a radius of gyration 
large in proportion to its area. This involves a spread-out form ot 
section, and for cast-iron columns hollow circular sections with com- 
fee thin walls are usual. For steel stanchions the commonest 
forms of cross-section are illustrated in Fig. 177; these consist 'of 

HHITUL 
(а) (%) (<) (4) (е) 
Vt Lt abe 
Beto nup m ome d 


то. 177. 


sections built up of I, angle, channel, Z and plate sections, and for com- 
paratively small members single LI or angle bars are also 
used. (For caps and bases see Art. 185.) The moments of inertia, 
ete, of the builtup stanchions may be found by the rules given in 
Chapter IIT. Tn sections such as (¢), (2), (f), (g) it is easy to so space 
the Hates or channels that the moments of inertia about both principal 
‘axes of the compound section are 8 hie 

‘Latticed Stanchions and Struts— Built-up. stanchions often consist 
[ph lattice work, as shown in Figs. 178 and 179, and indicated 

dotted lines in the sections (€) and (r) Fig. ITT- In estimating the 
. moment of inertia of a latti ‘stanchion section the lattice bars are 
neglected. Thus in section (c), Fig. 177, if I, is the moment of inertia 
of each of the channel sections about an axis parallel to its base, A its 
ares, d the distance apart of the centroids of the two channels, the 
monent of inertia about a central axis parallel to the channel basis is 
by Theorem 1, Art. 52. £ 


at 2a) +. обага dE) 
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And if I, is the moment of inertia of each channel section about an 
axis perpendicular to its base the moment of inertia of the built-up 
section about the principal axis perpendicular to the channel bases is— 


Ria eye E (2) 


‘The lattice bars are usually designed to withstand any shearing force 
to which the stanchion may be subjected. If F is the shearing force at 





Fie, 178. 
any cross-section and 6 is the angle (Fig. 178) which the lattice bars 
Elke with the axis of the columo, the pull or thrust in a lattice bar with 
single lacing on one side only is 

F cosec 6 


and the bars must be sufficient to withstand this as a tie 
ER PE sE TAIE Rs i 
cing it wil again halv With single lacing the angle 
is usually not less than 60°, and with double lacing (Fi 179) not 

than 45°, With to resistance of axial loads only it is evident that 
a single channel length / between lattice bar ends must be capable 
of carrying at least half the total load as a strut. Let L be the equiva- 
lent length of a column hinged at both ends and of the full latticed 
section, and let K be its least radius of gyration; let & be the least: 
tadius of gyration of one channel or other component section, then it is 






| 
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evident from Euler's rules that since one of the two channels carries at 
least half the load— 
2AK* 


ке 
A(j) must be at least equal to DU 
or that Ž must be at least equal to T 


S k 
that is, 7 must not exceed g'L . e ee e o (3) 


Proportions of Lattice Bars.—The usual thickness of the lattice bars 
for single lacing is about 2th of their length, and for double lacing 
about goth of their length, while their width usually varies from 2} to 
1 ins, according to the size of channel used, being not less than three 
times the diameter of the rivet passing through them nor less than {th 
of their length, 

"he use of lattice bars instead of solid plate renders all parts of a 


column accessible for painting. 
The above rules would make the lattice bar dimensions nearly the 


same for any size of channels, Że, for any proportions of & to 4, or would 
make a quite arbitrary connection between the cross-section of the 


should be heavier in short than in long columns to develop the full 
strength of the former. A better empirical rule might perhaps be framed 
as follows, although an entirely rational treatment of so complex a built- 
up structure is quite impracticable as the distribution of stress is indefi- 
nitely known and depends upon the method of manufacture. Let / be 
the working unit stress for a very short column and A, be the working 
unit stress for the actual column, Then 
f-5 

may be looked upon as the allowance for flexural stress in the channels. 
The moment of resistance to bending may be taken as 

м=/-5%....... 0) 
in a plane parallel to the lattices where Z is the modulus of section 
about a central axis of the section perpendicular to the lattice planes. 
Then for equivalent shear due to transverse loading at the ends over a 
length La from the centre fo the end of a double pinned column 3 since 
dem F — constant 1— 

F=M + La = (f RAM... (9 
and the stress in a bar of a single lattice (with lacing on both sides of 
the stanchion) will be as before— 

F(cosec 6)/2 = (f —po)Z(cosec ML. + + © 


3 British Standard No. 327, requires that apart frocm transverse 
ln ale oF ot les han pe conf the anal tarase aball be allowed for 
of cranes. 
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For double lacing this must be halved, and for stanchions fixed at 
опе end and entirely free to move at the other L must stand for twice 
the length, while for columns fixed at both ends it must stand for half 
the length of the column; in any case for the length of the equivalent 
doubly pinned strut. 

For Z the product A x d may be approximately substituted where 2 
is the distance between the centroids of the two channels and A the 
area of one channel section, giving the stress in (6) as— 


— 9)A.4. -®% 
EET b ea dull 


where 7 is the length of a lattice bar. 

"The lattice bar should then be of such a section as to carry this. 
amount of thrust as a strut with pin ends, and low unit stress as there 
may be considerable eccentricity of loading. 

‘Stress-—Stresses in the lattice bars may arise due to ће 
strain of the column, ‘Thus if the column is shortened and the width 
remains unchanged the diagonal lattice bars are also shortened, inducing 
a secondary stress, Thus if ¢, Fig. 178, is shortened by an amount &, 


since a = P +, differentiating, зай = ac, and hence the propor- 
tional strain Û = $ x Ê cose 9. %, and if all parts are of steel, 


ЕХ secondary stress E x cos! 0. = cos" and 


secondary stress in lattice bars = #, X cot 8... « « « (8) 


Since cos" 60° = } = } cos" 45°, both types of lattice would get an 
equal secondary unit stress. 

Comparatively little is known as to the real distribution of stress in 
a latticed strut, but investigations made in America’ on large latticed 
columns show (by means of strain measurements) great variations such 
as 40 to §o per cent, of extreme stress from the average over the section 
as well as great changes of stress for small axial changes of distances 
which would indicate local flexure. The experiments of Talbot and 
Moore showed small strains of the lattice bars, but quite irregular varia- 
tions in different parts of the column length, The average stress on 
cross-sections of the lattice bars was such as would be produced by a 
transverse shear on the column of from 1 to 3 per cent. of the com- 
pression load. Individual compression tests of lattice bars showed very 
low ultimate strengths, these being below half the yield point of the 
material. <The tests of Howard and Buchanan showed marked elastic 
failure at loads below 9 tons per square inch of column section with 

1 See “An Investigation of Built- lh under Ds 'albot and 
Moore, ay No. Du быы omg Ж Tests of. 
Large Steel Columns," by J. Е. Howard, in Proc. American Soc. of Civil Engines 
Feb., 1911 ; or an extract from both these papers in Engineering News, ol. 6$. 
No. 11, March 16, 1911. 
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complete failure below 14 tons per square inch, on struts having a ratio 
ies than şo. Such results point to the desirability of a conservative 
allowance of unit stresses in built-up columns. It may be recalled that 
the Quebec bridge disaster resulted from the failure of a latticed 


member of a compression chord. 
EXAMPLE 1.—4À stanchion consists of two British standard channels 


12 inches x 3h inches X 32°88lbs. per foot (see B.S.C, 25, Table IL, 
Appendix) placed back to back 6} inches apart and connected by 
inch plates r4 inches wide. Find the working load which is to be 
that given by Rankine's rule if one end of the column is fixed and 
other end hinged, the length being 30 feet. . 
+ Using the values from Table IL. in the Appendix without the 
plates, from (2), the moment of inertia about the central axis parallel to 
the plates is 
* (a X 1907) = 381'4 eek 
and for the two plates add j x 14(13° — 12") = 547'2 (inches) * 
Total . . = 928°6 (inches)* 
‘About the central axis parallel to the channel, using (1) the moment 
of inertia, is 
For the channels 
"6. м“ s 
(s x 8922) + 222 х (65 +з х 08677 = sa (inches) 
і For the plates jy X 14! — 2287 — » 
Total . . 75744 (inches)* 
‘The total area of section is 
t а х 9:671 + 14 = 3334 square inches. 
Hence the least radius of gyration is 
$744 — 4^5 inches. 
33'34 ^ 
The equivalent length of strut with ends freely hinged is а feet 


бо. wn 4, 360 X 360 
I inches ; hence G) in (5), Art. 116, is Pia PICID = 3764; hence 
from (s), Art. 116, the allowable stress is 

X21 _ 5°25 X 759° — 549 tons per square inch, 
:c-38 11,264 

and the working load is 3°49 X 33°34 = 116°5 tons. . : у 

ЕхАмрРЕ 2.—How far apart” should two 15-inches x -inches 
British Standard (see B.S.C. 27, Table IL, Appendix) channel-shaped 
sections be placed back to back in a latticed stanchion in order 
that the resistance té buckling may be approximately equal in ali 


directions. а 
To satisfy this condition the moments of inertia about the two 
i L2 
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incipal axes of the compound section must be equal, hence from (1) 
апа (2), using the table. 
(ах 14°55) + S x P = a x 377 


hence d= 10°83" 
"Distance apart of channels — 10:83 — 2 X 0935 — 8'96 inches. 

"These channels are often spaced 9} inches apart, and then the value 
about the axis parallel to the bases is somewhat greater than (2 X 377) 
about the other principal axis. 

EXAMPLE 3.—What is the maximum distance apart of the lacing 
bar ends in the previous example, if each channel between these points 
of support is to be of resistance at least equal to that of the whole 
stanchion, so feet long, fixed at one end and hinged at the other: 
Equivalent length of stanchion with hinged ends is 

FP foot = aran eel 

Hence, referring to Table Il, from (3) / must not exceed 523 
x arar feet = 4°18 feet (actually it would be less than one-third of 
this length). 

ExAMPLE 4.—Estimate a suitable width for single lattice bars (both 
sides of the stanchion) for the data in Example 2, if the stanchion is 
30 feet long, fixed at the base and hinged at the top, using Rankine's 
formula, with a factor of safety of 4. "he distance of the rivet-hole 
centres from the outside edge of the channels is 17375 inch. 

* =$ os (i 14661 
в ream 305 (inches) 30 feet = збо inches 
hence from (5), Art. 116 
а : xar 5'25 
te working wit sess е т = ©; 
15,000X305 _ 
= 4'09 tons per square 
f- h= 525 = 499 = 116 
‘The horizontal distance apart of the lines of rivet centres is 
8'96 +2 X 4—2 X17375 = 13485 eU with 6o* lacing 
2 = z 
42 13485 X as 2 1557 inches; and L == 254'5 inches. 
Hence from (7) the thrust in a bar may be 
116 X 12334 X 15"! 7 
EUG % 10 554 M1857 7 = 08754 tom 
з 

If thickness = J; of length, for rectangular section (4) = 40" x 12 
= 19,200; allowable unit stress by (5), Art. 116 = ст = 1474 
tons per square inch. 
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Area required = PEST 0'594, or say 0'6 square inch. 


T474 
Thickness = 2; of 15°57 = f inch say; 
hence width = 0°6 - = r'6 inches. 


If we allow for secondary stress, by (8) the amount is f, X соз? бо? 
= 4°09 X } = roa tons per square inch, This, if reckoned additional 
to the stress due to shearing, would require a larger section, viz 
mote = r‘g2 square inches. For a reasonable width of bar on 
this basis double lacing would be required, but probably the assumption 
of pin ends is too severe, and a higher stress than 1°474 tons per square 


inch may be allowed. 
118. Long Columns under slightly Eocentrio Load.—As Euler's. 


formule are only strictly applicable to struts absolutely axially loaded, 
it is interesting to find what modifications follow if there is a small 
eccentricity A at the points of application of the load. Variation of 
elasticity of the material and initial curvature of the strut must give a 
similar effect, and may be looked upon as an increased value of A. 
Taking Case L, Art. 114, if P is applied at a distance À from the centre 
at R’, Fig. 171 (and on the principal axis* perpendicular to that about 
wich the minimum value of I is taken), the bending moment at Q 
- will be P(a + 4 — )), and (1), Art. 114, becomes 

ЭЛ шару 1 

ТЕ?” ЕП! Т ›. в) 


and the solution (2a) of Art. 114 becomes 


ya +A e ED) b NS) 
and at x — / this becomes 


dantes B cer A aD 
АЛА) 
a= (ee N/E; =) sors HY) 


‘The eccentricity of loading at the origin O is— 


dance Ey ҮА е 
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“Р 
the bending moment there being increased sec XI times due to 





fiexure. The bending moment at O is- P(a + 4) = PA sec AJ gy 
the intensity of stress is proportional to the strain, 


which, so long as 
causes in a symmetrical section equal and opposite bending stresses of 


intensity— 
PE. СР РЫ P 
pm D ec = е^ EI 
where d is the depth of section in the plane of bending, £e in the 
direction of the least radius of gyration ; if the section is unsymmetrical, 
y, and y, must be used instead ot? (see Art. 63); hence the greatest 


compressive stress, 2, by (1), Art. 111, is— 
Py Pid 57865 7 hd IP 
P= РА sec n/a P(x + se NIE) (5) 


РА 
which becomes infinite, as in Art. 114, when— 

Р _+ El 

DICA we 

Ре ан маре 

Also a= z ва 110) 

ЕЛ кел 
, 2# EI ` 


and if /, is the crushing strength of the material, йе. say the stress 
intensity at the yield point in compression, at failure by buckling— 


уы ырма 
һ=х”= = ...@) 
^а Р 
r+ z sec T 
In the case of a column free at both ends (Case IL, Art. 114, and 
Fi 172), with an eccentricity 4 of the thrust at the ends, by writing 
Fi instead of /, (4) becomes 


(PANN) oe es O 


T(r me VÊ) <<. © 


and at failure by compressive yielding (7) becomes— 


and (5) becomes— 
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It is convenient to note for calculations that for mild steel, taking 


E as about 13,000 tons per sq. inch, the angle > j radians is equal 





m fs degrees very nearly when fo is in tons per square inch. 
In the more general case, following (7) of Art. 112, (10) would be— 


e‏ ا 
hd 1 E ^b 1 ^‏ 
rts fet in Be‏ 
where A, and A, are the component or co-ordinate eccentricities about‏ 
the two principal axes of the cross-section, and д, and A, are the m‏ 
of gyration about the corresponding principal axes, and 4 is the greatest‏ 
breadth measured perpendicular to the depth 4.‏ 
Allowing for a slight difference of notation, when /= 0, (5) and‏ _ 
reduce to the form (1) of Art. 112, the increase bending‏ )9( 
stress due to flexure being only important when the length is con-‏ 
siderable.‏ 
If failure occurs by tension, as js usual in cast iron, the greatest.‏ 
intensity of tensile stréss corresponding to (9) is—‏ 


TEE м) olas, Gi) 


and if f, is the limit of tensile-stress intensity at fracture, instead of (19) 

at failure by fension the average compressive stress is— 

ha E + (ха) 
Р; А с ‚беш 

; By = М ш a rm iN fi ; 

From equations (9) and (11) the extreme intensities of compressive 
and tensile stress may be found for a strut with given dimensions, load, 
and eccentricity, or the eccentricity which will cause any assigned 
intensity of stress may be found. 

Tt is evident that p becomes infinite for P 
theory, where the eccentricity й = 0; but these equations show that 
where / is not zero, p approaches the ultimate compressive or tensile 
strengths for values of P much below Eulers critical values. The 
reader will find it instructive to plot the values of P and û Ки ау 
given section, and for several different magnitudes of the eccentricity 

and with P in each case. 

For a strut of given dimensions with given eccentricity 4, the 

1 load P (or f) to satisfy equations (19) or (12) for a given 
ultimate stress intensity fe or f may be found by trial or by plotting 
‘ts ordinates the difference of the two sides of either equation, on a 





= TEE, just as in Euler's 
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base-line of values of P, and finding for what value c of P the ordinate 
: ы 5 pupa P EI 
is zero. lt is convenient to write ^A/ pr — А F, where P, = —4- 


when solving for P by trial, the angle in degrees being V. Ё. 

Fig. 18o shows the ultimate values of д, for mild-steel struts of 
circular section and various lengths, taking /, — 21 tons per square inch 
with various degrees of eccentricity. It shows that for struts about 
зо diameters in length, for example, an eccentricity of ;4; of the 
diameter greatly decreases the load which the ideal strut would support. 
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Fic. 180,—Eccentric loading of strate. 
* 


‘Also that when there is an eccentricity of 3 of the diameter an addi- 
tional eccentricity of ył of the diameter not greatly reduce the 


strength. 

To find the dimensions of cross-section, for a strut of given length, 
load, and eccentricity, and shape of cross-section, in order not to exceed 
a fixed intensity of stress /, or /, the above equations may be solved by 
trial or plotting if A and A (or 1) are put in terms of d, viz. A= 4 Х 0,0 
=X d (o l= X d") where «, and в (ог 4) are constants depend- 
ing on the shape of cross-section. In solving by trial a first approxima- 
tion to the unknown quantity may be found by taking the secant as 
unity, as in Art. 112; the further adjustment of the result is then simple. 
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Prof. R. H. Smith* has shown how, where a large number of such 
problems are to be solved, the calculation may be facilitated by drawing 
Fries of curves corresponding to various degrees of eccentricity and 
adaptable to any shape of section. 

Prof. O. H. Basquin * has dealt in considerable detail with the cases 
of eccentricity of loading, crookedness and variation of elastic modulus 
in columns, and suggested stress estimations based upon such probable 
imperfections as a basis of column design. 

It may be noticed from equations (9) and (10) that with increase 
of load P the maximum intensity of stress is increased more than 

roportionally, because the part due to bending increases with the 
increased eccentricity due to flexure as well as with the increased load. 
Hencé the ratio of the ultimate or crippling loads to any working load 
will be less than the factor of safety, as understood by the ratio of the 
maximum intensity of stress to the ultimate intensity of crushing stress 
(at the yield point, say), This point is illustrated in Examples Nos. 3 
and 4 at the end of the present article. 

In the case of a long tie-rod with an eccentric load the greatest 
intensities of stress are at the end sections, where the eccentricity is 


A; in the centre itis only A sech 4 Er 
Approximate Method.) —If the secant in (9) be expanded thus— 
oO 610" , 13850" 
wcümitl ty t.p t 81 + etc, 


Ls т /Р т Р (ғ) біт (PY 
Ете АЕ EN + фово\Р, 

And for working values of z, say less than 1, this may be very closely 
represented (with error on the safe side) by 





P, 1 1 
oy gee eae 
1-1 ?p, 1—913gT SEI 


Making this substitution (9) becomes 


P jd. P, M 
+ ا‎ em or АЎ толар + + (4) 
TE ER E 


where y, — : and M, = PA, the bending moment neglecting the flexure ; 


Y See the Engineer, October 14 and 28, and November 25, 1887, 
? Journal А а Engineers, vol. xviii. No. 6, June, 1913. . 
* reg eR A somewhat similar approximation Шел Ий 
Dee asset FSD, "Tago, but, ihe form here given is more accurate over lager 


anges of load. 
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which reduces to the form in Art. rra when o. (14) may also be ( 


written— 
МАН r2P P олу Ad 
(8 - (525) c (5-6 - go) - za. 09 
And for failure in tension (11) becomes for the maximum tension— 


P Ad My, P 
KT ws i ССРИ А МОС 
28(1— E ) бена 





Е 
which may be written by transposing— 
o'1r2P, Ad 
G+- noH SER 


Another Method. —The approximate results may also be obtained 
as follows. Neglecting the variation of bending moment due to flexure 
the strut has M = PA throughout. This a/one would cause a central 


deflection pes (see (1), Art. g2). Hence the maximum bending moment 
P рл 
exceeds P(A E or pA: + ёл). and for moderate values of P. 


may be taken as ae hence 
1 





7 BEI 
В Pha P hd 
=+ om 2 Ву as in (14) 
E a(x - 5) 


As before, from (5) and (17) the extreme intensities of stress may 
be found for a strut of known dimensions carrying a known load with 
any red eccentricity; or the allowable eccentricity may be cal- 
culated for a given limit of the tensile or compressive-stress intensity. 


Also for a strut of given dimensions, and maximum safe intensity - 


of stress with a given eccentricity, the load P may be calculated 
directly as the root of the quadratic equation (15) or (17), accord- 
ing е specified stress limit is compressive (# =/,) or tensile 
= 
‘The dimensions of cross-section for a strut of given length and 
shape to carry a given load, with given eccentricity and a given 


stress limit, may be found by taking, as before, A = 2.2, # = 4. dh. 


Iz4.d*-4.4.d, where « and 4 are constants, in (15) or (17), 
Since P, is proportional to 4*, these equations evidently become 


sextic (or sixth-power) equations in d, and (rs) or (17) being used 
i pressive 


according as the specified limit of stress intensity is com] 
or tensile, Z may be found by trial or plotting, For a solution by 
trial a first approximation may be obtained by taking /=o when 


; 
1 
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equation (15) reduces to the form of (1), Art. 112, If 4 should 
be um as a fraction of d, the equation will reduce to a cubic 
in d’. 

The approximate solution may be tested by the more exact rules 
(хо) and (12), and adjusted to satisfy them. 

Assuming any initial curvature of a strut to be of the form of a 
curve of cosines, Prof. Perry, jn the form referred to above, shows that 
initial curvature is equivalent to eccentricity not greatly different from 
the maximum deflection of the strut at the centre from its proper 
position of straightness, ‘This may be verified by substituting 


T for 4 in (1), the conditions being y = o and a =o for x =o 





сй Т 
and y = a for x = j the maximum bending moment is then P(a + A), 
which is equal to— 
Ph, 
LIB 
Р, 


where P, TEL. A similar value holds for other cases when the value 
of P, is modified as in Art. 114. 

‘An interesting rational explana! 
even when axially loaded, has been 
Euler's theory so as to allow for the fact that in flexure beyond the 
elastic limit, the rate of increase of stress with strain on the concave 
side of the strut is much less than Young's modulus (E), while the rate 
of decrease on the convex is approximately equal to È. ‘The calculated 
results with the modified theory agree well with the best experiments 
approaching ideal loading conditions, . 

EXAMPLE 1.—A cast-iron pillar is 8 inches external diameter, the 
metal being 1 inch thick, and carries a load of 20 tons. If the column 
is 40 feet long and rigidly fixed at both ends, find the extreme inten- 
sities of stress in the material if the centre of the load is 13 inch from 
the centre of the column. What eccentricity would be just sufficient to 
cause tension in the pillar? (Е = 5000 tons per square inch.) The 
corresponding problem for a very short column has been worked in 
Ex. 2, Art. 112, and these results may be used— 

‘fy = 0°909 ton per square inch )پل = م‎ 8" + 6( = 
f К 1 5 1 Р 
The bending stress is increased in he ratio see A/Ê 


1 Г 0:999 X 4 1 5 
А Bm mee PEN rag m oi m m i = 125. 


tion of the failure of short struts, 
given by Southwell! He modifies 


5000 X 25 
Hence the bending-stress intensity is— 
ror] X 125 — 177 ton per sq. in. 
+ “The Strength of Struts," Engineering, Aug. 23,1912, See also under same 
title LCE, Sect Engincering Paper No. 28, by Prof, A. Robertson (1925). 
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The maximum compressive stress = 1°27 -+0'909=2"r8 tons per sq. in. 
The maximum tensile stress = 1°27 —0'909=0'36 ton per sq. in. 


or more than treble that when there is no flexure increasing the 
eccentricity. 
If the eccentricity is just sufficient to cause tension in the pillar, 
its amount is— 
+ 9999 .. as i 
1'75 X 127 = 1'25 inch 
EXAMPLE 2,—A compound stanchion has the section shown in 
Fig. 176; its radius of gyration about YY is 3°34 inches, and its breadth 
rallel to XX is 14 inches. The stanchion, which is to be taken as 
Feely hinged at both ends, is 32 feet long. If the load per square inch 
of section is 4 tons, how much may the line. in which the resultant 
force acts at the ends deviate from the axis YY without producing 
a greater compressive stress than 6 tons per square inch, the resultant 
thrust being in the line XX? How much would it be in a very 
short pillar? (E = 13,000 tons per square inch.) 
Evidently from (9) the bending-stress intensity must be 6— 4 = 2 
tons per square inch; hence, if 4 is the eccentricity— 


hd 4 №, 
4,n*5,N gp* 
A. A. 14 192 4 
8x (y) ^ yi M 130007 7 
A(1897 sec 50/3") = 2'974 = 2 
А = 0'675 inch 
For a very short pillar where the flexure is negligible this would 
evidently be— 
kx 1897 =2 4 = 1055 inch 
the equation reducing to the form (1), Art. 112, since the secant is 
Practically unity, : 
It is interesting to compare the solution by (15)— 
y o'12 X 10,000 X 4 14 A 
@-:(‹- тво Sanoa 
% = 0'665 inch 
EE the previous result, and is slightly on the safe 
side. t + 
ExAMPLE 3.—Find the load per square inch of section which a 
column of the cross-section given in Ex. 2 will carry with an eccentricity 
of 1} inch from XX, the column being 28 feet long and free at both 
ends, the maximum compressive stress not exceeding 6 tons per “е 
inch. Find also the ultimate load per square inch of section if the 
ultimate compressive strength is 21 tons per square inch. (E = 13,000 
tons per square inch.) ‘ 
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Using first the approximate method, (15) gives— 





Testing this value in (9)— 
Е H a 168, f y1$ 
3 iss +X TX 1475 ا‎ 384 3) 
= 315(1 + 0°715 sec 39°) = 6°05 tons per square inch 
instead of 6, hence 3'15 is slightly too high. Trial shows that 
fo = 3°12 tons per square inch 


satisfies (9), and is the allowable load per square inch of section. Sub- 
stituting 21 tons per square inch for 6 in the above work gives 8'2 tons 
per square inch of section as the crippling load, Note that while the 
De qure icy reckoned on the stress is 3 = 3h, the ratio of ultimate 
to working load is ты = Ө» 

EXAMPLE 4.—À. Steel strut is to be of circular section, 5o inches 
long and hinged at both ends. Find the necessary diameter in order 
that, if the thrust of 1g tons deviated at the ends Бу yy of the diameter 
from the axis of the strut, the greatest compressive stress shall not 
exceed 5 tons per square inch. If the yield point of the steel in 
ees ou per mai a a TEE AeA 

= 13,000 tons per square inch.) 

ae 


4 rd" 
йа А = р 


Using the approximate equation of (15)— 


gra" _ orra X 15 X 64 X 2500 4 4X 16 
X15 aia cee Ex Xr ot? 


(0*26162* — (x — 138°) = o'80 4 
d^ — 6882 — T'o652* + 27 = © 
a cubic equation in 2°, which by trial gives— 
{=з 
4 = 270 inches 
Testing this result by equation (9)— 


Xt eH ecos) m tà 


instead. inch. 
Зу шар = 47 inches very neatly, as in the approximate method. 
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Taking this value for failure when 2 = 20 tons per square inch, (15) 


gives— 
зв ж үй SAL si 
5 x)( Heo) PP 
Ż, = 8'4 tons per square inch 


and by trial, from (9)— 
p, = 8°43 tons per square inch 


the whole load on the strut being— 
843 х А X (277)! 9 484 tons 

Thus the factor of safety reckoned on the greatest intensity of stress 

is 42 = 4, but the ratio of crippling load to working load is Se gam 


119. Strats and Tie-rods with Lateral Loads,—When a prismatic 
piece of material is subject to axial and lateral forces it may be looked 
upon as a beam with an axial thrust or pull, or as a strut or tie-rod with 
lateral bending forces. A good example occurs in the case of a sloping 
beam acted upon by vertical forces as in the main rafters of a roof. The 
stress intensity at any cross-section is, as indicated by (x), Art. 111, the 
algebraic sum of the bending stress, and the direct stress which the axial 
thrust would cause if there were no lateral forces. 

In a beam which is only allowed a very limited deflection, £z. which _ 
is not very long in proportion to its dimensions of cross-section, the 
bending stress may usually be taken as that resulting from the transverse 
loads only. If, however, the beam is somewhat longer in proportion to 
its cross-section, the longitudinal force, which may be truly axial only at 
the ends, will causea considerable bending stress due to its eccentricity 
elsewhere, and will play an appreciable part in increasing or decreasing 
the deflection produced by the lateral load, according as it is a thrust or 
a pull. In this case, the bending stresses at any section are the algebraic 

, Sum of those produced by the transverse loads, and those produced by 
the eccentricity of the longitudinal forces. Unless the bar is very long, 
ог the longitudinal force is very great, a fairly close approximation to 
the bending moment may be found by taking the algebraic sum of that 
resulting from the transverse forces and that resulting from the eccen- 
tricity of the longitudinal force, on the assumption that the deflection or 
eccentricity is that due to the transverse loads only. The solution of a 
problem under these approximations has already been dealt with, the 
bending stress due to transverse loads being as calculated in Chapter 
V., the deflection being as calculated in Chapter VIL, and the stresses 
resulting from the eccentric longitudinal force being calculated as in 
Art. r12. Itremains-to deal with those cases where the end thrust or 
pull materially affects the deflection, and where consequently the above 
approximation is not valid; this is the work of the two following 
articles, which give the stress intensities for members of any proportion, 
and indicate the circumstances under which the simpler solution of the 
problem will be approximately correct + 
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Strut with Lateral Load.—Let 1 be the length of a uniform зиш’ 
freely hinged at each end and carrying a load w per unit length, 
Let the end thrust which passes through the centroid of the cross- 
section at each end be P. Take the origin O (Fig. 181) midway 
between the ends, the line joining the centroids of the ends being the 





227 


Fio, 181. 


axisofz, The bending moment at Q'is — *( — #) due to the lateral 
load and —P.y due to the end thrust P. The sum is equal to 
E where I is the (constant) moment of inertia of the cross- 


section about an axis through its centroid and perpendicular to the 
plane of flexure, or— 


йуз, 2 КЁ E 
BSA =z ғ) э: Ае е А 


BiP- -mG oats Gh 


The solution of this equation under the conditions 2 = o for =o, 


and y= o for s =£ is— 


ossi iit co BE e E 
م در‎ 56346 sec N/T om HORG 
and the maximum bending moment at O is— 


терел E (eee N/R = °), 


ot, м. “ET (sce 24/5, - 2) аше) 


where P, = d Eulers limiting value for the ideal strut (Case IL, 
Art, 114). If P = P, M, and y, become infinite. The expansion— 
os V 618 1 13850 
weó-iel tip trt si Tet . + (6) 
may be applied to (4), which then reduces to— 
i fe E. nut Po ane (PY 
Manet Ж EXE) F 5760" E) ЭР A rn ec] o 
or . 
= wh 5 wht 6n) P o, 2774 (PY V 
м + i ET P ÈT + Goo Pt 2688 P +, ete} 
subject to Continuous Beams, see “ Aeroplane 


1 For extensions of this 
Structures,” by Pippard and Pritchard, Art, 9o and references therein. 
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"These two forms (7) and (8) show the relation of the approximate 
methods mentioned at the beginning of this article to the more exact 
method of calculating bending moment, The first term in each is the 
bending moment due to the lateral loads alone; the second term in (8) 
is the product of the axial thrust P aad the deflection =5-. E eee (11). 
Art. 94) due to the transverse load alone, Even in the longest struts , 
E, Will not exceed about }, and in shorter ones will be much less 

a 


‘The errors involved in the approximate method of calculation, which 
gives the first two terms in (9), are evidently then not great. 
If the strut carried a lateral load W at the centre instead of the 


uniformly distributed load, equation (2) becomes— 


dy, P wai 
+a- me) EEE 
м /Е SEa Ni 
and ہر‎ = EA Bl ша! BE p c 09 


NU RI EAD 
-м,- Plus AT, Decr i» 
Using the expansion tan 0 = 0 + 3P + AP +35 + . (12) 
; Wj e P eP, Im PY 
-me Atp tE) tasol) tee} 09 
or— 
wi, we » P wp (Py 
m= eagri|tt is Rue (n) tee] s 09 


which illustrates again the same points, Ax ; 
Other cases may be found in a paper in the Philosophical Magazine, 


June, 1908. 
The expression in brackets in (7) and (3) approximates to'— 


1+5 HEHE) + etc. = ae r 
Р 


тоЕІ 
PR-P 
or —.— nearly (15) 


1 
P being a fraction less than ‡ say, hence to find the bending stress 
approximately in any case for a strut hinged at both ends we simply use 
5s niszituss DéMg momneot M; ifi due to the lateral loads alone 
and increase it in the ratio given by (15), so that— 


۰)6 .۰ .... د 


З ds 
тоЕ 
ee for tension in a 
4 Prof, Perry obtains this result and the succeeding ове (27) for tension 
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Whether the bending moment is calculated by the approximate 
methods of the previous article applicable to short struts, or by (s) or 
by (16), the maximum intensity of bending stress f» disregarding sign, 


by Art. 63, is— ae К 
h= ezea eee 
d 
where y, is the half-depth > in a symmetrical section, and Z is the 
modulus of section. Hence, by Art. 111 (1) the maximum intensity of 
compressive stress— a ji 
L=Zth or Sr tte e ee e- (18) 


where A, is the mean intensity of compressive stres: on the section, viz, 


Р where A is the area of cross-section, and the bending moment is 
taken as positive. 

And the maximum intensity of tensile stress is 

fin y e ME 4 6n ija c2 (30) 

which, if negative, gives the minimum intensity of compressive stress. 
If the section is not symmetrical, the value of the unequal tensile and 
compressive bending stress intensities must be found as in Art. 63 (6). 

The formula (18) affords an indirect means of calculating the 
dimensions of cross-section for a strut of given shape, in order that, 
under given axial and lateral loads, the greatest intensity of stress shall 
not exceed some specified amount. As the method is indirect, in- 
volving trial, the value M, may be used to give directly a. first approxi- 
mation to the dimensions, which may then be adjusted by testing the 
values of f, by the more accurate expression (18), where M, satisfies (5) 


or (11) or (16). 
Using the approximate values (18) becomes— 
P 
ر‎ RR rrt (m 
I- ick 
and (19) becomes— i P 
رر‎ ge @9 
L- iE 


Tie Rod with Lateral Load—]f the axial load P is tensile the sign 
of P in (2) is reversed and the equation becomes 


dy P w(t 
t PiP yanm) ی‎ 
and the conditions of fixing being the same, the solution is 
w P wE ” P: T 
y=- 38+ | 1 — secha / E coa / re) (аз 


. 
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апі 
_ E1 1 /ү_®® WE 
м, (еу) P Ch p) Gn 
This when expanded gives a series identical with (7) and (8) 
except that the signs of successive terms are alternately positive and 
negative. The second term, viz. — P СЕ Ет the reduction in 


bending moment resulting from the eccentricity of the tension on the 
assumption that the deflection is that due to the transverse load only. 
Tf the tie-rod carries only a lateral load W at the centre, (rr) becomes 


ду Р w/i 
zmo) а 
w JEI TU P. 
ont nc apu p mah NF 


Ww. /EI KAYE 
му anh NIE e e oe oe 9 


Other cases may be found in a paper in the Philosophical Magasine, 
June, 1908. 

‘The expansion of (26), which is similar to that of (11), further 
illustrates the same points as the previous cases. : 

Proceeding as for struts, the approximation for either (24) or (26) is 


P PY ' M, 
M= mfr 7E *(£) = (5) + ec] - Hy ог py nearly 
fp, Cu 
(27), 
and corresponding to (18) or (20), the maximum intensity of compressive 
stress is 
M M 
h= Zak or от - Е approximately . . (28) 
+25 
' тоЕ 
and corresponding to (19) or (31), the maximum intensity of tensile 


stress is м, 
fim +» = Er, S approximately + + (9) 
Ito. , ' 


ExAMPLE.—A round bar of steel x inch diameter and ro feet long 
has axial forces applied to the centres of each end, and being freely 
supported in a horizontal position carries the lateral load of its own 
weight (o'28 Ib. per cubic inch). Find the greatest tensity of compres- 
sive and tensile stress in the bar : (a) under an axial thrust of 5oo Ibs 
(b) under an axial pull of 500 Ibs. ; (¢) with no axial force, (E = 30 X 
Ibs. per square inch.) 
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os Ed. j wf ; 
w = 0728 x = 0°22 Ib. per inch length. M, = “J = 396 Ib-inches, 





Jy os inch. iz &- nies 
P 500 X 120 X 120 Y E j 
IoE 10 X 3o X 10° mos. %= 5 7 Ibs per sq inch. 


(a) Maximum intensity of bending stress by (16) is approximately 





Му, йы 396 X i 198 s $ 
ne 0704909 — 0024 = 9702509 = 7900 Ibs: persquare inch, 
Maximum compressive stress, /¢ = 7900 + 637 = 8537 lbs. per 


square inch, 
Maximum tensile stress, f: = 7900 — 637 = 1263 lbs. per square 


(b) Maximum intensity of compressive stress by (28) is approxi- 
mately 
198 ks г | 
f= 04309 -- 0024 637 = 2710 — 637 = 2073 Ibs. per. sq. inch, 
Maximum intensity of tensile stress by (29) is approximately, 
similarly 
Si = 2710 + 637 = 3347 Ibs. per square inch. 


8 $ 
(9 fafa E = 4030 Ibs. per square inch, 


The values of the bending stress by the more exact rules (5) and 
(24) are for (a) 81oo lbs. per square inch, and for (/) 2666 lbs. per 
square inch; they are worked out in the Author's "Strength. of 
Materials." 

120, General Case of Combined Bending and Thrust or Pull— 
An empirical approximate formula covering any case of combined 
bending and longitudinal load corresponding to (14), Art. 118, and 
to (20) and (29), Art. 119, for the greatest intensity of stress is 


A 
RUE 


where M, is maximum bending moment resulting (algebraically) from. 
the eccentricity of P (neglecting flexure) and lateral loads, and where 
the negative sign is to be used when P is a thrust, and the positive sign 
The constant ¢ for a strut hinged at both ends is 


when P is a pull 

about 8 for eccentric loads, ro for uniformly distributed loads, and rather 

Der values for concentrated loads, It may be taken as, вау, 1o in 
Cases, 


course, be obtained by 
and (1), Art. 119. The 
spends on the type of 


A more exact but unwieldy result might, of 
combinations of such equations as (x), Art. 118, 
value of ¢ applicable to other forms of ends dej 
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loading and also upon whether the maximum stress occurs at the ends 
or at some intermediate point.’ When both ends of a strut are fixed, ¢ 
may be taken-as roughly about 34 for estimating the stress about the 
middle of its length, and as about 57 for the ends. When one end is 
hinged and the other is fixed, ¢ may be taken as about 24 for maximum 
stress at any section. The other extreme stress at the section of 
maximum stress is found in any case by reversing the sign of i 

121. Bending Couples acting on Stanchions.—In steel structures 
stanchions are frequently subjected to bending moments greatly in 
excess of any arising from slight accidental eccentricity in the applica- 
tion of the thrust or from flexure such as was considered in Arts, 118 
апа 119. For example, a stanchion supporting a roof may also serve 
as a crane post or carry a heavy load on a bracket, In such a case the 
effect of flexure will be negligible, and in the present article it will not 
be taken into account. To estimate the maximum stress it will be 
necessary to find the maximum bending moment at any section of the 
stanchion, and then to combine the stresses due to bending and thrust 
by the usual method given in (1), Art. r11. 

А The effects produced by a given bending couple depend upon the 
end conditions of the stanchion, and as the investigations follow fairly 
closely the lines of those of beams given in Chapters VIL. and УШ, 
they are here stated somewhat briefly, 

When an eccentric load is applied by a bracket, the couple is 
reducible to two equal and opposite 
forces perpendicular to the stanchion, 
and an axial thrust. To simplify the 
calculations the depth of the bracket 
will be supposed small in comparison 
with the length of the stanchion, so 

+ that the couple is taken as acting 
f wholly at a single section ; any error 
(-^)^ involved will be on the safe side, 
for the bending moment will be 
slightly over-estimated, any increase 
in the depth of a bracket reducing 
the maximum" value. 

Case 1.—Stanchion hinged at both 
` ends subjected to a couple p at C, 

; distant nL from the base (Fig. 182). 
Fic. 182. Notation as in the figure and as 
used for beams in Art. 95, etc, 

except that length of stanchion is L. Taking the origin at O the base, + 

and using the principles of Art. 93, 





! These values may be obtained by expanding the transcendental fanctions in- 
volved in more exact values ru by the method illustrated. 
latter case deflections must be 


of the 
between equations (8) and (9) of Art. i 
Заале Агол за аве 
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From O to C, 4 
y y n. 
| М=Е у=.» ‚....,,... (@) 
Integrating, 
dy шә? 
BL оғ ЕТ. РА даг а. а лол don (6) 


кту = +. А o (ince y e o, fora e 0) (9) 


From C to A, 
a , 
M =EI = p® а) 
2 
ит.г=(#р—)+В. ik DESC 


And for x — »L equations (2) and (s) must give the same value 


for #,, hence 
nL + A, and (5) becomes 








B 
кг=щ(—«+»)+А ..... 6% 

Е Ф 
Ey = «(fr =; + =) + Ax + C d aee) 
MUS 


which must agree with (3) when х = nL, hence C & — 41—7 
at s PL 
Erg e (E o Tinta - FE) 4 ax 2069 


This is zero for = = L, hence A = (a — би girî), and by sub- 


stitution in the previous equations the values of i and y at all points in 
the elastic line ee be found. Particular values are— 


i=l a= n+.» 0) 
= (x gr + or) М) 
а= = азб о 5 00 


yo = E. Mt = l = an). ИККЕ Дт) 


Ил=т = = at a > CED) 

_ Bending Moments—The general type of bending-moment diagram 
is shown, in accordance with equations (1) and (4) on the right-hand 
side of Fig. 182. The least possible bending moment to which the 
stanchion must somewhere be subjected is jp. When the maximum 
bending moment is as small as possible it will change from —}uto-+4p 
at the application of the external couple | hence putting z — sL, 
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equating (1) to + 3p, or (4) to — 4, = } which is obvious in this case 
from the symmetry of the end conditions. The bending-moment 
diagrams for » — j and for x = 1 are shown in Fig. 183. 


If the couple 4 consists of a horizontal pull É and an equal hori- 


zontal thrust at a distance @ below it, the total change in bendi 
moment will be at a uniform rate over the distance æ, the point 
inflexion occurring at some intermediate section, and a similar remark 


“ 
Up az 
| p 
2 
n=! n=} 


FiG. 185. Fic, 184. 


will apply to subsequent bending-moment diagrams; the conditions 
for, and amount of least bending moment on the stanchion may easily 
be found. It will occur when the length @ is symmetrically placed in 
the middle of the length L, and the amount will be Ë. == 

Case IT. Stanchion fixed at both ends, acted upon by a couple p at C 
distant nL from one end (Fig. 184). > 4 Б 

The conditions are i, = o, f, = o, Ya = O, Y = o, iç and yo to be 
the same for the length AC as for the length OC, From O to C, 


M = EI -A-M,-TR(b-2). ... (r2 


вім.) о. 2 (9) 


EL.y = dps Ma - (LE - T) bo 2s (04) 


From C to A, 
M = EZ =M, -RL - =) E ША А 


+——®г— эе ыс ج‎ 


R 
—— 








EL. i 2 M,.x — R(Le —%) + A, and from (15) atx = nl, 
WAS QAUM. es e PaO) 


a 
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a x 
Ely e M, - (1 - ) + ат + Band from (14) at x = nL, 


= Бае e nnn n n (D 
i, =0, ¥, = 0, hence— 
RL = биі 8) i soe + © © (18) 
My =pa(2 3н) + 2 e o o © (19) 
fom te nls = nx an ant) oe oe ws бо) 
` Just below C, 
M= p- bP tg — qn FI) n n n n (23) 


which must be equal to jy for least value of M at C, hence 
n=} or} t VG eos o8 oroang . (22) 
The complete results for these cases are shown in Fig. 185. The 
inflections below C are at + = f TL 


If n = 1, this gives x — 41, 
z Also M, = w(t — 48 + 377) +. + 24) 
which varies between +p and — Ju; the least value of the bending 


moment at the base is zero, viz. when n = § or n = 1. ‘The results in 








Cerda 








E opp opp p 
E 
2 
Л | 
-5 А 
| 0-788 L. 
È ا‎ | 
1 t 
| s 1 | 
тре озн 7 TES 
ve a-0-789  п=0?П nel 
Fic, 186, 


Fic. 185. 
this case can also conveniently be obtained by the alternative method 
glven in Art. 103 (14) and (15), the deflections and slopes being found 


from Art. 95. 
Сазе Гі 7. Stanchion fixed at the base and hinged at the top, acted upon 


by a couple p at C distant nL from the base (Fig. 186). 
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The conditions are i, = o, J, = o, y, = o, ig and yo the same for 
length AC as for length OC. From O to C, 


Ф 
М=Е А= н-Ю(1-х+)..... (а) 
y а 
ЕІ. = pa — (1-5) o mer eae 
# Sos 
Е.у= 2 – В(І Fos o eo dro OP 
From C to A, M = EI, = — R (L — 3) 


ЕШ = -R (Le = Ë) + A, and from (26) at x — nL, 
A=paL CULTE CER QNO «+ (28) 
Ely= =R(LE - 7) + pote + B, and'from (27) at © = al; 


EHE LR ro PS) 
Ya = 0, hence— gef». es © (30) 
ңел „=й... +. э, эз» (31) 


For the least bending moment anywhere on the stanchion, M just 
below C must be +4, and from (25) this occurs when 
gu — on? + 6n— =0 ве ео а (32 
бг, теп я = о`бо$ ог 0258 о ә наа бз) 





ae 
+ ^ i 
| 04230 —3À 
06051 -5 VH 
Fl 
20-2581. 
i 
0266. 
n=0-605  n-0258 


Fic. 187. 


"The bending-moment diagrams for these cases are shown in Fig. 
187, which also shows the condition to make the bending moment at 
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the base zero and the particular case of # = x. The point of inflec- 
tion below C is at 
gn — 6nd 2 
gnín — 2) 
The results in this case can be obtained as in Art. 95 (14), which 
agrees with (30) of the present article, slopes and deflections then being 


found by the method of Art. 97 or otherwise. 

Ex. 3 of Art. 95 and Fig. 144 illustrate the modifications when the 
couple consists of two forces perpendicular to the stanchion. 

Case IV. Stanchion fixed at the base and free at the top acted upon by 
a couple p. 

In this case the stanchion is subject to the bending moment of the 
full amount y. The slopes and deflections have been given in Art. 95 


(4), Fig. 143. Й В 
Other Cases. Another possible case would be that of a stanchion 
fixed at the base, and fixed in direction only but not in position at the 
top. Practical stanchions will have conditions intermediate to those 
given. For example, with good foundations and rigid base plates 
securely fastened a stanchion may be taken as “fixed” at the base. 
Where the top of the stanchion is only connected to other parts of a 
structure of appreciable flexibility the reaction R of Fig. 186 will be 
ке нсана зу (зо оа перанос иар lie between Cases 

and IV. . 

ExAMPLE.—Solve Example 3 of Art. 95 (a) if both ends of the 
stanchion are hinged, (b) if both ends are fixed. 

(a) Taking moments about either hi 

R=R= f= 48 = 3 ton. 
At B,M,= -R x AB= -į X5= — 3'3 tons-feet. 
At C, Mc = $ X 7'5 = 5 tons-feet. 

(6) The reaction and bending moment at, say, the upper end may 
be calculated by (14) and (rs) of Art, ros, 8 and é being calculated by 
applying (s) and (3) of Art. 95 as indicated at (12) and (13) of Art. 95. 
Orby using the values given in Ex. 2 of Art. 103 for the thrust and 
pull of 4 tons each, 

в, = roo x 25 = (75) х з) = Bf ton. 

M, = yfgfsoo — (75) $5 = riy tons feet. 
At B (Fig. 144) Ms = 15 - H X5 = — WE = — 3°426 tonsfeet 
АС Mg = % – 2 х o 4} tons-feet. 
Ato М,= #f —#$ x 15+ 10 = — 335 tons-feet. 

The changes in bending moment being linear from point to point. 


== T, whihis]Lifms 3 . . . . . (34) 


320 THEORY OF STRUCTURES (Cu. 2 


EXAMPLES IX, 


1. Ina short cast-iron column 6 inches external and 5 inches interne 
diameter, the load is 12 tons, and the axis of this thrust passes j inch from 
thecentre of the section. Find the greatest and least intensities of compres- 
sive stress. 

2. The axis of pullina tie-bar 4 inches deep and 14 inch wide passes 
E inch from the centre of the section and is in the centre of the depth, 

ind the maximum and minimum intensities of tensile stress on the bar at 
this section, the total being 24 tons. 

3. The vertical pillar of a crane is of I section, the depth of section parallel 
to ihe web being 25 inches, area 24 square inches, and the moment of 
inertia about a central jaxis parallel to the flanges being 3000 (inches). 
When a load of 10 tons is carried at a radius of 14 feet horizontally from the 
centroid of the section of the pillar, find the maximum intensities of com- 

ive and tensile stress in the pillar which is fixed at the base and quite 





'ee at the top. а 
4. lf a cylindrical masonry column is 4 feet diameter and the horizontal 
wind is do lbs per foot of height, assuming perfect elasticity, to 


what height may the column be built without causing tension at the 
the masonry weighs 140 lbs. per cubic foot? 

5. A mild-steel strut nen long has a pred cross-section 6 х 4 Х 4, 
see B.S.T., 21 in. Table VI, Appendix. Find the ultimate load for this strut, 
the ends of which are freely hinged, if the crushing strength is taken as 21 
tons per ds inch and the constant a of Rankine's formula. D 

6. Find the greatest length for which the section in problem No. 5 may be 
used, with ends freely hinged, in order to carry a working load of 4 tons per 
square inch of section, the working load being } of the crippling load and 
the constants as before. N 

7. А mild-steel stanchion, the cross-sectional area of which is 53°52 square 
Inches, is as shown in Fig. 176, the least radius of gyration being 4'5 inches. 
The length being 24 feet and both ends being fixed, find the crippling load 
by Rankine's formula, using the constants given in Art. 116. 

8. Find the ultimate load for the column in problem No. 7, if it Is fixed 
at one end and free at the other. 

9. Find the breaking load of a cast-iron column 8 inches external and 6 
inches internal diameter, 20 feet long and fixed at each end. Use Rankine’s 
constants. 

10, Find the working load for a mild-steel strut 12 feet long composed of 
two T-sections 6” x 4” x 4”, the two 6-inch cross-pieces being placed back 
to back, the strut being fixed at both ends. Take the working load as } the 
crippling load by Rankine’s rule. Я 

11. Find the ultimate load on a steel strut of the same ird 
н Ша in problem No. 10, if the length is 8 feet and both ends are y 

inged. 

12. Find the necessary thickness of a mefal in a cast-iron pillar 15 feet 
long and 9 inches external diameter, fixed at both ends, to carry a load of 50 
tons, the ultimate load being 6 times greater. 

13. Find the external diameter of a cast-iron column zo feet long, fixed 
at each end, to have acrippling load of 480 tons, the thickness of metal being 


1 inch, 
14. A latticed stanchion is built of two standard channel sections 7 in. by 


3 in. (see B.S.C. 9, Table II, Appendix) placed back to back. How far apart 
should they be in order to offer cqual resistance to’ buckling im 
ions 
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15. Solve problem No. t if the column is ro feet long, one end being 
fixed and the other having complete lateral freedom. (E = 5000 tons per 


square inch.) 

16. With the ultimate load as found by Rankine’s formula in TEE 
No. 5, what eccentricity of load at the ends of the strut (in the direction 
of the least radius of gyration and towards the cross-piece of the T) will 
cause the straight homogeneous strut to zeach a compressive stress of 21 


r square inch, assuming perfect elasticity up to this load? The 


es edge is 


distance from the centroid of the cross-section to the compression 
0968 inch. (E = 13,000 tons per square inch.) 

17. With the eccentricity found in problem No. 16 and a load of 16 tons 
E inch of section, of what length may the strut be made in order 
that the greatest Intensity of compressive stress shall not exceed 21 tons per 
square inch? What is then the least intensity of stress, the distance from 
the centroid of the cross-section to the tension edge being 37032 inches ? 

18. Find the load which will cause an extreme compressive; stress of 
31 tons per Muss inch in a stanchion of the section given in problem 
No. 7, 12 feet long and freely hinged at the ends, if the depth of section 
in the direction of the least radius of gyration is 16 inches, and the deviation 
‘of the load from the centre of the cross-section is 1 inch in the direction of 
the 16-inch depth, (E = 13,000 tons per square inch.) 

19. What load will the column in Problem No. 1 carry if it is fixed at one 
end, and has complete lateral freedom at the other, if the column is 10 feet 
long, the eccentricity of loading &/inch, and the greatest tensile stress 1 ton 

square inch, at is the greatest intensity of compressive stress? 
E- 5000 tons per square inch.) 

20..Find the necessary diameter of a mild-steel strut, 5 feet long, freely 
hinged at each end, if it has to carry a thrust of 12 tons with a possible 
deviation from the axis of jy of the diameter, the greatest compressive stress 
Rot to exceed 6 tons per square inch. (E = 13,000 tons per square inch) 

21. Solve problem No. 19 if the deviation may amount to I inch. 

22. A round straight bar of steel 5 feet long and 1 inch diameter rests in 
a horizontal position, the ends being freely supported. If an axial thrust of 

find the extreme intensities of stress in the 





2000 Ibs. is applied to each end, 
materi feight of steel, 0°28 Ib, per cubic inch. (E = 39 x 1o" lbs. per 
square inch.) 


23. Find what eccentricity of the 2600-Ibs. thrust in the previous problem 
will make the greatest intensity of compressive stress in the bar the least 
possible, and the magnitude of the stress intensity. 


M 


CHAPTER X 
FRAMED STRUCTURES 


122. Frames and Trusses.—The name frame is given to a structure 
consisting of a number of bars fastened together by hinged joints; the 
separate bars are called members of the frame. Such structures are 
designed to carry loads mainly applied at their joints, the members 
being simple ties or struts although the structure as a whole may be 
subjected to bending. 

"The external forces acting on a framed structure are the loads, and 
the supporting forces or reactions at its points of support, In many 
important framed structures the centre lines of all members and of all 
loads and reactions lie approximately in one plane; such structures 
may be called plane frames. In other cases, of which we shall notice 
a few, the members and forces do not lie in one plane, but are more 
Roy distributed in space; such frames may be called space frames, 

'he most Ps iter frames are frusses, which act as a whole as beams; 
they include braced girders of bridges called bridge trusses and roof 
principals called roof trusses. 

Although the name frame has been applied to hinge jointed struc- 
tures, it is the usual British practice to make most framed structures 
with riveted joints. In America and elsewhere pin-jointed structures 
are in many cases employed, and in such cases the force or stress in 
members can be determined by the principles of statics with more 
certainty than where the more rigid riveted joints are used, It is 
usual, however, to estimate the stresses in structures of which the 
members are riveted together, or in some cases two or more members 
form one continuous piece, as if the bars were all freely hinged at every 
joint. Such a computation neglects secondary (bending) stresses arising 
from resistance to free angular movement at the joints, The secondary 
stresses are sometimes separately estimated (see Art. 174). 

123. Perfect and Imperfect Frames.—A perfect frame is one which 
has just sufficient members to keep it stable in equilibrium under any 
system of external forces acting at its joints without change of sha 
If the frame has either more or fewer than this number it is said to 
imperfect, If it has fewer members it is said to be deficient or unstable. 
If it has more it is said to be a redundant or over rigid frame. Fig. 188 
represents examples of perfect plane frames; they have the property 
that the length of any one member may be slightly altered (as by 
change of temperature or error of workmanship) without inducing 
stress in any of the other members, 
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Fig. 189 represents deficient frames: while they may be stable 
under a certain system of loads any change in direction or magnitude 
of the applied loads may render them unstable, and change their shape 
except in so far as such change is resisted by rigid joints, A member 
joining either AB or CD would make the frames perfect. 

Fic, 188,—“ Perfect” plane frames. 

Fig. x90 represents redundant frames formed by the addition of 
members AB and CD to Fig. 189. Such frames are generally 
if an alteration of length takes place in any one member due to change 


in its temperature or error in construction, and the frame is then said 
to be self-strained. ‘The stresses in redundant frames are not calculable 


c B ©. в 
D 
A D 


Fic, 189.—Deficient plane frames. 


by the simple statical principles applicable to perfect frames; the 
frames are called statically indeterminate structures (see Chap. XIV). 
Use y Counterbraces—Such frames as those shown in Fig. 190 are 
frequently used ; although redundant they may serve as paese p 
frames if the tiés or braces AB and CD are long, because their се 


уто. 190.— Redundant plane frames, 
to compression (as struts) is then negligible. ‘Thus excess of external 
B say, puts CD in tension, and AB out of use, while excess 
of thrust at C puts tension in AB while CD is idle. Thus a structure 
counterbraced with flexible ties may resist the changing action of a 


i 
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perfect plane frame is the triangle which has three members and three 
joints (Fig. 188). For every additional joint two more bars will be 
required in building up a more complex perfect frame which is always 
divisible up into triangles, hence for four joints the number of members 
is 3 + 2, for five joints 3 + 4, and for » joints 

e 3 a(n — 3) 225 — 3 members. 

"This criterion serves to show on inspection whether a plane frame 
is perfect deficient, or redundant. 

Similarly the basis of the space frame is the tetrahedron, having 
four joints and six members; for each additional joint three additional 
members will be required, and for s joints the number of members will be, 

6 + 3(n — 4) = 3n—6. 
125. Roofs and Roof Trusses.—Roofs of considerable span are 
supported at intervals by principals or trusses, which resist the bending 
resulting from the 
Ridge loads applied to the 
roof. Fig. ror shows 
five roof princi] 
the first of which is 
ABCDE, and the 
second A'B'C. The 
roof covering is at- 
tached to the purlins 
which transfer the 
load to the joints of 
the principals. Fig. 
192 shows a number 
of roof trusses suit- 
ы able for various spans, 
Fi6. 191.—Roof principals, and indicates to some 
extent the evolution 
of large roof trusses. The thick lines indicate struts and the thin ones 
ties. (a) represents two rafters with a single tie forming a roof 
Principal suitable for small spans; (4) represents the King Post Truss 
which has a suspension rod from the apex to the cross tie; (c), (d) 
and (e) represent suitable types of frames for larger spans; (d) is some- 
times a timber truss, excepting the yertical ties which are steel ; (e) repre- 
sents a very common steel truss, the struts being shorter than in (i 
The length of main rafter between successive purlins (at joints) is 
usually limited to about 8 feet, which helps to determine the type of 
truss to be used. The total rise of a roof with straight rafters is usually 
1 of the span, and for large spans a crescent shape such as (/) is some- 
times adopted to obviate a high roof. 

Types (g), (4), (i) and (j) may be looked upon as a different line 
of development for steel roofs, each main rafter being supported by its 
own truss, and the two trusses tied together by the main horizontal tie 
bar. The struts are short, being in many cases perpendicular to the rafters. 

All these roofs may be made with the main horizontal tie bar slightly 
, 
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eambered (i.e. raised above the points of support of the roof) as shown. 


15:0" 
(a) 


20'0 
© 


30-0" 


ER Тїш ГӨ Roof. 
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Fra, 192.—Types of roof principals or trusses. 


má of the span, or with the lower ties all in one horizontal line adjoin- 
ing the two points of support. A cambered tie admits of shorter struts, 
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The form (&) represents a Mansard roof sometimes used when roof 
space is to be utilized for rooms, (m) represents a very common 
form of roof for workshops or sheds, the short side being glazed to 
admit a northern light without direct sunshine. 

126. Braced Girders.—A braced girder or open webbed girder 
consists of tension and compression flanges to withstand the pull and 
thrust arising, as explained in resistance to bending moments (Chap. V.), 
connected by bracing or web members which withstand the shearing 
force. The flanges, called the upper and lower booms or chords, are 
often continuous, although neglecting secondary stresses, the stresses 
in the members are calculated as if the portions of the chords were. 
discontinuous at the joints with the web members. Fig. r93 shows 
diagrammatically the parts of a simple braced girder single track 
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Fic, 193,—Names of parts ot braced bridge girders, 


railway bridge of the through type, When the load on a bridge is 
carried by the girders at the joints of the lower boom the bridge is 
called a through bridge ; when at the joints of the upper chord a deck 


pe. In the former case the load passes through the bridge, and in. 


latter case over it. The floor systems of bridges vary, but Fig. 193 
shows a case in which the train load is carried on rail bearers which 
are supported by cross girders which transfer the weight to the main 
girders at the joints or panel points of the lower boom, which is divided 
iato a number (in this case 8) of equal panels or bays. 

‘To resist wind pressure on the side of the main girders, wind bracing 
(crossed) is placed below the track and if head room allows also connect- 
ing the upper booms. If the head room is insufficient curved or arched 
girders sometimes connect the top booms. Where head room is ample, 
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crossed braces in a vertical plane called sway bracing sometimes connect 
the vertical posts and assist in resisting side pressure of the wind and 
centrifugal force (if any) of the moving load, and in reducing distortion 
of the bridge due to deflection of the cross girders or floor beams, The 
end posts are also usually connected by a substantial strut called the 
portal strut which, particularly in the absence of upper wind bracing, 
transfers a considerable part of the wind load from one main girder to 
the other. The portal formed by the end posts and the connecting 
strut is usually braced when possible. 

Chief types —(a) Parallel type.—The commonest forms of girders with 
parallel chords are shown in Fig. 194; the struts are shown by thick 
lines and the ties by thin ones. 

The N or Pratt type is the commonest type of braced girder for 
moderate spans; it is also sometimes made with end posts vertical 
instead of sloping as shown in the figure and in Fig. 193 (see Fig. 204). 
The central bay or bays being counterbraced the frame is strictly 
speaking redundant, but the counterbraces serving as ties only, the 
frame is virtually perfect. The necessity for counterbracing near the 
middle of the span arises from the change in sign of the shearing force 
(see Art. 86 and Fig. 129) which is taken by the diagonals, 

"The Warren girder, the diagonals of which are inclined at 45° or 60°, 
also represents a fairly common form and isa perfect frame. The Howe 
truss which is fairly common in America is used for combinations of 
steel and timber construction, the sloping struts being timber. In the 
N type with diagonals sloping the other direction steel struts are 
vertical and as short as possible. 

*'The shorter panels of double intersection trusses allow a shorter 
railbearer to be used in a large bridge with a fixed inclination of the 
diagonals, but require more, although slightly lighter, cross girders. The 
Baltimore truss is a simple modification of the N type with sub-divided 

nels and is used largely in America for long spans. The double 

‘arren or single lattice girder has one redundant member. Double 
lattices are also used, 

(b) Curved type.—For long spans (above say 180 or 200 ft.) a 

raced girder with a curved or broken chord becomes more economical 
although more expensive to construct than the parallel type. Examples 
of hog-back girders, i.e. girders with the u chord curved convex 
upwards, are shown in Figs. 198, 208, 214 and 215. 

127. Dead Loads on Roofs.—The coverings may be taken as about the 
following weights per square foot of horizontal ground area covered 1— 
Tiles on boarding, with steel purlins ..... 24 lbs. 
Slates on boarding, with steel purlins . . . . 14 lbs, 

Cor ed iron, and steel purlins . . . . + . 6lbs. 
covering andpurlins . . . - + + + + 8 Ibs. 

In addition to this there is the weight of the truss itself to be carried. 
This cannot be known accurately until ithas been designed, but various 
formule have been devised from existing roofs to give a preliminary 
estimate which may be checked after the roof is designed and if 
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necessary the design modified accordingly. The following such formule 
are in use for pine and steel roofs: Ricker’s formula’ 
up тыз 
Г 25 бооо 
where s = span in feet, w = weight of truss in pounds per sq. ft. of 


-horizontal projection of roof. This varies from about x to 15 lbs. per 


sq. ft. for spans from зо to 200 ft. For spans under 100 ft. roofs 
entirely of steel are somewhat heavier, 
Howe's formula, 
ғ 
т = i КТ) 
For moderate spans inclusive dead loads some 2 to 5 pounds per 
. ft. greater than those given for coverings alone are commonly 


opted. 
jal /oads.—Any load suspended from the truss must be separately 
allowed for in estimating the stress in the members. 

Occasional loads. Snow.—The allowance to be made for snow ona 
roof depends upon the climate. In Great Britain the usual allowance is 
5 pounds per sq. ft. of horizontal projection of the roof on which snow 
can collect, taken in addition to dead and wind loads. 

128. Wind Loads on Structures.— The pressure of the wind is often 
one of the most important loads which exposed structures such as roofs 
have to bear. 

Many experiments have been made to determine the pressure on 
surfaces resulting from wind pressure. Of these we notice particularly 


three series. 2 
(1) Experiments made during the construction of the Forth Bridge * 

1883-1890. 
small areas of r-5 sq. ft. 


Pressures were recorded by gauges on 
and also on a larger area of 300 sq. ft. The most notable fact recorded 
was that the maximum pressure per sq. ft. reached on the small area 
the average reached on the whole of the large 
area, the highest value being 41 lbs. per sq. ft. on the sinall area and 
27 Ibs. per sq. ft. on the large one with average maximum values for 
12 violent gales of 29°8 and 16°9 lbs. respectively. The maximum 
values on the areas were not necessarily reached simultaneously and 
later experiments referred to below support the explanation that the 
greater pressure on the smaller area results mainly from the very localised 


intensity of gusts. 
e Records made on the Forth Bridge since its erection” 
1'5 sq. ft. gauges, these experiments show the great difference 
of pressure at different heights above ground varying a maximum 
of 65 Ibs. per sq. ft. at 378 ft. elevation to 20 Ibs. per sq. ft. at 5o ft. 
© з 4 Study of roof Trusses,” Bulletin No. 16, Univ. of Illinois, Eng. Experiment 

See > 

rn Has M.InstC.E., im the Transactions of the 


*5ее 
Junior ре рга 1906. Ж: 


was much greater than 
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with average values during rg storms (1890-1906) of so and 13 Ibs, 
per sq. ft. respectively. 

(3) Experiments made at the National Physical Laboratory.’ 

The earlier experiments indicate a normal pressure intensity P on 
small circular and square surfaces a few square inches in area perpen- 
dicular to the direction of an artificial air current of— 

P = 4V" = o'o027 V* lbs, per sq. fte. . . . (1) 
where V = velocity of the wind in miles per hour; other experimenters 
have obtained a rather higher value of the coefficient 4. Various 
interesting results were obtained relating to pressures on surfaces of 
different shapes, and model lattice girders on which the intensity of 
pressure was higher than on square plates. 

It also appears that the wind pressure on flat plates consists partly of 
the pressure on the windward side and partly of a suction on the leeward 
side. On small roof models the suction on the leeward slope appeared 
to be of equal importance with the pressure on the windward slope. 

"The later experiments in the open air with wind pressure on surfaces 
eee a ЕҢ Са recta АНЫШ 

it 
P = &.V* = 0032 V! pounds per sq.ft. . . (3) , 
with little or no difference in pressure per sq. ft. with difference in area. 

Experiments on a large model lattice girder in the open air show a 


pressure of 
0700405 . V* pounds per sq. ft.. . . . . (3) 

or 1°26 times as great a pressure as on a rectangular board of equal area. 

The later experiments on roof slopes 56 sq. ft. in area in the open 
air indicate important suction effects* on the leeward slopes of roofs of 
buildings the internal pressure of which may be affected by wind, and _ 
negligible suction effects on the leeward slopes if the roof is mounted on 
columns through which the wind can pass freely. The normal pressure 
on the roof being , 

P=4&.V* pounds per sq.ft. . - - + (4) 
the values of 4 for three slopes are given as follows for the case in which 
internal pressure of a building may be affected by the wind (eg. openings 
on windward side, and none on the leeward side). 


‘Values of & for slopes of 





Y Proc. Init, C.£., vol. clvis, " The Resistance of Plane Surfaces in a Uniform 
Corrent of Air,” by Dr, T. E Stanton, and later, “* Experiments on Wind Pressure,” 
vol 

* Important suction effects have also been obtained on more than balf of a 
circular roof by Mr. n See Wind E: ue REG. ш 

ш "estern Society Inpineers, 3 (Aj 191. 

HP. Boardman, WA Phare те i the Journal f 
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The values of 4 for the case of a building open on both sides are 
the same for the windward slope and zero for the leeward slope. 
‘There is considerable advantage in being able to state the intensity of 

sure on a surface, which is either perpendicular to, or oblique to 
the direction of the wind in terms of-the wind velocity, as in (2), (3) 
or (4), since to predetermine the probable pressure which a proposed 
structure will have to bear, it is only necessary to measure the maximum 
velocity of the wind at the site. 

Actual Wind Load Allowances-—The usual allowance for wind 
pressure perpendicular to the wind (iz. on a vertical surface normal to 
an assumed horizontal wind) is from 3o to 56 lbs. per sq. ft. according 
to the exposure of the situation. So low an allowance as 3o lbs. 
should be treated as a live load, but 56 lbs. might be taken as an 
equivalent dead load (see Art. 41). The value given by (3) for 
Y= roo miles per hour (about a maximum value for Great Britain) 
would be 40's Ibs. per sq. ft. The British Board of Trade require 
an allowance of 56 lbs. per sq. ft. for girders in exposed situations, 
while the building laws of several American cities require an allowance 
of 3o Ibs. per sq. ft. horizontal wind pressure on buildings. A common 
allowance for bridge designs is 3o Ibs. per sq. ft. of train (taken at ro sq. ft. 
per lineal foot) for the travelling wind load. The most commonly 
quoted value for the pressure P, normal to a roof sloop inclined at an 
angle a to the horizontal, in terms of the horizontal wind pressure P. 
lecting leeward suction) is that given by Unwin’s formula based on 





(negle: n 
experiments by Hutton, viz. :— 
Pe Painateme-t, |. n o. (5) 
Another formula in-common use is that of Duchemin, viz. :— 
2 si 
RePIvu.c0000000 


The relative complication of such formule does not appear to be 
Justified by experimental results, and a simpler formula reasonably 
correct would be P= Piaf ....... (ш 
for values of a up to 45° and above that slope, P, may be taken as equal 
toP. This agrees with Unwin's formula for the almost standard rise of 
span for which a=26°—34’, and P,—o'59 P. Comparisons of (9. (9 
and (7) may easily be made by plotting P, on a base of a for any value 
of P, such as P—r which gives the coefficient of P in the values of Pa. 

199. Dead Loads on Bridges.— These consist of the weight of the 
steel superstructure, roadway, ballast, permanent way, etc. 

Some of these items can be fairly accurately estimated before the 
design is complete from the known volume and density of the materials 
carried. The following are usual values 1— 

Ballast (normally about x ft. deep) 120 Ibs. per cubic ft. 


Concrete. . . + 140  » » 
Brckwok . .. ... «M9 » » 
Masonry. . . 2's + 2 13990 n » 
Asphalte. . . 1367 5 » 


MICE ura » » 
з For other materials see B.S.S. No, 153, Part I (Girder Bridges). 
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1 


| 


| 


Permanent way for single line of railway 175 Ibs. per ft. run 


(excluding ballast). 

The actual weight of cross girders, rail bearers, etc., should be taken 
into account in designing the main girders, or if a preliminary estimate 
is used the design should afterwards be checked by the actual values. 
The weight of the main girders depends upon the type of bridge, and 
the actual weight should be calculated after a preliminary design; 
before this can be made a preliminary estimate of the dead weight of 
the main girders is required, and is based on the known weight of 
bridges of similar types. This must be largely a matter of experience 
and available data of similar designs. Various formulæ have been 
devised to give for various types of bridges approximations to the dead 
weight of either the main girders, or of the whole of the steelwork 
including the floor. The following may be cited— 

Unvin's Formula : y 


Weight of girder in tons per foot run = w= => . (1) 
=F 


where W = total equivalent uniformly distributed dead löad in tons. 

r = ratio of span to depth. 

4 — clear span in feet. 

s = working stress in tons per square inch in the booms. 

¢ = a constant of about 1400 in small plate girders to about 1809 
for braced girders, or may be deduced for any type of girder from 
examples of known size, weight, and working stress, 

Anderson’s Formula (for plate girders)— 

wm Wísoo. , .. . o (3) 

American Formula.—These are generally attempts to approximate 

to all the dead load of the structure including the floor and are of 


the type 
w=al+b. .. aa) 


where a and 6 are constants depending on the type of bridge, and 
whether for single or double track railway, on the traffic to be borne, 
and "рон the working intensity of stress allowed. Evidently the 
variables s and ғ іп (1) must affect the value of w, and a formula 
such as (3) can only be used under fairly restricted values of s and e 
which are established practice. Thus the values of a and 6 applicable 
to say an American bridge company’s usual design would give a much 
smaller value of w than would correspond to the practice of say & 
British railway company for a similar rolling load. 

130. Moving Loads on Bridges.1— These vary greatly according to 
the class of traffic to be borne, and some values have been given in 
Ae wind load ted separately as 

е on a moving train is sometimes treated separat 
a moving load, or allowed for by an increase in the uniformly distributed 
wind load on the girders. 

Load due to Centrifugal Force —The lateral pressure on the rails 

2 For British Standard loadings, longitudinal forces and centrifugal effects see 
BS. Si No. 153, Part 3, and Coe = = 


_Ают. 131] FRAMED STRUCTURES 333 


due to the centrifugal force exerted by any part of a train if the line oí- 
rails crossing a bridge is on a curve is calculated from the formula 


Wit" here W is the weight of the portion considered, v its speed in 


feet per second, £ = 32°2 feet per sec. per sec., and 7 is the radius of the 
curve in feet: This lateral pressure is added to the wind pressure on the 
loaded boom of the bridge and affects the stress in the lateral or wind 
bracing. The eccentricity of the centre of gravity of the train loads 
due to elevation of the outer rail on a curve will also cause some slight 
modification in the stresses produced in the structure. 

Load due to Braking Forces.—The (forward) horizontal forces 
exerted bya train on the rails when brakes are applied may amount to 
about one fifth of the weight of the train distributed in the same way as 
the wheel loads. ‘The most important effect will be to cause 
bending stress in the cross girders which bend in a horizontal plane. 

181. Incidence and Distribution of Loads on Framed Structures. 
—A frame is designed to resist forces applied at its joints, and in framed 
structures means are taken to insure that the loads are applied at the 
joints, ‘Thus in a roof the loads due to the covering and the wind are 
carried on purlins (Fig. 191) resting on the joints of the rafters and the 

lins transfer the load to the joint. 

The load taken at any joint, such as that between B’ and N (Fig. 191), 
is regarded as the load falling on the surface MGH] extending half way 
to each of the neighbouring joints B' and N on the same principal A'B'C’ 
and half way to the neighbouring principals ABC and A"B'C'. The 
load carried at B’ is that on a similar area extending on either side of 
the ridge, while that carried at C’ is on an area equal to that between 
two consecutive principals and extending from C' half way to the nearest. 


рші. 

‘Again, in a through bridge (Fig. 193) the floor load carried by a 
cross girder is that on the area extending half way to each of the 
neighbouring cross girders and is transferred by the cross girders to the 
pur of the loaded (lower) chord-of the main girder. The rolling load 

transferred from the railbearers to the cross girders, the amount 
borne by the latter being the reactions of the railbearers calculated by 
the principles of statics for a beam resting freely on supports at its 
ends (see Art. 83). : 

‘The weight of the main girders is actually a distributed load, but 
where there are many cross girders and therefore many panels their 
weight may, like the loads, be generally divided up for convenience 

_ and with sufficient accuracy into ‘concentrated loads at the joints; the 
load at each joint being that on the half panel on either side of it and 
that at an end joint being the load on half an end panel. The dead 
load exclusive of the weight of the girder is carried by the same chord 
as the live load. Consequently it is often assumed that two-thirds of 
the total dead load comes on the loaded chord joints and one-third (due 

to part of the weight of the girder) comes on the joints of the unloaded 
chord, In large girders the proportion on each should be carefully 
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Where a load is applied other than at a joint (as where purlins are 
placed between joints, or in the case of the weight of the members of 
a frame, such load is divided between joints according to the principles 
of statics (Arts. 46 and 47), but in addition to the simple stresses there 
is bending stress in the members carrying such loads, and this, unless. 
negligible, must be taken into account in estimating the stresses in. 
members of the structure (see Arts. 119 and 120). 


In some cases a load is shared by two or more parts of a structure 


in a way which cannot very simply be calculated, the proportion borne. 
by each depending upon the relative stiffness of the parts. Examples 
of such distribution are given in Arts, 158 to 164, but frequently 
some assumption as to the distribution greatly simplifies calculation. 
and is sufficient for a reasonably approximate estimate of stresses. For 
example, if a horizontal wind load is carried by one side of the girders 
of the through bridge in Fig. 193, the load on the upper flange is 
transferred to the end supports of the bridge partly by the main 
girder's end posts, the upper horizontal girder or wind PUDE being. 
thereby stressed in passing some of the load to the leeward main 
girder. But some load on the upper boom is transferred to the lower 
or loaded boom by the verticals at each joint (resisting bending), and 
consequently the lower wind bracing may be taken to carry somewhat 
over half the wind load, Nevertheless it would be well to allow for 
the full half of the wind load being transferred from the upper to the 
lower flange at the ends and for the full half wind load being carried 
by the upper wind bracing. Various assumptions are in use, 


EXAMPLES X, 


1. A roof of the type shown in Fig. 195, 28 ft, span and 7 ft. rise with 
n 8 ft. apart has a covering weighing 14 Ibs. per sq. ft. of covered area. 
‘ind the total dead load assignable to each of the five outer joints of the 
principals. If in addition there is a wind exerting a pressure of 30 Ibs, m 
sq. ft, normal to the roof, find the normal wind loads assignable to each of 
three outer joints on the windward side of the roof. 
2. Find the total wind load Lpi pincel on the slope of a roof of 4o ft. 
span, Io ft. rise, principals 1o ft. apart when the horizontal wind. pressure i$ 
Ibs. per 5 ft. using Unwin's formula or formula (7) of Art. 128. 
. With the same wind pressure as in Problem 2, find the wind loads on 
SUB ole five joints on the windward side of a French roof truss of 50 ft 


span, 12j ft. rise, principals 12 ft, apart, 











CHAPTER XI 


STRESSES IN FRAMES 


182, Methods of Determining Stresses in Members of Perfect 
bers of a perfect frame which 


Frames,— The stresses in individual meml 
are all either struts or ties are determined by application of the prin- 
ciples of statics stated in n IIL Either graphical or algebraic 
methods or a combination of both may be employed, but in any case 
the following are the guiding principles. (1) The frame as a whole isa 
rigid body and the external forces (load and reactions) acting upon it 
form by themselves a system of forces (generally non-concurrent) in 
equilibrium. (2) The pulls or thrusts of the several members meeting 
in any joint form a system of concurrent or nearly concurrent forces in 
equilibrium. (3) Any portion of the structure may be taken as a rigid 
body held in equilibrium by the external forces acting upon it together 
7 with the forces exerted upon it, through members, by the remainder of 


the structure. 

133. Stress Diagrams.—If force polygons are drawn for the 
external forces on a plane frame and for each joint of the frame, the 
polygons can all be fitted together in a single vector figure called a 
stress diagram, In this vector diagram each line, taken in opposite 
directions, represents two forces, viz. a side in each of the two separate 


force polygons which go to make up the whole stress diagram. 
or БУ make this clear. Let the 


Simple Roof Truss—An example will ; 
simple roof truss shown in Fig. 195 be acted upon by the vertical forces 
AB, BC, CD, at its joints as shown. ‘The vertical reactions DE and 
EA may be found by the method of Art. 48, Fig. 49, but in this case 
from the symmetry, DE and EA are each half of the sum of the three 
loads, The line aded is set out to represent the loads, and its point of 
bisection at ¢ gives the magnitude of de ‘and ¢a the reactions, 
stituting the closed polygon for the external forces on the frame. The 
force polygon for the joint at the left-hand support may now be drawn, 
since only the two sides af and fe are unknown. | Indicating joints by the 
letters for the members or force lines radiating from it, the polygon 
for the joint ABGF may now be drawn, for the thrust of the member 
AF is equal and oj ite at its two ends. ‘The sides fa, ad are alread; 
(pae Гаі is completed. by drawing through 6 a 
parallel to BG, and then "fà line parallel to FG to meet in £: 
Proceeding in this way the stress diagram abcdefghkl may be 






336 
drawn in, and includes force polygons for each joint When the 
polygon for either the joint LEHK or LKCD has been drawn there 
remains only one side to complete the stress diagram : if the former 
joint is solved first the remaining side is'/7; this may be drawn parallel 
to LD from say 4, and if it passes through d this fact checks the accuracy 
of the previous drawing. The polygon for the joint DEL will have 
been drawn (unconsciously) in drawing the polygons for the external 
forces and the two neighbouring joints. In the completed figure each 
line represents as previously stated two forces; thus the vector 4g 
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“BIG. 195,—Stsess diagram for simple roof truss. 


represents the thrust of the rafter BG on the joint ABGF, while the 
vector gd represents the thrust of the same rafter BG on the joint 
BCKHG. Or again, Ae represents the l in the rod HE at the 
joint HEFG, while £4 represents the pull of the tie rod HE at the 
Joint, HKLE. -- 

‘eciprocal Figures.—The frame or space diagram of, say, Fig. 195, 
and the stress or vector diagram, form reciprocal figures Tick have 
certain reciprocal properties; to each node or vertex from which lines 
radiate in one figure there is a corresponding closed polygon in the 
other bounded by sides correspondiüg to the radiating lines and 
respectively parallel to them, To each line joining two nodes in either 
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there is a corresponding line in the other forming a common 
side to the polygons corresponding to the two nodes, 

To distinguish between. Ties and. Struts from the Stress Diagram.— 
Knowing the direction of, say, the force EA (upward) at the joint EAF, 
it is evident from Fig. 195, that the correct order of letters in the vector 
polygon for this joint is eaf (not cfa), hence the force at this joint 
exerted by the rafter AF is represented by af (not fa), and is a thrust, 
i4, the member is a strut. The correct order of sides egf being ea, af, 
fe the corresponding order of the lines EA, AF, FE radiating from 
this joint is a clockwise order. When this order is clockwise for one 
joint it immediately follows that it must be the same for the neighbouring 
joints, for a thrust, a/, must be associated with a balancing thrust, fa, at 
the next joint of the rafter, Similarly, it follows that the correct order 
is clockwise for aZ the joints. Hence if we wish to know whether the 
member HK say is a strut or a tie, we know that for the joint HKLE the 
force in HK is in the direction AA (not 44), and reference to the vector 
diagram shows that the direction 44 is a pull at the joint HKLE, i.e, 
HK is a fie. 

"This characteristic order of space letters round the joints is a very 
convenient method of picking out the kind of stress in one member of a 
complicated frame. Note that it à 
is the characteristic órder of space А z 
letters round a joint that is con- 
stant in a given diagram—not ЎА 
the direction of vectors round the | 
various! polygons constituting the 
stress diagram, e 

Fig. 196 represents the stress 
diagram for exactly the same j 
frame diagram and lettering as 1 
Fig. 195, but is the contra-clock- 


wise vector diagram, eg. the left- a Л 
hand reaction AE is now repre- 
sented by ae (instead of ea), and 
the force of KH at the joint Feros 
which still indicates the 


HELK is represented by £4 (instead of АА), 


member to be a tie. ; Е ч 
Warren Girder.—A second example of a simple, stress diagram is 
shown in Fig. 197, viz. that of a Warren girder, all members generally 
being of the same lengths, the diagonals inclined 60° to the horizontal. 
Two equal loads, AB and BC, have been supposed to act at the 
joints x and 2, and the frame is supported by vertical reactions at 3 and 
4, which are found by a funicular polygon or may be very easily calculated 
by taking moments about the points of support. "The remaining forces 
in the bars are found by completing the stress diagram adc . . ,Q Um. 
Note that the force AB at joint 1 is downward, iz. in the direction 
ab in the vector diagram corresponding to a contra-clockwise order, A 
to B, round joint r. This is, then, the characteristic order (contra- 
clockwise) for all the joints, e. to find the nature of the stress in KL, 
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the order of letters for joint s is K to L (contra-clockwise), and referring 
to the vector diagram, the direction 4 to 7 represents a thrust of the bar 
KL on joint 5; the bar KL is, therefore, in compression. 








Fia, 197:—Stress diagram for simple Warren girder, 


Curved or Hog-back N Girder—Fig. 198 shows the stress diagram 
for a girder of the Hog-back or Curved Top Chord type, the span being 
divided into eight equal panels each carrying a load W. Half the load 
on the end panels is carried directly at the supports, and may be ignored 
in the reactions used for calculating the stress in the members, The 
follo: are the stresses scaled from Fig. 198 in terms of the panel 


loads W :— 
AK, AZ |LM, YX|NO, WV 


AP, AU| AR, AS| 


ag W. |6375W. 


Members | AL, AY | AN, AW/ 


























Compression! 4'o7W | убу” ЭЗИР азли | очеву 












| 
Members | HM, CX|GO, DV |FQ, ET | KL, ZY| MN, XW| OP, VU| PQ, UT|QR,TS 
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The members JK and BZ are not stressed. 

French Roof Truss.—The stress diagram of this roof truss (known in 
America as the Fink roof truss) involves an interesting special point 
such as may be met with in other structures. The vertical Joade are 
shown in Fig. 199 as symmetrical, but the methods are the same in any 

` case. When the reactions HJ and JA have been determined, thè 
polygons for the joints JAK, KABL, KLMJ, may successively be 
drawn. On attempting to draw the UID for either of the 
joints BCPNML or MNRJ, it will be noticed that more than two sides 
are unknown, and the plane polygon is therefore not determinate. Ifa 
start be made to draw the stress diagram from the other end the same 
difficulty is apparent. To overcome it, the stress in one or more 
members must be determined by some other method, and several are 
available, such as the method of sections (see Art. 138). The method 
adopted in Fig. 199 is known as the method of substitution. By it the 
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stress in QD is determined from the fact that the thrust in QD is 
not affected by the form of the internal bracing consisting of the 
members QP and PN. Hence to find the stress in QD, replace 


(temporarily or in imagination) the bars QP and PN by a single 
A 


bar QY, connecting 
the joints marked 1 
and 2, thus reducing 
the number of bars [R> 
Li 
wow 





radiating from the 
joint BCNML by one, 34| 
the polygon cy» 
may now be com- 
pleted by drawing my 
and ¢y parallel to MY 
and CY zespectively 
to intersect in y, and 
the polygon edgy may 
then be completed 
by drawing dg and 
yg parallel to DQ and 
YQ respectively to 
intersect in g. The 





polygon edgà drawn, 
and the whole stress 
diagram completed. 
The point y is not a 
vertex or node in the 
completed diagram. 








Fic. 198,—Hog-back N girder. 


_ Island Station Roof—This is shown in Fig. 200, the loads being 
given in tons, and is an example of a structure which is not wholly a 


perfect frame, The post is continuous from the base Y to the Dus v. 
dbedemt is the stress diagram for the left side and ghton that for the 
Tight side. The post is subjected to bending moments proportional to 
the ordinates shown to the right of the space diagram. ‘The principal 
magnitudes of these bending moments, found by taking component 
forces perpendicular to the post (neglecting the effect of flexure), are 


Mz = VX x horz. component of mn = 2% x 1°60 = 13°9 ton-feet 
Mr = VY x horz. comp. of mn — XY x horz, comps, of am and nå 
EREY) X horz. comp. of mn — XY x horz, comps. of am 
and nk 
= Mx — XY x horz. comp, of ak = 139 — 161 Х 15 
== 102 tonft 
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where the positive sign corresponds to contra-clockwise bending moments 
above the section considered. 
"The point of contraflexure being distant s from: X 
13'9 ¬ 161s = o, s = 8'66 feet 


which may also be found from the bending moment diagram, 





FiG. 199.—Stress diagram for Krench roof truss, 


The bending moments between X and Y might be found by con- 
ing the roof as a rigid body, the oblique forces only producing 
bending moment on XY. The resultant oblique force is evidently 
0'8 + 1'6 + 0°8 = 3'2 in the line CD. Then 
M, — 32 X x — 1379 ton-feet 
My = — 3'2 X y == 10°2 ton-feet 
and the line CD cuts XY in Z, which measures 8:67 feet from X and 
gives the point of inflexion, 

184. Stress Diagrams for Roofs with Wind Loads.— When in addi- 
tion to vertical loads a roof is subjected to oblique forces such as wind 
loads distributed as explained in Art. 131, the reactions at the supports 
of a principal will not be vertical. The magnitude and direction of the 
reactions will depend partly upon the way in which the roof principal is 
supported. In roofs of considerable span it is not uncommon to support 
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one end on horizontal rollers, while the other end is horizontally hinged ; 
this admits of expansion of the principal, and also makes the supporting 
forces determinate, for, neglecting friction, the supporting force at the 
shd resting on rollers, or the “ free” end, must be vertical. The other 





мү» 


0 10 20 Feet 


Bending Moment Diagram. 


ro 2:0 Tons. 





" FtG. 200,— Open stress diagram for roof on column, 


reaction is known by a point in its line of action (the hinge), and therefore 
both reactions may be determined as explained in Art. 47. . Fig. 201 
shows an example of a roof hinged at the left side, and “ free" or freely 
Supported on rollers at the right-hand side, The lower stress diagram 
is the vector diagram for the roof with the wind blowing on the right 
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slope or “ free” side of the roof, The oblique and the vertical loads at 
the joints may either be combined by a triangle of forces on the space or 
frame diagram as in Fig. 20r, and their vector sum used in the stress 





mda 
fired dg- wind a, 
free side 
“млд имә PER NODE » 1600 rhs 
MNO = = "2030+ 


4 
Fic. 201,— Stress diagram for combined wind and dead loads, 
diagram, or the two loads may be set down tely in the vector 
i im as in the example shown i Fig. foo. ^ — is 
о бой the reactions in Fig. 20x for the case of wind from the 
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right, the vertical forces AB, BC, and CD are set down at afet in the 
lower stress diagram and the remaining oblique forces on the right are 
set off at defy. Then an indefinite line 4¢ is set up to represent the 
direction of the (vertical) reaction at the right-hand side, and then from 
any pole o, radiating lines are drawn, and the corresponding funicular 
polygon drawn starting from the fixed end, and finally meeting the 





ALTERNATIVE ELEVATION 


Scale. 
20 Feet 


Fic. 201.—Relating to Fig. 2018 and Plate I. 


vertical through the free end in X. This point X is joined to the fixed 
end, thus ЧОЕ the funicular polygon, and through û, a line oy parallel 
to this closing side is drawn which determines /, then fais the reaction at 
the fixed end and Av that at the free end. The whole stress diagram is 
then easily completed. ‘The diagram for the wind on the other side ія 
Similarly drawn. If the maximum and minimum stresses are required 
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it will be necessary to drawa stress diagram for the vertical loads acting 
alone. Sometimes the stress diagrams for the wind loads alone for 
either side are drawn without inclusion of the dead vertical loads and a 
separate diagram for the vertical loads. This planis shown in Fig. 2018 
(reaction from’ top of Fig. 201A), which relates to the same roof and 
loads as shown in Fig. 20x. The stresses as read off from the stress 
diagrams are shown 
in tabular form as de- 
termined by n two 
bi 


methods, wi of 
course agree. 

It will be noticed 
that three dii 


are required in either 
case for the complete 
information, If a 
fixed working unit 
stress is used only the 
maximum stress in 
each member will be 
required for purposes 
of design, but if the 
working stress is based 
on the degree of fluc- 
tuation (see Chap. IL) 
both maximum and 
minimum will be 






STRESS DIAGRAM. For 
wind ony on Fixed Side, 


required. 

When a roof is 
hinged at both sides’ 
thé шо а not 
really statically deter- 
чия - minate. They am 

usually taken as paral- 

lel; but if the wind 
loads and vertical 
loads are combined, 
Sapsi مته س ت ج‎ eye wt СТ E 
i Е P boa panüd to te 

s Er resultant load, the 
result is not the same as if wind loads and vertical loads are drawn on sepa- 
rate diagrams and the reactions taken parallel to the resultant in each 
case. The vertical components of the reactions are the same in either case, 
but the horizontal components arising from the oblique wind pressures 
differ; it may be shown that the most probable distribution of horizontal 
pressure on the hinges is half the horizontal wind pressure on each 
hinge. However, if either of the other two methodsare used the resulting 
stress determinations for the members is not in practical cases greatly 
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TABLE OF STRESSES FROM SEPARATE DIAGRAMS (FIG. 2018), 








Maximum, Minimum. 
+ 10100 + 17509 тогоо 
+ 9300 + 16700 
fo | tn @о 
+ 6850 a 6850 
+ 9300 +157 9300 


5 
8 


+ 
+ 
+ 
+ 
Е 
af 
+ 1300 3420 + 1390 
+ 2060 + боо | + 2060 
i 2060 + 5100 e 2060 
1 1 
te tie yi 
- [оо — 10860 = 7040 
T iio m 
= 1770 = 4350 = 1770 
= 2780 = 6380 = 27 
= 2780 = 5870 = 2780 
= 177 = 4330 - 1070 





: STRESSES FROM THE TWO COMBINED DIAGRAMS (FIG. 201) AND 
THE DzAD LoAD DIAGKAM (FIG. 2012). 














Member. Minimum stress, | Condition for 
BS ре Dead load only. 
CR = 
DP + о ^ 
EM + 6850 8 
FK * 9300 n 
G) + 10100 » 
Б + 1390 н 

P + 2060 
L + 2060 
K] +1 
5 = 
T = 7040 
LT = ре 
i 5 : 
EH ” 
P = 27 ^" 
NM = .2780 - 
‘= 1770 » 
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different, and both separate and combined diagrams are in frequent use, 
Fig. 202 shows the stress diagram for a curved roof hinged at one side 
and freely supported on rollers at the other. The roof principals are 
spaced r2 ft. 6 ins. apart, and a wind load of 4o Ibs. horizontally and 
a vertical load of 25 Ibs. per square foot has been assumed, 





sentê oF Rutan 
LM ae ра 
Fic, 202.—Stress diagrams for curved roof truss. 


185. Simple Roof Design.—A simple example of roof design is 
shown in Fig. 2ora and Plate I. The calculated stress in the members 
are those given in the previous article, and the particulars of loads and 
working stresses are as follow :— 

Effective span, 4o feet. Principals, 8 fect apart, Rise = 1 spar 
= 10 


Dead loads. 
Rafters and purlins . . , . . „ „, 6 lbs. per super. foot 
Slate baliena c... .. s vto 3 e ” 
SA NES v. oy agua 9 » ” 
Truss (Howe's formula, Art. 127) . . 4 „ 2 
Snow. . . Bespin ns иаа D рне " 
"Total . . . . 26 , " 


Wind load.—s6 lbs. horizontal e 33 lbs. normally, (7) Art. 128. 
Working stresses.—6% tons per square inch in tension, 5'tons pet 


NA ae 
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square inch in shear, to tons per square inch for bearing. Principal 
rafters and angle struts taken as having one end fixed and one end hinged 
by Rankine's formula (Art, 116), and the constants there given for mild 
steel with factors of safety between 3 and 4, Bowed struts taken as hinged 
both ends, Two forms of truss are shown in Fig. 207A, and details for 
both in Plate I. The first is now the more common form, the struts 
being made of angle sections instead of flats with distance pieces, and 
the tie rods are flats, instead of rounds with forged ends, and the joints 
are formed by gusset plates, Two examples will suffice to illustrate 
the design of the members. 

Member ST (joining points A and F). 

Maximum tension 17,800 Ibs, requires gS 
section, which is provided by 4 ins. by $ in. flat (less rivet hole) or by 
1 in. roun tie rod. 

Member BS (connecting points A and B). 

Len; 


Maximum thrust in the rafter 17,500 lbs. = 7°82 tons. gth 
= 77 ft. = 92°5 ins„ and the equivalent length of a strut hinged both 


ends is 92:5 + 1°4 = 66 ins. Struts being limited to a ratio ; = Too, 


the minimum radius of gyration A must be at least o'66 in. Referrin; 
tothe Table VI. Appendix II, the next Tee section above this is 3} x 
x ł ins., for which the least А = 0-717 in. and area = 2'496 sq. ins. 
-The crippling load for this is by Art. 116, 
21 X 2 

ee 

1 +7500 x (0717)? 
‘The factor of safety for this is 24°6 + 7°82 = 3, which is not satis- 
factory, and a larger section should have been chosen ; a Tee section 
4X 4 X } ins, gives a factor of safety of 4. S 

‘The struts PQ and RS are made 2j X 2d X ý ins. angles ; ax 
2} x } ins, angle would fulfil the requirements Rankine’s rule, but 
¥ in. is a minimum size for use with § in. rivets, the smallest diameter 
used is such work, Often } in. thickness would be preferred on the 
ground of durability. The ratio of //4in any case exceeds the equivalent 
of x00 for hinged ends, but this may be permitted when the sectional 
area for some practical reason greatly exceeds the requirements of 
Rankine’s or other strut formula used. 

136. Statically Indeterminate Frames—Principle of Super- 
position.—'The stresses in the members of a frame containing re- 
dundant members (see Arts. 123 and 124) are frequently difficult to 
determine and depend upon the relative stiffness of the various parts. 
But simple approximate methods may frequently be applied; for 
example, a structure and its loads may be subdivided into two or more 
perfect frames containing some members in common, so that when the 
perfect frames are superposed they form the actual structure. The 
srotes in these perfect frames having Беса determined, the stresses in 
the actual imperfect frame may be by adding algebraically the 


= 1'22 sq. in. 
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stresses in the component frames, This method, which is an approxi- 
mation, is called the method of superposition, and its accuracy is tested 
by an example and commented upon im Art. 159. The method of 


\ 
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7 
Fio. 203.—The principle of superposition. 
superposition is illustrated. nd . 203, which shows the stress Ca 

for a double intersection N ipple Murphy equally loaded і 

at each panel point ; d йе kid Forces are reeolved fato ithe parts í 
| 
SM 

4 3 
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shown by unaccented and accented letters in the frame and vector 
diagrams. The members AK and A'J' are identical, and the thrust in 
this member is found by adding ak and a'f. Again, the pull in the 
bottom boom for the two central panels is found by adding the tensions 
gf (or #) and ¢¢. The member J'K', on the other hand, appears in the 
second only, and the pull in it is77#. A second illustration is given in 
Fig. 237, which represents the method applied to the girder in (a) Fig. 
236. Table B in the example at the end of Art. 150 shows how nearly 
correct the stresses conventionally calculated by the method of super- 
position are in this case; also that for symmetrical loading the results 
are exact. 

137. Method of Resolution.—When a small number (say three) of 
members of a frame meet at a common joint, all but two of the forces 
being known, the others may often be found easily by simple resolution 
of these concurrent forces into components and application of equations 
(x) and (2) of Art. 44. Taking the simple N girder in Fig. 204 as an 










example, the re- , у= 
actions R, and ج لي سمجل مد لي هه‎ 
Ry at the sup- B c D E F G H J K 
ports being cal- @ 1 
culated by 4 
moments, the 4 Lt 
pcs of 

at A must RÌ Wo W W W W W М ‘R2 
just balance R,, ir ST hob 
and the stress in n 


AS must be zero, since there is no other horizontal force at A. Then 
proceeding to joint B, the vertical component of the force BS say in 
BS must balance the upward thrust R, in AB, since these are the only 
vertical forces at B or BS sin 6 = R,, and BS — R, cosec 6 (a pull at B). 
And the wholly horizontal force (BC) in the member BC must balance 
the horizontal component of the pull BS at B, or 
BC = BS. cos 0 — R, . cosec 6. cos @ = R,. cot 6 

Proceeding to joint S, resolving vertically, if SC = tension in SC 
һ BS sin 0 + SC = W,, 
or SC = W, — BS sin 0 = W, — R, (or thrust R, — W,) 
And resolving horizontally, BS cos @ = tension in SR, or SR = R, cot 8. 
Similarly proceeding from joint to joint, the stresses in all the members 
E te: gala ay he food A simpler method for such a frame is 
given in the next article. 3 

188. Method of Sections.—T*is method, due to Rankine, enables 
the stress in any member of a simple frame to be calculated without 
h the stresses in a great number of other members. „The 
principle of the method is that if a structure be divided by an ideal 
Surface into two parts, the forces in the bars cut by the ideal surface, 
together with the external forces on either part of the divided structure, 
form a system of forces in equilibrium. If the external forces on either 
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part of the structure are known, the forces in the members cut may be 
determined by applying to either portion of the structure the principles 
of Art. 45; and frequently a single equation will suffice to determine 
the stress in any one member; the determination may, of course, be 
made graphically or algebraically, according to convenience in a 
particular case. 

ExaMPLES.—(1) Zwemch Roof Tvuis.—The difüculty mentioned in 
Art. 133 in connection with drawing the stress diagram for the Freuch 
тоо! truss (Fig. 199) may conveniently be overcome by finding the 

stress in a single 
member by the 
method of sec 
tions, Бог ex 
ample, to find the 
stress in one or 
more of the men 
bers DQ, QR, RJ 
in Fig. 205, take 
an imaginary 





gro dos. equilibrium under 
the external forces AB, BC, CD, and JA, together with the three forces 
exerted by DQ, QR, and RJ, which may therefore: be determined by 
any of the principles of Arts. 45, 46, and 47, The most convenient 
method of finding the stress in one of these three members (avoiding 
simultaneous equations) will be to apply equation (1), Art. 46, taking 
clockwise moments about the intersection of the other two, 4g. to find 
the pull of RJ on joint (r), taking moments about point (2) 

Rxv-W,x ¥- Wx V-W, x ЕЈ хлао 


or, RJ = +5 (Re = DW – Фу р) 


Similarly, the force in QR might be found by a single equation of 
moments about point (3), the intersection of DQ and RJ (produced). 
Again, if the tie KJ is horizontal, the method of sections might be very 
simply applied to find the stress in AK by assuming a ion surface 
YY; for resolving vertically upwards the forces on the portion of the 
structure to the left of YY by (1) or (2), Art. 44 
R,+ AK sin @ = о, ог АК = ~ К, соѕес 6 

fe, the force in AK thrusts downwards at point (3) with a force Ry 
cosec @. If the tie KJ were not horizontal two simultaneous equa- 
tions corresponding to (r) and (a), Art. 44, with horizontal and vertical 
components respectively, might be employed. 

(2) M Girder-—The method of sections is particularly simple in the 
case of girders with parallel flanges or booms. For a diagonal member 
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wuch as a^ (Fig. 206) assume a section XX cutting the three members 
ab, ac, and de, then taking the vertical forces on the left of the section 
upwards, say, ad being the stress in a 
R + ab sin 0 — W, — Ws — 
ab = (W, + W, + W, — R) cosec 6, or 
thrust toward a where F, is the shearing force in the panel ed according 
to the sign given in Art. 59. The 
tension in a2 is, of course, — F,. 
cosec O, and if R is ter than 
W, + W, +Ws aò is then in ten- 
sion. For a vertical member such 
as cb, take a section such as YY, 
then resolving vertically upwards 
to the left of YY, if ġe = thrust of 
óc on $ 








Fic. 206.—Method of sections, 


R-W,-W,-W,-W,-&=0 
be =R- (W, +W +W +W) = —F, 


where F, is the shearing force on the panel 4/ 

For a horizontal member £a of the top chord take a plane section 
through the bottom joint e passing just to the left of the joint a; then 
considering clockwise moments about e of forces on the part of the 
structure to the left of the section 

Rx34—W, xad -W,x d+haxh=o 


ka = (RA + 2Wid + Wed), or 5» My 


where M, is the bending moment on the girder at e with sign according 
to Art. 59, and £a is the pull of the member 4a on the joint 4 | In this 
case M, is negative, and the tension in da is negative, że it is a thrust 
0384 – 2,4 = WA). 

The force in the lower chord is similarly found by taking a nearly 
vertical section through a joint of the top chord; thus by moments 


about 4 
Rx ad-W,.d-Axge=o 


ge = pull in member ge = 3(aRA = Wid), or -mM 


where M, = the bending moment at 4 with sign according to Art. 59. 
‘The stresses in the web members are shown in Fig. 207 by drawing 
vertical and oblique lines acfoss the shearing force diagram parallel to 
the members, The stresses in the vertical members are given by the 
lines vertically below the members, and those in oblique members by 
oblique lines crossing the space vertically below the corresponding bay. 
Similarly, the ordinates of the bending-moment diagram give the stresses 
in the upper and lower chords to a scale dependent upon the depth of 
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the girder. Stresses in four members, A, B, C, D, are shown by the lines 
4, Û, c, d respectively. 
(3) Warren Girder.—This may be similarly dealt with, by vertical 
sections clear of joints for all web members, and vertical sections 
+ through opposite joints for all chord members. The web member 
resist shearing force, and the chord members resist bending moments, 





Bending Moment Diagram 


Fio. 207. 


(4) N Girder with Inclined Chords:—Diagonals.—For a diagonal 
member such as BD (Fig. 208) take a section XX, and take moments 
of the forces on the portion to the right of XX about point Z, the inter- 
section of two of the three members cut by XX. Let r = perpendicular 
distance of BD produced from Z. 

(Pull of BD at B x r) + W(2 4- s) — Rı.t$ =o 


Pull in BD =2{R .s — Wi(d + 2) 

Chord Members.—Vor the thrust in AB use the same section, and 
take moments about D. Lets = perpendicular distance of AB from I 
(Thrust of AB at B x s) + W, -d — R, X 2d = 0 
Thrust in AB = (Rja = Wj.) = ze 
Or, again, the horizontal component of the thrust in AB = — A fom 


which the thrust in AB is obtained by multiplying by the secant of the 
inclination of AB. 





Art. 138] STRESSES IN FRAMES 353 
The tension in DC may be found by using the section XX and 

considering moments about B as in the case of parallel chords, viz. 

Tension in DC x BC = R, d; hence pull in DC = 5 x Ryd, or 


Ms 
more generally — cB 
. . Verticals—For the thrust in AD the section YY may be used, 
taking moments about Z 


{Thrust of AD at D x (s + 22)) + Ws(2d 4- s) -- W, . (d 4- s) - Ruso 


Thrust in AD кыз Wi(24 4- 2) — W, . (d 4- 2)), which 


may be negative. 





х\ 


Fic. 208. 


Alternatives —As an alternative, equations of forces may be used. 
The vertical components of AB and BD jointly balance the shearing 
torce in the bay ABCD; hence when the in BD has been deter- 
mined the vertical component, and hence (multiplying by the cosecant 
of the inclination) the actual stress, in AB may be found. 

Again, if the chord stresses in AB and DC have been determined 
(say, by moments about D and B), the horizontal component of the 
stress in BD must equal the difference of the horizontal components of 
the chord stresses, and the stress in BD is found from its horizontal 

. Component by multiplying by the secant of its inclination. 

(5) Parabolic Girder.—This is a particular case of the previous 
one, in which the vertical heights of the top chord from the lower chord 
are proportional to the ordinates of a symmetrical parabola, and there- 
fore also (Art. 57, Fig. 81) to the bending moments for a uniformly 
distributed load on all the spans. Hence, from the previous case, the 

N 
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tension in the lower chord — (в) is constant throughout, and equal to 


the horizontal component of the thrust in the top chord for a uniform 
dead load of w per foot, viz. $w -+ central depth. For this load the 
stress in the diagonals will be zero, for considering guch a joint as A ot 
D (Fig. 208) the horizontal component of the diagonal stress is equal to 
the difference of the horizontal chord tensions on either side of it, which 
is zero. Further, considering any lower chord joint under these condi- 
tions of load, it immediately follows that the tension in the vertical 
member is equal to the panel load, the sole function of such members 
being to transfer the load to the top chord. ‘The vertical component of 
the thrust of the top chord at any section then balances the shearing force, 

More generally for any type of dead load similar conditions would 
hold if the height of the girder at every cross-section is proportional to 
the bending moment at that section. 

(6) The Baltimore truss, Fig. 194, is a modification of the N frame 
suitable for long spans, and can conveniently be solved for given posi- 
tions of the load by the method of sections, the treatment being almost 
exactly as for the N girder. 

139, Stresses from Coefficients—In simple types of girders 
form loads the stresses may be tabulated from general 
т the members of any panel. The stresses in two similar 
ed into different coefficients (dependent 


carrying uni 
expressions foi 
members of a truss may be resolv: 
only on the number of panels and 
the same constant, and for the same number of panels, but different 
proportions and loadings, other constants with the same coefficients will 


be applicable. Taking Fig. 204 as an example, consider any panel such 
ls between it and the left 


as DEQR. Let m be the number of panel 

support, and » be the total number of panels (say, even). Let W be the 
load per panel, 7 from the end panels being carried directly at each 
end support and W at each panel point. Then the effective reaction. 
в,= В,= 71.0. The (negative) shear in panel DEQR is 


[5-3 = w, and by the method of sections the tensile stress in 
DQ is 





1 n= 

( = mW cosec 6, or Wi VA z (t2 --) 
or W cosec Û multiplied by tho fii 2E m, the coefficients for 
diagonals fromm the popports to the centre forming aa arithmetic PI 
gression. 8 

The thrust in the vertical DR to the left of the panel DEQR is 
equi م‎ - m)W or W multiplied by the coclicien " 1 = = 
‘The (negative) bending moment at D is 


position in the girder), multiplied by ` 
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ser m= 
2y x mê = Wa (r 
hence the stress in the bottom chord RQ is! 


Ww. 
IAP a — m), or W cot O multiplied by thé coefficient ^ (s — m) 


The (negative) bending moment at Q is 


P=! Wom gt Мт +) = (т + — т -) 
hence the stress in the top chord DE is 


WAH ED oy — m — 3), or W cot Ø multiplied by the coefficient 











"+ Iin =m m 1) 
the coefficients for the left-hand half of Fig. 204 in which # = 8, for 


example, are 
| | 


EF 
PE Eg 





(m=0)| m=: 


HHH 


When is odd, and for other simple types of girder, the coefficients may 
be similarly tabulated. ч 











FiG. 209,— Bollman trusa, 


140,—Some Special Framed Girders. 
Bollman Truss (Fig. 209).—This type of girder, which is really a 
trussed beam (see Art. 164), carries its load at the top chord; it was 
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most frequently used for deck bridges. The stresses, neglecting any 
flexual rigidity of the top chord, are easily found as follows. Thrust in 
DC =W,. Let «T, and „Т, һе the tensions in AC and BC respec- 
tively. Then from the triangle of forces shown, 
соз a, COS a, 

oT ™ Wisin (as E a) т" ш + аў) 
and so on for all the oblique ties. Or for eight panels as in Fig. 209, 
reaction at A due to W, = ZW, = vertical component of «T, or 


«T, sin a, 2 1W, and .T, = jW, cosec a, where cot a, =й 


«T, 2: 1W, cosec ay where cot a, É 
And similarly 
1 
aT, = £W, cosec B, where cot B, = ai 
aT; — 1W, cosec f where cot 8, = я 


and so on. 
Thrust in AB due to W, is «T, cos a, or «T, cos a; hence the total 


thrust in AB is 

EW, cot a + SW, cot B, + $W, cot y, + $W, cot 8, + etc. 

1 
т Ш H HWS + ete, 
1 
m + 12W, + 15W, + 16W, + 15W, + 12W, + 7W,) 
Fink Truss (Fig. 210).—This is a later form of the Bollman Truss 

and its solution is similar, The solution is shown in Fig. 2 to, in which 
We Ws W Ws Wo Wy 


Bist ka da 

Fic, 210—Fink tras. 
T, is the tension in each tie to the foot of the post under panel point 
number rand so on. Resolving at the foot of posts 1, relat ^ 
2T, sin a, 2 W, etc, and ULIS совес а, Т, = —*cosec ay etc. 


Evidently when there are no oblique forces at the top of the posts, the 
thrusts in the first, third, fifth, and seventh verticals respectively are Wı, 
Wa, Ws, and Wr. The second post carries the vertical components 


w 
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of T, and T, viz, and Wand 


Thrust insecond post=W, + nim + Ws 


„ fourth poste Wo ЫЬ ae 


=W+ WO EN + W) HIW +W 
«sixth» таа d 


Т, = (Wat GN COSeC a4 


Ti = HW, + A(Wa + Wa) + (W, + Wa) + XW, + Wy)} cosec ay 


Thrust in top chord. 
First two panels, T, cos a + T, cos a + T, cos a, 
Third and fourth panels, T, cos a, + T, cos a, + T; cos a 


which may be reduced by writing cot a, = + cot ant, cot an 
Very long Span Trusses.—For very long spans the Baltimore trusses, 


Fig. 194 (in which the panel of the N girder is subdivided), are modified 
by having the top chord curved. Fig. 211 shows such a truss as is 








FiG, 211.—Modified Baltimore truss for long spans. 


used for the centre span in the design for the Quebec Bridge (1911) 
and of approximately the same dimensions. The stress diagram 
Presents no special difficulty. The members shown dotted support 
other members, and are not to be considered as members of the truss, 


EXAMPLES XI. 


1, A roof truss of the type shown in Fig. 195 has a span of 28 feet, rise 
7 ке, ‘and no camber of the tie rods, the joints in the main rafter bisecting 
its length. For the loads given in Problem No. 1, Examples X., find the 
maximum stresses in all members due to dead loads, and to wind loads 


separately, assuming fixed hinges at both supports. 
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2. If the roof principals in Problem No. 2, Examples X., are of the types 
shown in (A), Fig. 192, but the ties have ho camber, find the maximum 
stresses due to wind pressure when both sides have fixed hinges. 

‘A French roof truss (see Fig. 199) has a span of 50 feet and a rise of 
12 feet 6 inches, and the lower ties have nocamber. Find the stresses in all 
members due to a dead load of 25 Ibs. per square foot of covered area, the 
principles being 12 feet apart. 

4. Find the maximum stresses in the roof of Problem No. 3 when the hori- 
zontal wind pressure is 56 lbs., adopting the formula (7) of Art. 128, and taking 
one side “‘ free” and the other “ fixed.” Assume that the wind may be from 
either side. ‚ 

$. A Warren girder having web members all inclined 60 degrees has 
eight panels, the first five from the left end being loaded with § tons per 
panel uniformly distributed. Find the stress in all members. 

6. An N girder having seven panels each 6 feet long and 8 feet high has 
the first five the left-hand end loaded with a uniformly distributed load, 
of W per panel. Find the stress in each member if the central bay is counter- 
braced by members capable of bearing tension only. 

7. Find an expression for the compression in the top chord of a Bollman 
truss fully loaded with a load W at each panel point if there are # panels of 
iW A, the total span being 4 

Find the maximum compression in the top chord of a Fink truss 
having a load W at each panel point, there being eight panels and the span 
being / and the height 4. Find also the thrust in the central vertical post. 

9. Find the chord stresses for the truss and loading shown in Fig. 218, 


CHAPTER XII 
MOVING LOAD STRESSES IN FRAMES 


141. Stresses due to Rolling Loads,— The methods of finding stresses 
given in the preceding chapter are applicable to known loads on the 
various parts of the truss, But in order to compute the maximum 
stresses to which a member of a bridge will be subjected by a travel- 


dealt with in Chapter VI., but the application to framed girders will 
ire further notice and illustration. 

142, Chord Stresses.—The chord stresses may be found (Art, 138) 
by taking moments about joints in the opposite chord, to which the 
stress is proportional, and the stress in the chord is a maximum when 
the moment about the opposite joint isa maximum, For a uniformly 
distributed load this occurs (see Art. 76 and end of Art. go) when the 
whole spanis loaded. Hence, if an equivalent uniformly distributed 
load is adopted the determination of chord stresses due to rolling loads 
is precisely similar to that for uniformly distributed dead loads. 

In the case of concentrated loads arising from axle loads or from 
conventional train loads (Art. 85) the maxima occur when the bendi 
moments at opposite joints reach i 
sponding positions of the load (for joints of both loaded and unloaded 
chords) are given in Art. 81, i nd 
moments in such a case may be accomplished for determined positions 
of the load by moving the span length 
or by algebraic calculation. In either case the calculation is much more 
tedious than when an equivalent uniformly distributed load is employed. 

143. Conventional Calculation of Web Stresses for Uniform 
Bolling Loads.—We have seen that for girders with horizontal chords 
(Art. 138, section ae web member stresses are proportional to the 

ing force at the member, and hence the maximum (positive or 
negative) stresses due to rolling loads will occur in such members when 
the maximum positive or negative shearing forces occurs A simple 
conventional method (Fig. 212) is to assume that the maximum 
positive shearing force at any section occurs when all panel points to 
the left of that section are fully loaded and those to the right are 
unloaded: and that maximum negative shearing force occurs when all 
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but is clearly an impossible condition, for no panel point can be 
entirely unloaded if the adjacent panel point carries the fu% panel load 
(w X d) due to a 
to uniformly distribu- 
ted load. 
B conventional load- 
афар ' <dd> ing for both hori- 
c zontal and curved 
chord girders, maxi- 
B negative stresses in 
1 payed a web members due 
wd wd wd wd to a uniformly dis- 
Fro. 212,— Conventional loading for extreme shearing forces tributed rolling load 
tnd stresses in web members can be ealcalated ad 
in Art. 138, sections 
(2), (3) and (4). If these be added algebraically to the stress due to 
dead load the extreme maximum and minimum stresses are obtained. 
EXAMPLE 1.—A through N girder of 8o-ft. span has eight bays of 
10 ft. each, the height throughout being r2 ft. The uniformly dis- 
tributed dead load is o°6 ton per foot run, and the rolling load is 
equivalent to 2 tons per foot. Find the maximum and minimum 
stresses in each diagonal and vertical member, All dead loads as well 
as live loads to be taken as at the bottom chord joints. 
The panel loads are, for dead loads 6 tons, and for rolling loads 
20 tons. Using the reference letters of Fig. 204 or 213, the dead load 
reactions (effective) are R, = R, = $ — 21 tons The dead load 
shears in the main panels, altering by the panel load of 6 tons at each 
lower chord joint, are— * 









wd wd wd 


Pand , . 4 4 « «| AS | SR ко | өр | то | ox | mr mt 


+15 | + 





Dead load shear in tons . | —ar | —15 | —9 | -3 | +3 | +9 
The extreme shears due to rolling load on, say, the panel RQ are 

for maximum positive shear, loads of 20 tons at S and R only, then 

Е, = ex = 75 tons = maximum positive shear. For panel QP 

the value is R, = ZX = 15 tons. ‘The full values are 
جخ د غاد‎ 


Panel, sensoa 













+25 |+37°5| 52'5 | 70 


+25) +75) +15 
=15| -75|-25 | © 


Maximum positive shear 
Maximum negative shear 
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combining these with the dead loads shears, the extreme shears in each 














are— 
Pacts os + «| as | i | no Фр | ро ЧЕ ML 
E i | EE 
a ا‎ -9 |-675 -46s {73a ME 
E. tive or) агулау إو‎ — | — | +45]-+325) +21 








The maximum positive shear due to the rolling load and the 
positive shear due to dead load are shown on Fig. 213, together with 
the resultant for half the span, The negative quantities for the other 
half are symmetrical. 

‘The maximum thrusts in AB, CS, DR are 91, 67'5 and 46*5 tons 
respectively, that is, the shearing forces in the panels AS, SR, and RQ, 
while the minimum thrusts are 21, 12'5 and 1°5 tons respectively. The 


B c D Е F G H J K 











$ Р, Озун M 


R Q 
Rite 0e ج ا0 ا0ر‎ 70! 


Fic, 213.—Maximum positive shearing force and web member stresses. 


stress borne by EQ varies from a thrust of 28 tons to a tension of 
12 tons, The stress in FP is always zero. If the dead load is so 
distributed that } of the total comes on the joints of the top chord, 
2 tons thrust will have to be added to the for CS, DR EQ, and 
FP, and 1 ton to that for AB. 

‘The stresses in the diagonals are found by multiplying the extreme 


shears by cosec 6, £e. by = + T00 = 1'30, giving 
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These are also shown by the diagonal lines parallel to the diagonal 
members, across the shear diagram in Fig. 213. The change from 
tension to thrust in EP and GP may of course be prevented by counters 
bracing the bays QP and PO as shown by the dotted lines (see Art, 148). 

144. Exact Method for Girders with Horizontal Chords and 
Bingle Web Systems.—The exact load position for and amount of 
the maximum shear has been dealt with fully in Art. 90, section (1). 
It is interesting to compare the results from the conventional loading 
above with the true value. Using Fig. 134, the maximum positive 
Shearing force in any panel DC having m panels to the left of it (out 
Dy panels total), with a rolling load w per foot and span / feet, is by 

4) Art. 9o 





According to the conventional loading above, the right-hand side 
would be (taking moments about A, Fig. 134) 
Pomx Y. 10 т(т +1 
mu Е Zl э” aeto) Po 
For the extreme right-hand side panel at B, Fig. 134, ^ — » — 1, and 
both (1) and (2) give 





eo 
$— 
But for smaller values of m (nearer the middle of the span) (a) gives 
side, * 


a slightly higher value than (x), i. it is a trifle on the safe 


Applying both methods to such a truss as Fig. 204, where sz 8, 
we get the following maximum positive shears (with corresponding 


negative values), taking =. тоо:— 










3 4 5 6 ? 
1&8 | 31a | 468 | 65$ | 87$ 
161 | 285 | 44's | Gye | S75 | 





‘The difference in the results from the two methods is very small, as 
will be realized if the results are plotted on such shear diagrams as Fig. 
213 or Fig. 134, which are too small to show the difference. 

ExAMPLE—Find the exact maximum stress in the member HO 
(Fig. 204 or 213), with the loading given in the example at the end of 
Art. 143. 

The actual maximum positive shearing force in the panel ON, putting 
m = s, and a = 8, is from (1), 

2 25 x 80 


2 8x7 тетри 





y 


| 
ee 1 
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and adding the dead-load shear of + 9 tons gives 44°71 tons (instead 
of 4675 tons), and multiplying by sec. @ or 1°30 gives the maximum 
stress in HO, 
1'3 X 44'71 = 58'1 tons instead of 60'5 tons. 

When the shearing force has been determined, the stresses in the 
web members follow, as for the conventional method, viz. from Art. 
138, section (2). 

145. Exact Method with Curved Top Chord and Single Web 
Systems.—For a girder with curved top chord the stress in a web 
member such as BD (Fig. 214) is found as shown in Art. 138, section (4), 






„а -- ы qoe B, 
pe =; 


Н, 








FiG. 214,— Extreme stresses in web members of girder with curved top chord. 
and Fig. 208. . To find the position of the uniform load w per foot 
to give maximum pull in BD, suppose it covers entirely all the » panels 
to the left of DC (Fig. 214) and extends a distance DG or x beyond D 
towards C, and the pull in BD is P. By moments about E 

в. (иё а) Д агау) 
And the joint load Q at С, from moments about D, is 


xm wa 
Qe eS $us » mv et) 


‘Then by moments about the centre Z 
P = 2 [Rs — Q(s + (r — m — 10)0]. О оу) 


Z [smi + a) — nat{s+(n — m — 1)0] . (0 


td 
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And for a maximum value of P, ^ zn hence 


- su ossa tn RE 


Ве 
پد‎ 


which reduces to — „$ when z is infinite, ie, for a horizontal top 


chord as in (2), Art; o: Substituting this in. (1) and (s) equation (3) 





gives P. 

The distance CG from C for maximum thrust when the load extends 
from F to G is— 

NET d 
SICH LS 

The position of the load for maximum stress in any vertical may 
similarly be found. 

Alternative Method.—The influence method may also be used. 
Considering unit load rolling over the een EF, when it has жо а 
distance y from E (short of D), R, —7, and as in (3), P =3. which 
is proportional to y, 4. the influence line EH is a Sis ме cl 
= 5, similarly for the load between C and F the 






influence line is the line KF, such that KM a ZTE 


Also it is easy to show that the rate of change as the unit load moves 
from D to C is proportional to x, i.e. the influence line is a straight 
line H and K, which is the line HG'K. Aa Apo 
stress due to a uniform load w per foot extending from E to G’ is 
found from the area EHG’ жиш Бе дй шсш ТЕ 
EéHNXxEG). .. .. . . (9 


EG! = md + NG’, and NG’ may be found (confirming (5), by dividing 
DC in the known ratio FIN = = Gam ae Fay A substituting 
in (6), this gives 
max. pull in DB e 2.77.7 7 E IG] 
ERN f, a-icnan—-m—1) 


Similarly, the maximum thrust in DB due to live load is 


ШЕ тав 1 z) (8) 





RATE WM II 


Similar methods may be used to draw the influence lines for the 
stress in the verticals. 
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An alternative simple method of finding the point G' is to join AE 
and FB. These lines produced meet at V, and G' is the projection of 
V. For G’ is the point at which a load would produce no stress in DB; 
to the left of G' a load would produce tension in DB, and to the tight 
it would produce thrust. That no stress is produced in DB bya load 
under V is proved by the fact that EVB would be a bending moment 
diagram for such a load, and hence M, + AD = M, BC, therefore 
the tension in DC equals the horizontal component of the thrust in AB. 
Hence by the method of sections the horizontal component of the stress 
in DB equals zero. When the point G is determined, the stress in DB 
may be found by various means, such, for instance, as a stress diagram, 











Ето. 215, 


Graphical Construction.—The maximum stress in a diagonal DB 
due to a rolling load may be determined graphically by dropping a 
perpendicular VG (Fig. 215) from V- Then Dg represents the pull in 
DB on the same scale that VG represents half the load on EG. Similarly, 
B represents the minimum stress or maximum thrust in DB on the 
same scale that VG represents half the load on GF. When these 
stresses are required for each diagonal it is convenient to set off the 
diagram fer with the dimensions shown for a load w per foot. Then 
nh represents half the load tw, EG or 4w.y, hence by drawing лт 
parallel to VD, and then mg parallel to DB, mg gives the maximum 
‘tress to a known scale, viz that on which (pf bas been made equal to 
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dw). The correctness of the construction may be proved as follows, 
The load w.ED on ED may be replaced by jw.ED at E, and 
фиг. ЕР at D ; similarly, the part t». DG may be replaced by 3. t. DG 
at D, and 3.2. DG at G. The load at E may be ignored, and the 
load at G, we have just seen, causes no stress in DB. Hence the 
effect in DB is that of a load (ED + DG)w = EG. = W, say, at 
D. Let T' be the thrust in AB, T the tension in DC, and S the tension 
in DB, of which 4 and v are horizontal and vertical components respec- 
tively. Taking, say, a vertical section through the panel DC, the forces 
on the right-hand part of the structure are, firstly, T’ and S at B, and, 
secondly, T and R, meeting at F; these pairs must balance, and there- 
fore act through B and F, hence the resultant of T' and S is in the line 
VF. Again, considering forces on the left-hand portion, there are, 
firstly, T” and (downwards) W — v through A; secondly, T + # and 
R, through E. Since these balance, their resultants act through E and 
A, hence the resultant of T' and W — v are in the line VA. Finally, 
taking, say, clockwise moments about V of forces on the structure to 
the left of the section, since the resultant of T' and S is through V, the 
sum of the moments of T’ and S about V is zero, and resolving S at D 
1f a is the perpendicular distance of V from AB, 


—T.ia-s.z-4.VGeo . .. . (1) 
And since the resultant of T' and W — vis through V, 
TT.a—(W-rs-2o ..... (2) 


hence adding (1) and (2). 
W.# =H. VG or wens, or if VG represents W, x or DG repre- 


sents / to the same scale, and consequently Dg represents S, of which 
4 is the horizontal component to the same scale, Similarly gB repre- 
sents the thrust in BD for a load w. GF on GF to the same scale that 
VG represents a load 4 t. GF. 

ExaMPLE r.— Taking Fig. 214 to represent a girder 8o-feet span 
subjected to a uniform rolling load of x ton per foot, and the heights 
of successive verticals from either end to the centre being 0, 10, 15, 
17:5, and 17-5 feet, find the maximum tension and the maximum 
thrust due to rolling load in the member BD by the conventional, and 
the exact methods when the panel DC is not counterbraced. 

The lengths of s and r may conveniently be measured from a 
drawing to scale and used in, say, inches as measured ; they may also 
be calculated in feet as follows. Fall in AB = 2-5 feet in ro feet hori- 
zontally; hence the length CZ for a fall of rs fest = 15 x 72 = bo 
feet, and s = 4o feet, DB = 4/75" F 10° = 18.03 feet, r= 70 sin BOC 

1 
= 70 Хх ui = 58-2 feet. 


Using the conventional method, all joints E to D having full panel 
loads of ro tons, by moments about E— 
R, = 1} (10 + 20 + 30 + 40 + 5o) = 10 Х 15 = 18-75 tons 
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Hence by taking a vertical section in the panel DC, and con- 
sidering the structure to the right of it, and taking moments about Z of 
the external forces— 


Pull in BD = (18°75 X 40) = 12°87 tons 


a Et 
582 
Using the exact method, m = 5, * = 8, then from (5), 


X 10 
f TPTÜXIXE)TH 68e 
pn 
Reams ) = 8-6 tons 


eg? "^ 
Qazo sss = 104 tons. 
Hence by moments about Z 

Pull in BD = зоб x 40 — r'o4 X 6o) 9 1r7r tons, which 
may also be checked by (7). 

Tt may be noted that the conventional method is more in error 
(although on the safe side) for curved chord girders than for the hori- 
zontal chord type (see Art. 144). The errors are greater the more 
inclined the chords are to the horizontal. Jus 

For maximum thrust in BD by the conventional method, joints 
Cto F are loaded, giving Ra = 3$ (0 + 20) = 3°75 tons. Hence by 
moments about Z for the structure to the left of the previous section 
‹ ‘Thrust in BD = 5; X 375 X 120 = 774 tons 
Using the exact method, Ry = > x gs 6549" = 4'o$ tons. 





1 D 
Load at D = arcs o Ash. = 1°49 tons. 


Hence by moments about Z, thrust in BD = л (#95 X 120 — 149 


X 70) — 6:55 tons, which may be checked by equation (8). 

EM! 2.—What uniformly distributed load in the above 
example would be sufficient to prevent a reversal of stress in the 
member BD? 

Let w be the uniform load per foot. Then the dead load must be 


just sufficient to cause a tension 7°74 tons in BD. Right-hand reaction , 
«IS? зуш. Taking moments of the dead load about Z 


- x io — 10w X 60 = 7°74 X 582 — 450 
M io w = $32 = 1'5 tons per foot 
or more exactly, taking 6°55 tons thrust to be neutralized 


jw X 40 — row X — xow x 6o e 65$ X 58a — 385 
= ЖЕЗ ы w = 322 = 17273 tons per foot 
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146, Trusses with Multiple Web Systems.—In finding the 
maximuni stresses in multiple web trusses due to rolling loads the same 
principles as have been used for single web systems are applicable. 
Usually the conventional loading will be sufficiently near for finding 
the maximum stresses in web members in accordance with the methods 
given in Art. 138, section (s), for fixed loads. Thus in the Whipple- 
Murphy truss the method of superposition (Art, 136) may be employed 
to find, as in the present article, the maximum web stresses in each of 


two girder systems into which the Whipple-Murphy girder may be split 


(Fig. 203). 

Again, in the Baltimore truss, Fig. r94, and Art. 138, section (5), 
the methods are those which have been dealt with already. Ап 
exact solution by means of the influence line is also possible, but the 
conventional system of complete panel loads is sufficiently near for 
most purposes, and much less complicated, 

147. Stress Calculations for Concentrated Loads—The maximum 
stress ina web member of a truss with horizontal chords occurs when 
the shearing force in its panel is a maximum, and the Position of the 
loads to give the maximum shearing force has been demonstrated in 
(4); Att. 82, a condition which is fulfilled when a particular wheel load 
passes into the panel concerned. When the position is determined the 
maximum shear is easily calculated. When the top chord is curved, 
as in Fig. 214, the position of the load for maximum stress in BD, say, 


instead of being given by (3), Art. 82, viz, Y= v writing 2 instead 
of 4, is given by the modified equation 


Т) н ње 


w 
bs 





IE 
т 


the term ZË arising from the slope of the top chord, and being zero 


when zisinfinite, For examples of stress calculations in web members 
of curved chord girders having multiple web systems subjécted to con- 
centrated travelling loads, see “ Modern Framed Structures," by John- * 
son, Bryan, and Turneaure. . 

148. Stresses in Counterbraces,— The reversal of live-load shear in 
a particular panel of a braced girder may be taken up by making the 

onal of such a section as will enable it to resist the necessary 
“tension and thrust. But instead of this very frequently a second 
diagonal capable of resisting tension only is introduced to take up the 
shear which would otherwise put the main diagonal in compression. 
Such diagonals, shown dotted in Figs. 194, 204, 213 and 216, are called 
counter-braces." The main diagonal is that which takes tension when 
the girder is fully loaded, and also the dead-load tension, 


? The American practice is to call this a counter or counterstie, and to call a 
diagonal capable of taking a reversal of stress a counterbrace, 


í 


| 
| 
1 


Е 
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The counterbracing of a panel really makes the structure statically 
indeterminate (see Chap. XIV.), and the stresses in the main diagonal 
and counterbrace depend upon their sections, and particularly on the 
initial conditions of attachment which determine the initial stresses 
which may exist due to dead load. If the main diagonal carries com- 

letely its dead-load stress when the attachment (or final adjustment) 
is made, any live load tending to reduce this tension will put the 
counterbrace in tension without first reducing the main diagonal to 
a state of ease or zero stress. And these conditions will be safer to 
assume in calculating the possible tension in a counterbrace. In some 
constructions the counterbrace is actually left slack during erection and 
then given a slight tension; in such a case it would be required to 
resist live-load stress plus the initial adjusting tension. Actually the 
stress in both counterbrace and main brace will be affected by the fact 
that the other one is capable of resisting considerable thrust, although 
nominally unable to do so. For several reasons, then; the stress calcu- 
lations for counterbraced panels must be regarded as conventional in a 
greater degree than is true for other simpler types of girders. 

The calculations of tension in the counterbraces due to the live 
load are made in the same way as for live-load stresses in the main 
braces, the other braces being ignored, and will be best illustrated by 
examples. 

^ . EXAMPLE r.—Find the stress in the counterbrace FO, Fig. 204 or 
213, with the data given in Ex. 1, Art. 143. 

Referring to the results of the example quoted, the maximum 
negative live-load shear in the panel PO is 15 tons, which is assumed 
to be wholly borne by the counterbrace. The inclination is equal to 
that of the main brace, viz. @ where cosec 0 = 1'3, hence the maximum 
tension in FO is 15 X 13 — 19'5 tons. 

If we assume that the two diagonals jointly carry the dead-load 
shear (FO being slightly either shortened or bowed), but that the main 
brace cannot be relied upon to take thrust, the stress to be allowed for 
in FO calculated for the maximum negative shear of 12 tons in panel 
PO, given in Ex. x, Art. 143, would be xa X r'3 — 15'6 tons, the same 
as the thrust in PO when the panel is not counterbraced. The actual 
stress would probably be between 15°6 and 195 tons, but depends 
upon initial condi; li 

ExawPLE z.—Find the maximum tension in a counterbrace AC, 
Fig. 214, under the conditions of Ex. r, Art. 145. 

The distance Z of AC from Z is CZ'sin TCZ. . 

АС = МІТ F 10 = 20°15 
sin ACD UR = 0:868, 
hence 12 60 X 0868 — 521 feet. 

When joints C to F are fully loaded, R, — 3775 as before. Omitting 

member BD, by moments about Z 
Pull in AC "ir (3°75 X 120) = 8°64 tons. 





370 ` THEORY OF STRUCTURES (Cu. xu, 


For a more exact value the conditions are as before, but in a counter. 
braced panel such are finement is unnecessary ; the result would be 


g7 45 X 120 — 1'49 X 70) = 7°33 tons. 

The stress in the vertical of a counterbraced panel is a minimum 
thrust (or maximum tension) when the counterbrace meeting its foot is 
in action, eg. if AC, Fig. 214, is in tension and BD out of use, consider 
the joint B. The resultant of the two chord stresses at B will cause a 
tension in the vertical BC unless a load at B is sufficient to cause 
thrust The load position to give maximum tension in BC has to be 
found by trial; it occurs when the chord stresses at B are as great as 
possible, consistent with BD remaining out and AC in action, 4e. when 
the load extends from F as far beyond C as to just cause BD to have 
zero stress in it. 

149. Stress in Wind Bracing.—The wind bracing or laterals of a 
framed girder bridge are very generally (unless head room requires 
arched girders) of the form shown in Figs. 193 and 216, f.4. N girders 
counterbraced in every panel (as the wind may blow from either side), 
and having as chords the chords of the main girders. In the case of 
open-floor bridges the cross girders will form the struts of the wind- 
bracing system. ; 

Such a girder of course forms a statically indeterminate system, 
and, as in the preceding article, the wind stress can only be deter- 
mined in a conventional manner by arbitrary assumptions. Again, the 
distribution of wind load on the girders and on moving vehicles 
between the upper and lower wind bracing (if both are used) is 
arbitrary. It is usual to assume that all the moving wind load is taken 
on the wind bracing of the loaded chord, and this bracing (which may 
consist of a plated floor) is also often taken to withstand more than 
half the wind load on the girders. Some stress is also caused by the 
overturning effect of the wind increasing the downward pressure on the 
supports on the leeward side of a bridge and decreasing it on the wind- 
ward side, Altogether the determination of wind stresses in the lateral 
bracing is somewhat empirical. It may also be pointed out that quite 
apart from wind pressure the lateral bracing be stressed by the 
strains of the main girder chords to which it is attached. An estimate 
of such stresses may be made from the stresses in the main chords and 
the geometry of the consequent deformations. 

conventional method of estimating the most important wind 
stresses is to ignore one system of triangulation, as in counterbraced | 
panels dealt with in Art. 148, and to find the. stress due to dead and 
travelling wind loads by the method of Arts, 142 and 143. As the 
diagonals are for greater stiffness made capable of resisting thrust this 
cannot give accurate results, but any error involved is on the side of 
safety. The calculation may be shown by an example, 


"See an article on “The Design of Wind Bracing” in Zngineering, 
June 9, 1911. 
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ExAMPLE.— The N or Pratt girder shown in Fig. z16 has wind 
bracing shown at (4) and (г). Estimate the maximum stresses in the 
lower lateral bracing and in the lower chords due to a stationary wind 
load of 2000 pounds per panel and a travelling wind load of 30 pounds 





e PPPI raono 


1А ВС 0 Е У 
NG o 
FG. 216.—Stresses in lateral or wind bracing. 
per square foot on xo square feet per lineal foot, assuming that 6o per 
Cent. of the stationary wind load and the whole of the travelling load 
is taken by the lower system. 
Dead load per panel = 0:6 Х 2000 — 1200 Ibs. 
Moving load per panel — 3o X 10 X 12 — 36oo lbs. 
As the two halves are symmetrical it is only necessary to work out 
the stress for half the span. The wind may blow on either side, and 
with the wind load on the side selected in Fig. 216 the dotted braces 


are assumed to go out of action. 
Chord Síresses.—For stationary load the reactions at the ends are 


1X 1200 4200 Ibs, 
Denoting bending moments by M and a suffix and stresses by the 
letters at the ends of the members 
—My = 4200 X 12 = 50400 lb.-ft, hence PQ = 550 = 4200 Ibs, 
2g =M, 86400 = М _ 108000 
Similarly, QR = = 56499 qao Is, RS = 0а 200 


12 
115290 9600 lbs, AB =o, ВС 





= gooo lbs, БТ = pe 














= B. 4200lbs,, CD = Ma 72001bs., DE ons =gocolbs. - 


For the total stress due to live and dead load it is only necessary to 
multiply the above by 3600+ 1200 ے‎ since the maximum chord 
stresses occur with full load. 
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Web Stresses,—The inclination of the braces to the chords is 45°, 
so from the shearing forces, falling by 1200 lbs. per panel, the dead 
load stresses are, Tensile, PB = 4200/2 = 5940 lbs, QC = (4200- 
1200)/2 — 4240 Ibs, RD = 1800/2 = 2540 lbs, SE = бооз 
= 850 lbs. j 

Compressive—AP = 4200, QB = 3000, RC = 1800, SD = боо, 
TE-o. The maximum live-load web stresses may similarly be writte 
from the maximum live-load shears, as in Art. 143, and are as follows :— 

Live-load Web Siresses,— 





Раде]... АВ BC ср | рк ЕУ 





Maximum negative shear. . | 12,600 | 9450 | 6750 | 4500 | 2700 








РВ ос RD SE = 
Diagonal, and tension in Ibs. . | 17,800 | 13,360 | 9540 | 6360 | — 
AP BQ CR SD TE 
Cross strut, and thrust in Ibs, .| 12,600 9450 6750 4500 2700 








The dead-load stresses may now be added to these to give the total’ 
stresses ; the additions are all of quantities of like sign, as of 
sign in the diagonals of the middle panels is prevented by the 
counterbracing. 


EXAMPLES XII. 


1. The girder shown in Fig. 212 is 16 ft. high and has a panel length of 
12 ft. Find the maximum and minimum stresses in the upper and lower 
chords due to a dead load of 0'4 ton per foot run and a travelling load of 
1 ton per ft. run. 

2. Find the maximum and minimum stresses in the diagonals ofthe girder. 
in problem No. т. (a) By the conventional loadings. (4) By the more exact 
2 v 

3. А through Warren girder with web members inclined at 60° has 6 
bays in the lower (loaded) fion and 5 intheupper. The loads are—(1) dead 
Toads of 3 tons at each joint of the lower boom and 1 ton at each top i 
(2) a travelling load of 1°2 tons per foot run, the bays being each ro ft, long: 
Find the maximum and minimum stresses in all members. 

4. A through Warren girder is the same as in problem No. 3, but has $ 
bays in the lower boom and 4 in the upper one, and is subjected to the same 
dead load per joint. What is the maxi travelling load per foot which 
will only cause a reversal of stress in twd web members ? 

5. In a hog-back or curved top chord N girder of 6 bays, the heights in 
successive verticals, including the end posts, are 10, 1275, 14, 14, 14, 12:5, and 
1o ft., and the bays are each roft.long. Find approximately the maximum 
stresses in the members of half the girder under a. dead load of 9*3 ton per 
foot, and a live load of 1*2 ton per foot run. 1 


CHAPTER XIIT 
SELECTED TYPICAL FRAMED STRUCTURES 


150, Cantilever Bridges.—The disadvantage of continuous girders 
have been referred to in Art. 107, In a cantilever bridge, although 
there may be several supports, the girders ate separable into parts, eac! 
of which is statically determinate. 

‘Two types of support for a bridge of three spans (and four supports) 
are shown in Figs. 217 and 218, which also show the bending-moment and 
shearing-force diagrams for uniformly distributed dead loads. The con- 


Anchor, Gantilerer Suspen 
^ Arm. f firm pan 





Fic, 217. 


struction of the trusses is such as to form virtual hinges at F, and Fn, thus 
fixing the points of inflexion whatever the ‘oad. Then for different load- 
although the shape of the ling-motnent diagram will alter, the 
points of inflexion will remain at Fy' Fy. Either type may be looked 
upon as a continuous beam with hinges inserted or may be regarded as, 
an arrangement of overhung beams simply supported at two points and 
carrying other simple beams from their ends, Thus that in 
Fig. 217 consists of two beams CF, and DF, carrying the simply 
span F,F, from their overhung ends or cantilever arms at 
Е, апі Е, Whether the support required at C and D is upward or 
downward depends upon the load between E and G compared to that 
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between C and E and between G and D; generally a downward 
anchorage will be required. The type shown in Fig. 218 consists of a. 
central beam with overhung “cantilever” ends, which carry one 
end of each side span, the other ends resting on the end supports 
or abutments. 

A great advantage of the cantilever type of bridge in many cases 
arises from the fact that the side spans being erected in the ordinary 
manner the cantilever arms can be built outwards from the piers and 
the central span completed from them without the use of falsework, 
i. support from below; erection stresses must be estimated and 
allowed for. For long spans where the dead load of the structure 
becomes very large the cantilever is advantageous because the dead 
weight is somewhat concentrated near the supports, and also because 
the average bending moments are smaller than for a simply supported 


span, 


Cantilever Arms. 
ot д, 





FIG, 218, 


Figs. 219 and 220 show typical forms of cantilever bridges, the 
former being of the through and the latter of the deck type. The 
dotted (redundant) members which would render the structure statically 
indeterminate are used in erection, during which the suspended span is 
built out as an extension of the cantilever arms. In Fig, 220 there are 
two supports at the piers, but the panel between them is so lightly 
braced as not to transmit any shearing force, and consequently there is 
no change of bending moment between the two. This panel may in 
fact be ignored in calculating stresses and the truss may be treated as if 
there were a single support between the two adjoining panels. The 
load positions for maximum effects will have to be investigated for each 
type of bridge in order to find the maximum and minimum stresses due 
хо а гоШор load. It is usual to determine some form of equivalent 
uniformly distributed load for a cantilever bridge, but this will not be 
necessarily the same for the cantilever portions as for a simple span 
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. The conventional method of taking full panel loads may then be 
adopted, and the determination of live load stresses is illustrated in the 
following examples. The more exact methods of Art. 145 for web 
members are applicable, but the conventional method is simpler and 
sufficiently accurate, as exemplified in Example 4. 

Influence Lines for Cantilever Bridges.—The structure being statically 
determinate influence lines which are straight lines are easily drawn for 
any section and may be used to determine maximum and minimum 
stresses in the members, A numerical example (No, 4) illustrates this 
application. 

ExAMPLE r.— The dimensions of Fig. 217, which is symmetrical, 
being CE = 8o ft., EF, = 70 ft, F,F, — 80 ft., determine the dimensions 
of the bending-moment and shearing-force diagrams for a uniform dead 
load of w per foot. 

Since the bending-moment at F, is zero, and the shearing force 
from the span F,F, at F, is j X 8otv = 40m, taking moments about C 
of the forces on CF;, 

дот х 159 + 150w X 150 = 80 Х Ry 
therefore Ry = 215°6w = Ко 
Ry (downwards) = 4(2 X 2156 — 380)w = 25°6w = Rp 

‘The shearing-force diagram can now be set out as shown in Fig. 217. 
Fo = + 256w, Fr = (25'6 + 80)w = 105'6, and 105'6 — 215'6 
= row 

The shearing force at mid span is zero and the other half of the 
diagram is symmetrical. 

Му = 2$'б x 80 + 8otw X 40 — 524819 
My = 0, My = —{ X 80° = —800w 


or checking from the span EC, 
Mg — 52480 — jw x 220° = — 80219 


the maximum negative bending moment or the height of the vertex of 

the parabola at section H. The complete bending-moment diagram is 

роуа in Fig. ax7, the signs being according to the conventions of 
59. 

EXAMPLE 2.—The bridge girders in Fig. 219, the dimensions of 
which are given in terms of the equal panel lengths d, are subjected to 
a dead panel load of 5 tons and a travelling load of 15 tons per panel. 
Determine the maximum and minimum stresses in the members HG, 
EF, EG, and HE. Assume the dead as well as the live load to be 
carried on the lower chord. 

For dead load only.—TYaking moments about A, 


Ra = (з Хх $ X 10d + 10 X $ X 52) = 66° tons 


Half the downward load = 13 X 5 = 65 tons 
hence R, = —1°6 tons, #2. 1°6 tons downwards 


which may be found directly by moments about B. 
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Member HG.—By simple geometry, length EH = 1'32 and the 
perpendicular distance of the top chord from E — 172452. 





Fic. 210.—Stresses in cantilever bridge. 


` For lve load on AB oniy (ie. for maximum negative bending 
moment at E), 1 2 
Е, =} х6 х 15—16 = 43:3 tons 
maximum negative M, — 433 x 24 — z(s + 15)2 = 46:62 
and using E as a moment centre for a section, 
{ E 4662 
Байшш Шиш НО жо а ча 1 
For five load on BK only (ie. for maximum positive bending 
moment at E), 


R= -gus х 44+ бо х 2d) — 1°6 = 51°6 tons (downwards) 
maximum positive Mg = 5x6 x 2d+5 x ad = 113340 
maximum pull in HG = 71537 = ox tons i 

Member EF.—Length GF 164 
maximum negative Mg = 433 X 3¢ — 3(5 + 15)}¢ = 40d 
maximum tension in EF = ype = £72 = a5 tons Ў 
maximum positive M; — sr'ó X 32-- 3 X 5 x r'sd — 17754 
maximum thrust in EF = 12734. ттт tons 
Member EG.—The stresses are found by the method of sections, 
taking moments about the intersection of HG and EF, the position of 
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which by calculation or measurement to scale is aid to the left of A and 
"684 from EG produced ; the section taken cuts HG, EG, and EF, 
‘or minimum tension (or maximum thrust if any) in EG, using the 
conventional approximation of full panel loads, see Art. 143, the 
panel points from F to B will be loaded, and for this live load, taking 
moments about B, 
R4 7 gj(4 + ad ¥ 34)15 — v6 = 1,33 tons 
Hence minimum tension in EG 
= x aja + 5 x 3j4 + 5 X 412 — 13'3 X 242) = 3'54 tons 
For maximum tension in EG the panel points Q and E and B to K 
will be loaded, and for this live load, taking moments about B, 
Ri = gyl + sd)rs — (4 x ad 4- 3 X 44)15} — 167 tons 
= 29'17 tons (downwards) 
Hence maximum tension in EG 
- 368002917 +25) х 202+ 20312 + 20 Хх 40 = 616 tons 


to the left of E would show a 
ers would have to be made 





Similar calculations for the diagonal 
"thrust as well as a tension, and the memb: 
accordingly or the bay counterbraced. 

Member HE—The section taken cuts HG, HE, and the lower 
chord to the left of E and moments about the same point, 232 beyond 
A, as for EG are taken. The minimum thrust (or maximum tension) 
in HE will occur when panel points ‘from E to B are loaded, The live 


load reaction from moments about B is 
: Ry = Ad + ad + 32 + 42)15 — 167 = 23°3 tons (upwards) 
Hence 
maximum tension in HE = pauls X 2°3d — 5 x 3°5¢) =8'74 tons 
The maximum thrust in HE will occur when Q and all panel points 
from B to K are loaded. For live load, 
R= aix 15— (4X ad-- 3X 44)15) — 167 73917 tons (downwards) 


Hence 
maximum thrust in HE = Fm x rid + 20X 3'54) = 365 tons 
The maximum tension will be slightly reduced and the maximum 
thrust increased if part of the dead loads are taken as applied at the top 
Chord panel points. 2 ٤ - 
—The deck cantilever bridge girders in Fig. 220 are 


EXAMPLE 3. 
subject toa uniform dead load of $ tom per foot and a rolling load 
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equivalent to a tons per foot. Find the extreme stress in FG, HK, FK, 
and KG. 


main difference between this problem and the last lies in the 
M M the open or lightly braced bays over the supports BC and DE 





MFG 





B Cers 
Z 


can transmit no shearing force, so that Ma = Mg. The panel length of 
12 feet is taken as the unit of length, and the liye panel load as 24 tons, 
and the dead panel load as 6 tons. 
For dead load only, taking moments about B and ignoring the 
BC (i. for forces on the right hand using the point C instead of B), 
Ra= {6 x3 — 4 2 — 3} X 4)6 = —4 tons 
ie. 4 tons downward. Effective reaction at C and D balance the load 
between them, hence 
Ro = 74 X 6 = 45 tons (upward) à 
Rs = 13} X 6 + 4 — 45 = 40 tons 
Also FK — rz units, KG = 1'562 units. KH meets the top chord 
produced, 4 units to the left of A and 5737 units from KG produced. 
Perpendicular distance of, KH from G — 1372 units. 
Member KH—The maximum tension will occur when A to B only 
is covered by the live load for which 
Ri =} x 6X 24 — 4 — 68 tons (upward) 
maximum negative M; — 68 X 3 — 3 X 3o X 15 69 і 
maximum tension in KH Ari = 50'3 tons $ 
For live load on C' to N only | 
Ra = — }(4 x 24 Xx 2 + 3} X 24 X 4) — 4 = 92 toris downward 
maximum positive Ma = 92 X 3 + 3 X 6 X 1°5 = 303 





Member FG.—Maximum thrust will occur when A to B only is 
covered by the live load, 


d 
i i E ( 
maximum thrust in B USE 221 tons 
і 

maximum negative M, — 68 x a — 2 x 30 = 76 I 





Maximum tension will occur when live load extends from C' to N М 


only, б $ 
maximum positive M, = 92 X 2 +2 x 6 = r96 


j Ac M, 196 
maximum tension in FG = fy = 27 = 163 tons 
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Member GK.—For maximum thrust in KG all panel points from 
G to B' must be loaded, PO 
Ry = (1 + 2 + 3)24 — 4 = 20 tons upward 


maximum thrust = —— (20 — 3) x 4 = 6 x 5 — 6 x 6) = o38 ton 


For maximum tension in KG all panel points from C’ to N in 
addition to from F to A must carry live load ; then, 
В. = (4 + 5 — 4 X 2 — 4 X 3)24 ¬ 4 
= 56 tons downward 
‘ 
max, tension in KG = on {(56-+3) X4-+30%5-+30 x 6} = 105'5 tons 


Member K.F.—For minimum thrust or maximum tension, if any, the 
panel points G to B' will carry live load, 
Ee pu ks Dé sue 
maximum tension in FK — 4((20—3)X 4—6X5—6x 6} = 0°33 ton 
For maximum thrust the panel points M and F and all from CtoN 
will carry live load. Then 
Ru = 5+4 (4 X 2 + 3k X 4))24 — 4 = 56 tons downward. 
maximum thrust in FK — {(56-+3) X4+30X5+30 x6} = 94°3 tons 
ExAaMPLE 4.—Determine the influence lines for stresses in HG 
and GE of Fig. 2x9, and hence with the travelling load giyen io 
Example 2, check the stresses in these members ; use the dimensions in 
Example 2. $ 
With unit load (x ton) at E, Ra 4, — Mx = f x 4 — $4, hence, 
thrust in HG — — Mg-- 12454 — 107 ton. ЕЕ, із set off in Fig. 219 
to represent r'o7 ton and (proportional) ordinates to the line A'E, 
t the stress in HG for corresponding positions of the unit load 
along AE. For positions beyond E there is a decrease at a uniform 
rate to zero at B, and at the same rate to M, hence the straight line 
Е'В'М/. Beyond M there is again uniform increase of thrust (i.e, 
decrease of tension) in HG to zero at K, hence M,' is joined to K’ 
giving the complete influence line A'E/B'M,'K'D', which also represents 
the negative moment at E if E'E,’ represents y 
If the uniform live load w = 5 tons per foot, the maximum live load 


thrust in HG a w x ara AE/B m p X rer x 64 = 485 tons 
The dead load thrust із 
(-4°6 x ad— 10 x Naga. 


Net maximum thrust in HG is therefore 4915 — 10'6 = 37°5 tons, as 
in Example 2. O^ 


= = 10% tons 





live load tension = 48°15 X 0 EB- 4815 X 3 = 80°25 tons 
net tension = 80'25 + ro'6 = 91 tons nearly, as before 
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With unit load at E, |ui 

' dis 1 t 
tension in EG & (x x 42— $ X EU] 





7 0756 ton shown by E/E;' (Fig. a19) 
With unit load at F, thrust in EG is 


| 


4 x aja x gu 07317 ton represented by F"F,' in Fig. 219 


Uniform rate of change from E to F gives E,"NF;'. Uniform rate 
of change from F to M. gives F;'B"M;" through zero at B" to M,"M* - 
m$ X 07317 7 0423 ton tension. Р 

Uniform rate of decrease to zero at K gives M,"K". ў 

For maximum tension in EG the load must be on A"N and B"K". 

. 
n 0756 
EN = 0756 + 0317 
maximum live load tension = Î (area A"E,'N + area B’M,’K") 


d=o705d, AN - a'7osd. 


= 3 (0756 X 2705 4 0423 X 10)d — 470 tons 


Dead load tension = (1'6 x 212 + ro X 314) $9827 того tops 


Net tension = 47 + 10 = 57 tons as against 616 tons by the ap- 
proximate method of Example 2, which gives an error on the safe side, 

Similarly, since NF" — 4 — o'705 2 02952, maximum live load 
thrust = 22 x 32905 x 0°317 = 7°83 tons. Hence the minimum tension ` i 
= 10— 7'83 = 2'17 tons against 3°54 tons in Example a, the latter 2 


being for a minimum stress in error on the safe side. б 


151. Two-span or Centre-bearing Swingbridge.—Swingbridges —— 
which turn on a central pivot or its equivalent, form when closed con- 










tinuous girders of two spans such as illustrated in Fig. aaz The 
M N P Q 





' Fo. 22y—Two-span or centre-bearing swingbridge. 


* Тї 
stresses in the members under given loads may easily be calculated by - 
the methods already given for simple spans when the reactions have 
been calculated, Sometimes the ends A and Bare lifted (or C depressed) — 
when the bridge is closed, by such an estimated amount as will prevent 
any uplift under the liye load. It,is well to estimate for a lift varying 
from zero to one which will make the dead load upward reactions at A 
and B equal to those corresponding toa continuous girder. Inthecase — 
of the latter full lift the reactions for both live and dead load are to be 
reckoned as for a continuous beam. 
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In other cases the ends A and B are secured by latches or pins 
of exerüng upward or downward reactions due to various 


capable 
positions of the moving load,and the end reactions due to the dead 
load are zero. All stresses due to dead load are the same when the 


bridge is closed as when it is open and may conveniently be computed 
separately, Each span for the dead loads may be treated as a canti- 
lever fixed at the pivot and free atthe ends, In the case of unequal 
spans, in order to balance the long arm about the pivot, dead load will 
have to be added to the short arm, 

.'The reactions, and consequently the stresses arising from the live 
load, will be those for a continuous girder of two spans. The continuous 
girder is a particular case of a statically intermediate structure, and the 
Feactions, etc., for continuous beams of solid section have been dealt 
with in Chapter VIII. The reactions for a framed girder can only be 
reliably computed when the sections (or the relative sections) of the 
various members are known, ie, when the girder has been designed, 
The principle of finding a reaction by equating the upward deflection 
due to the reaction to the downward deflection at the same point due 
to the load is valid, but the deflections are to be found (as in Art. 162) 
by the methods given in Arts. 155 to 157, which differ from the methods 
applicable to the deflections of a solid beam of uniform section in two 
important respects by taking account of (1) the variable cross-section of 
the girder, and (2) the shearing deflection or distortion arising from the 
strain of the web members, which is much greater than in a solid beam. 
The methods applicable to a solid beam may, however, be employed as 
a first approximation to design the members and then checked by the 
methods of Art. rss. In the case of two-span trusses of usual propor- 
tions this approximate method is found to be sufficiently accurate, and 
checking by the more exact method does not usually involve any 
important redesign. A simple example will illustrate the methods. The 
modifications for unequal arms do not involve any difference in principle. 

Exampie.—Find the stress in DE, EM, and MN (Fig. 221) if the 
web members are inclined at 45°, the dead load being w, per foot and 
Be eer ‘uniform live load being per foot, the dimensions being 

feet. е 
"Dead Lead Readions—R, m o, Ве= 20.6 Ramo 

Live Load Reactions— Panel load e uy. d = - 

To find a general formula for the reactions, approximating by 
assuming the condition of a solid continuous beam, let a load W be at a 
distance &/ from A in the span AC. Following the method used in the 
example at the end of Art. 96, imagine the support C removed and 
equate the deflection at C due to W to Ree (see (4) Art. 94). To 
find the deflection at C due to W write in (7) Art. 96, & for 2, (2 — 4M 
for a, and / for +; this gives a deflection 

W/k(3 — 0) _ R^ 
| ‘ET = сї 
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w Я 
hence Ro = 7:43 — #) hore (i) 
And by taking moments about B 


Ram la = sk +2), ewe or (os 


w a 
and В» = - [ar —-#) d 9 


Writing in succession values of 4 of 4, 3, and ] for unit load'at D, 
E, and F, and by symmetry for J, H, and G, we get then'for Wet the 


i 

following values :— ў 2 à 

^ V ui 

um) D | x F О 0 
Ra | o6914| 04063) 0'1680/ –о'о820/ —0'0938|—0‹0586) 12657 | 02; 


Rs» .|-00586 -00938|—o'o820| o'1680| o4063| o'6914|-02344| 1 








Dead Load Stresses (by method of sections) y 
Maecm x4 tension in MN = ee = awd td = ad 


My = pm thrust in Е = МУ о-у á 


ч 
shear in bay DE = jw, thrust in ME = V7 x pmd = varmad 
Live Load Stresses,—Member MN.—Tension = Mz +2, Extreme 
live load stresses occur for maximum positive and negative values 
of Ms Maximum tension occurs for CB fully loaded ; from the table, — 
Ry = —oa344u My, -- 0234414 X 2d ) : 
maximum tension in MN = My «i d = о`46884 
Maximum thrust occurs for AC fully loaded ;* from the table 
maximum thrust = — M; + d= 12657w8X 2d + d= wd = 1853140. 
Member DE. 







Thrust = My + d = Mp- 
loa 





maximum thrust (for CB fully loaded) = --o:2344252 x 
71 0234415. d é 
maximum tension (for AC loaded) » 12657:,2 x d-- d^ " 
= 1165764 
Member ME. 


Maximum tension = 4/2 x maximum negative shear in DE 
maximum thrust = 4/2 x maximum positive shearing force in DE ۴ 


* Note that for more than five panels per span for the Mani 
the central support (C) one-or more Bel points aaar tha su ) may be. 
unloaded, and for maximum positive M these points will be the live 

may be broken up). 7 
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For maximum thrust G, H, J, and D must be loaded, and employing 
*cónventional full panel loads 
b R, = — 023440, +0'691402 = +0'4570t 
maximum thrust = (1042 —0°4570%4)7 2 = 0°7 6810-4 

_ maximum tension (E and F loaded) 2 w (04063 -- '1680)u,4 

К... 7 0813u,. d. 

Total Stresses:-—Adding the dead load stresses algebraically to the 
extremé live load stresses we get— 











| Menibes | Masimoim tentlon. Maximum thrust. 
(01 MN 7 d(o468Sue, + 210) d(1'53149, — 20) 
5 *DE © dl 1'2657%, — 0°50) dio*234410, -- O^ Sti) 
4 ara) alow, + 212110) 


ME «0:813, 





T * 
2 Lines for these Cases.—From the fact that (1), (2), and (3) 
are higher than the first degree in &, it is evident that the influence lines 
"for reaction, shear, and bending moment will be curved; consequently 
the'influence line method is much less simple than for statically 
determinate girders, and is not here given. 

159. Bim-bearing Swingbridge.—Swingbridges which tum on a 
ring of rollers form a more or less “continuous” girder over three 
spans, the central span being approximately the diameter of the roller 








" Ro 
^ w M'e'M'with Ryremared. 


а IE کت‎ 
(xu 2 








+ 
3 


Fio. 222,— Rim-bearing swingbriage. 
tack, A simplified type is shown in Fig, 222. The determination 
of stresses in such a structure does not involve any fresh point of 
importance after the reactions have been found. 2 
Continuous Truss—If the girder in the central span CD (Fig. 222) 
is rigidly braced by very substantial web members the truss may be 
regarded as continuous. The dead loads and stresses may be treated 
. as in the. previousiarticle if the free ends are simply latched when the 
bridge is closed, The live-load reactions may be found by assuming > 
the girder to act as a solid beam, as in Chapter VIII., but the limita: 


t * 
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tions to the accuracy in such a case are considerable; the neglected 
sffects of the distortion of the web members of the relatively short 
central span are really considerable, and the live load reactions found 
on such assumptions involve negative values at the central supports 
greater than the positive dead load values. It has been shown? by 
a numerical example that for a very short central span with simple 
bracing the more exact methods of Art. 162 give very different values, 
The method of finding the live-load reactions for any panel load, and 
hence for any combination of panel loads, is to take a single load 
distant, say, 4 from A, and (by Wilson's method, Art. 105) find Rg and _ 
R, in terms of & by equating to zero the deflections at C and D pro- 
duced jointly by the load, and by Re and Rp using the formulæ 9 
апа 10) of Art. 96. The reactions R, and Е, аге еп found by 
simple statics, Tabulating reaction coefficients, as in the »previous 
article for values of & corresponding to each panel point, will give the 
reactions for any position of the moving load. Numerical examples of 
such bridges may be found in “ Roofs and Bridges,” by Merriman and 
Jacoby, and also, with corrections, by the more exact method in “ Modern 
Framed Structures,” where it is pointed out that the end reactions for 
a two-span bridge, see (2) and (3), Art. 151, may be applied to the three- 
span type, neglecting the short central span with fairly satisfactory results, 
Partially Continuous Truss.—It is a common Practice to make the 
central diagonal bracing very light, and quite inadequate to carry shear 
stresses which would arise from partial live loading. Such a construc- 
tion may be regarded as only partially continuous. The shear stréss 
in the span CD (Fig. 222) is nearly zero, and consequently the statical 
Telations of the load and reactions are simplified. On account of the. 
only partial continuity at C and D, the ordinary relations of bendin 
moment slope and deflection are not applicable throughout the I 
of the beam. Applying the theory of solid beams under the assumed 
conditions to find the reaction R,, say, due to a load W distant & from. 
A, the upward deflection at A due to R, may be equated to the down- ; 
ward deflection at A, due to W when R, is removed. These deflec- 
tions may most conveniently be calculated by the resilience method of. 
Art, 108. The separate bending moments over the three ranges of 
"length are shown on the simple bending-moment diagrams in Fig. 222, 
from which the ordinates M' due to W alone, or m due to unit load at 
A, may be written for any section of the beam. Then from (1o) and 
(11), Árt. x08, assuming a constant section throughout Ай 


; Ra X [mdz = [M'mis o...n QU) 
Splitting these integrals into the three ranges over which they are м 
continuous, and using convenient origins, 1 


Minds = W |, (е = Ааа + AD xot ew [o sts ; 
am d 
IFO Eray a eo 
















* “Modern Framed Structures,” by Johnson, Bryan, and Turneaure, PatIL 
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And rite = | tds +P x n+ atta = + 30) a 


Hence R, = [M'mds + fade = Wa — Bx — iu) (4) 


And since the shearing force in CD is zero 





-F 
Rew = Rav (e+ CP EC 


And from moments about A and since Rs = — Rp 
rH) 
Ra = Ro = WE Ro = -У/ у .. (® 

It may be noted that as # approaches zero the end reactions approach 
the values given in (2) and (3), Art. 151, for a two-span truss. 

ExaMPLE.— Take the panel length in Fig. 222 to be 15 feet. 
NE =CD = 220 feet. KC = 25 feet. Live load 3000 Ibs. per foot 
pea Taa. 1000 Ibs. per foot. Find the extreme stresses in ST, TG, 
and GH 


20 
*-7$x th 

hence for unit load on various panel points, 4/ from A (4) gives 
R,-(:-23(- $4 3) 

Ra = – #1 - В) 
which gives R, for loads on the right-hand span; and taking successive 
values of {, 2, 2, f and § for &, we get the following coefficients for 
the reaction at A. 


A. 
Uu. |E|F|G|R|J| F | E E EE 
Eod reaction € me —° m s'u5 |-ow35 ^ 
2 

Calculated dimensions SG = 22 feet, perpendicular distance of 
ST from G = 21°7 feet, TH = 23 feet, ST meets HG 20 panel lengths 
to the left of E, £z 19 X 15 = 285 feet to the left of Aj distance of 
this moment centre from GT produced = 276°8 feet. 

Live Load Stresses,—Taking unit panel loads and then multiplying 
by 45,000 Ibs., and assuming full panel loads for maximum stresses, 

Member G T.—Maximum thrust for H and J loaded, 


Ra — 07264 9 o'119 = 0'383 
By moments about the intersection of ST and GH 


and (6) gives 








thrust = 6200383 X #85)45,200 = доо 
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Maximum tension for E, F, G, and D to B loaded, 

Ry = 0°804 + 0°612 + 07430 — 0°2735 = 1°5725 
ay6g (309 315--330 — 285 X 15725)45,000 2 80,900 Ibs, 
Member ST.—Maximum thrust, for A to C loaded, 

R, = 2°229, — Mg 2 (2229 X 3 — 2 — 1)15 X 45,000 


Me” 3:687 X 15 X 45,000 
thrust = Wy SETI cuim RA 06 lbs, 


tension = 


Maximum tension, for D to B loaded, 
R, = — 02735 
Mg = 072735 Х 3 X 15 X 45,000 
tension = A ase = 25,500 Ibs. 
Member G.H.—Maximum tension, for A to C loaded, 
=M; = (2'229 X 4 — 3 — 2 — 1)15,X 45,000 
tension = = 6 E 45,00 85,600 Iba, 
Maximum thrust, for D to B loaded, ` 
M, — 02735 X 4 X 15 X 45,000 
X094 X 1х 45,000 бс ША 
JDead Load Stresses.—Take ihe loads as being all on the lower 
chords and the ends as not lifted when closed, then the dead load j 
stresses are as for a cantilever, Half a panel load is taken at A. Full i| 
panel load = 15,000 lbs. 
Member GT.—Tension = ETT X 285 + 300 + 315 +330)15,00¢ 
= 59,000 lbs, 
< Member ST.—Tension = aS - (3E e tors 


= 46,600 Ibs. 
Member GH,—Thrust = Mr. (60 X 4 + 45 + 30 + 15)15,000 
23 33 
= 78,300 Ibs, 
Total Extreme Stresses. 
Member GT— 
Maximum tension = 80,900 + 59,000 = 139,900 Ibs, 
Minimum tension = 59,000 — 17,700 = 41,300 105. 
Member ST— 
Maximum thrust = 114,500 — 46,600 = 67,900 Ibs. 
Maximum tension = 25,500 + 46,600 = 72,100 Ibs. 


thrust = 


oeuvre 
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Member GH— 


Maximum tension = 85,600 — 78,300 =7,300 Ibs. 
Maximum thrust = 78,300 + 32,100 = 110,400 Ibs, 


159. Stresses in Braced Piers.—Fig. 223 represents a type of 
braced pier often used to support railway viaducts; a height of only 
two panels is shown, but more may be 
used, The panels are counter-braced by 
long diagonals which may be regarded as 
offering a negligible resistance to thrust, 
and the tensile stresses in any diagonals 
due to any cause may be safely computed 
as if the other diagonal intersecting it 
were absent, thus making the structure 
statically determinate, The stresses arise 
from the vertical loads carried by the 
pier, from the weight of the pier itself, 
and from horizontal wind pressure on the 
viaduct, the train, and the pier (the latter 
being taken as if applied at panel points), 
and occasionally from the centrifugal 
force of a train in the case of bridges 
built on curves. In Fig. 223 the hori- 
zontal loads are represented by P, Ps 
and P, The stresses resulting from 
vertical and Бовар Jor may con- t 
veniently be found separately. heaved pk 

o oaa aihe Dral ао 
W may be divided by the simple principles of statics into parts W, and 
W,at Aand B. If W is symmetrically placed, W, and W, are equal, 
and the stresses in the braces AC and BD are both zero, while those in 


AD and BC are each ™ secant @ and that in AB ıs Y tan 6. If Wis 


eccentrically placed towards A so that W, is greater than Wa the 
additional stress may be found by taking a downward force W, — 3W 


at A and an upward force V. — W, at B, and drawing a stress diagram 





after removing the member AC. 

In any case the stresses may conveniently be determined by the 
method of sections, eg. if W is eccentric by an amount e towards A, 
taking a horizontal section through the top panel for member BD and 


using the moment centre Z 
tension BDe 5.W.e . e e e e 00 


And using the moment centre D 
thrust BC = H (momentof W about D) . . . (4) 


е 


` 
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Horisontal Loads:—The stresses for horizontal loads are simply 
those for a braced cantilever ; using the same methods 


thrust BC = $ (P; -d + P,- di) 
tension BD = ; (moments of P, and P, about Z) 


154. Space Frames.—The polygon of forces as stated in Art. 44 is not 
limited to the case of coplanar forces but is ieee to general cases 
of concurrent forces in space by means of solid geometry. ‘he stress 

і for structures not in one plane can be drawn and used by 
means of a plan and elevation, but for some simple structures a simple 
resolution of forces often reduces the problem to that of a plane 
frame. 

Shear Legs.—For example, in the shear legs BD and BC (Fig. 224) 
stayed by the guy rope AB and carrying the load W the stresses are 





є f. 
Fic, 224.—Stresses in shear lege. 


readily found by replacing the two legs by ‘an imaginary single or 
resultant leg BE in the plane of AB and W, which carries the resultant 
thrust of the two legs. The length of BE is found by setting off 
ed = ED, e = EC, and striking arcs from d and c with radii BD and 
CB respectively to intersect in B, then eB, = EB — E'B. A plane 
triangle of forces fgr for the plane AEB from the elevation gives this 
resultant thrust of the two legs and the tension in the guy rope AB. It 
only remains to resolve the resultant thrust fr (which is in the plane 
BDC of the legs) along BD and BC. The length B,fis set off equal 
to gr and then fy is-drawn parallel to 7B,, then gf represents the thrust 
in DB and B,g represents the thrust in BC. 


| 
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Derrick Crane —Fig, 225 shows a common derrick crane in which 


the vertical post QR is braced by two ties 
TQ and SQ, the pull in which is resisted at 
their feet by the thrust of RS and RT 
together with the dead weights, placed at S 
and T to balance the load W. The stress 
in the tie rod QP and jib PR are found by 
the triangle of forces or by moments, but for 
the remainder of the structure the simplest — T, 
plan is to replace QT and SQ by a single 


P 


Y 


intermediate tie in the planes of QPR апд Шу Уң 


TQS, the pull in which gives the resultant 

of the tensions in TQ and SQ. This re- 

sultant in the plane TQS may then be resolved Fı 

into its components along QT and QS. The 

jib and tie may turn horizonally about RQ; so 
Р 





ds 


Fio, 226.— Stresses in derrick crane, 





s 
'IG. 225.— Derrick crane. 


long as their common 
7 
а, 


plane phoduced docs not вэ скіне Ње ат le between the planes ROS 


and Q 


‘no thrust will be imposed upon QS or QT. 
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Fig. 226 with letters corresponding to Fig. 225 shows the determina- 
tion of the stresses for the central position, for the extreme position, 
and for an intermediate position, The plan shows the distance sf 
between the feet and the elevation U'Q' gives the length of UQ, while 










І 

| и 
t STRESS DIAGRAM | 
г! ELEVATION EPLAN 
1 4 /0 
I 





Fio, 227.—Stresses in braced curve. 


the triangle Q's gives the real shape of the triangle QTS by making. 
U's = utand U's, = us. The stress diagram mad, is dra the 
central position, 4,¢, being the pull in QU; this is resolved into com- 
ponents for the legs EAE be parallel to Q's, and ed, parallel to 

which the vertical plane is inclined 


Q% For the position of P'Q'R' 
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@ to the central plane the stress diagram abad, is similarly drawn. The 
tensions in the legs are found by making 5,7, = sv апа От = 5,2, and 
drawing mn parallel to 4Q'. Тћеп О'л represents the tension in QS 
and ma that in QT. For the extreme position when PQ, PR, and QS 
are in the same vertical plane, abd, is the stress diagram, 4,4, parallel 
to S'Q' is the tension in QS, and QT is not stressed. If @ is further 
increased QT suffers a thrust, 
Braced Crane—Fig. 227 shows a braced crane the members of 
which lie in various planes. The plan and elevation of the stress 
diagram are shown, corresponding lines in the space diagram being 
denoted by the same figure. The line o is drawn downwards in 
elevation to represent eight tons, and then lines 3, 1, and 2 are drawn, 
the line 1 being placed in the only symmetrical position with respect to 
line o. 0,3, 1,2 give the order and direction of the forces at the 
crane head. The polygon for the joint where r, 4, 5, and 6 meet is 
next drawn; the lines 4 and 5 being drawn in elevation of indefinite 
length, line 6 follows in the only symmetrical position, and the plan is 
projected, its sides being parallel to the plans of the members. It is 
always possible by the methods of solid geometry to complete the 
force polygon for a point if three sides are unknown in length but 
known in direction, the problem being simply to draw a line parallel to 
jght line to meet two given straight lines which is fully 


frame. Any but the most. symmetrical order of the lines in the stress 
diagram may involve duplication of certain sides in plan or elevation; 
in this case the (point) elevation of vector 7 is duplicated in elevation. 
The member ra is not stress by the load; it is required for lateral 
stability to resist side forces such as wind. The feet of braces ro and 
1i being omitted, and any force in 10,11, and ra being treated asa 
reaction at the upper joint, the remainder of the structure is a perfect 
frame having 5 joints and 9 members in agreement with the formula 
3n — 6 given in Art. 124. 


ExauPLES XIII. 

т. The dimensions of a cantilever bridge, such as Fig. 218, being 
AF, = 100 ft, FC = §0 ft. = F,D, F\Fs = 200 fte F,B = 100 ft, draw 
the bending-moment diagram and state the bending moment midway 
between A and F, at.C, and midway between C and D, when the whole 
length carries a uniformly distributed w per ft. 

2. Determine the extreme stresses in the top chord of the fourth bay 
from the end support of the anchor arm in Fig. 219 if the dead panel 
is 5 tons and the live load is 15 tons per panel. М 

3. Which bays of the left anchor arm in Fig. 219 require counterbracing 
with the loads given in problem No. 2? Find the maximum and minimum 
tension in the diagonal of the fourth bay from the end support. 

4. Which bays in the left anchor arm STA. 220 ie counterbracing 
for 4 rolling load of 2 tons per ft run if the load is à ton per ft. and the 
diagonals are designed as tics only? 
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5. Find the maximum and minimum stresses in the diagonal of the 
fourth bay from the end support of the anchor arm of Fig. 220 with the loads 


given in problem No. 4. 
6. Find the maximum and minimum stresses in GH in Fig. 220 with the 


loads in problem No. 4. 

7. Find the extreme stresses In the upper (logded) chord of the fourth 
bay from the end support in the anchor arm of Fig. 220, the loads being as 
given in problem No. 4. 

8. Find approximately the extreme stresses in the member EN (inclined. 
45°) of the centre bearing swingbridge, Fig. 221, the ends of which are 
simply supported when the bridge is closed, the dead load being à ton 
per ft. and the live load 1°5 ton per ft. and the panel length being 15 ft. 

Q9. Find the extreme stresses in the diagonal of the bay HJ, Fig. 222, with 
the loads and dimensions in the example at the end of Art. 152. 

10. Find the thrust in each shear leg and in the guy rope for equal le 
placed with their feet 10 ft. apart, the line joining them being 3o ft. from the 
foot of the guy rope on the same ground level. The guy rope from the 
ground to the head measures 50 ft., and 15 tons is suspended from the head 
with an overhang of 15 ft. from the base. . 

11. Solve problem No. 10 if the load hangs from a snatch block, one end 
of the chain going to the head and the other alongside the guy rope. 

12, A derrick crane, Fig. 225, has the following dimensions, QR = 20 ft. 
ОК = 20 TS S 20h, e jib PR is inclined at 60° and the tie QR at 
30°. A load of roco Ibs. hangs from the crane head. Find the stresses in 
the members, (a) for the central position, (6) when the jib and tie lie in a 
plane inclined 20° to the central plane, (c) when the jib and tie lie in the 
ps E What is the minimum balance weight required at S in the 

case 


13. A tripod is made up of poles AB, AC, and AD, each 9 ft. long, their 
feet forming a triangle BCD on horizontal ground such that BC = 8 fty 
GD =7 f, BD = 9fl. Find the thrust in each leg when 3000 Ibs. hangs 





CHAPTER XIV 
DEFLECTION AND INDETERMINATE FRAMES 


185. Deflection of Perfect Frames,—When the various members of 
a perfect frame are subject to pull or thrust, strains of the individual 
members take place, causing rotation of the members about their pins 
and resulting in deflections at various parts of the structure, These 
deflections depend upon the strains of the members. (which. depend 
upon the loads and dimensions of the members) and also upon the 
geometrical form of the structure. The total deflection of a given 
point may depend upon the strains of all the members, and the effects 
of the several strains in producing deflection are separable. 
‘Notation.—(Applicable to any perfect frame and illustrated in 
Figs. 228, 229, 230 and 231.) Denoting members by numbers 1, 2, 3, 
4; ete, let Pj, Ps, Py Pg etc. be the pulls in those members respectively 
due to any given system of loads. Let & & €» etc., be their respective 
stiffnesses or total pulls required per linear unit of stretch so that 
- a = ES, where A, = (constant) area of cross section and 4 = length 
of member No. (1) and E 2 Young's modulus for the material, and let 
А, А, А А etc, be the respective pulls (positive or negative) pro- 
duced in the respective members by a. unit pull at a particular joint C 
in any specified direction in which the deflection A of that joint is 
required. Consider the ‘effect of the stretch (positive or negative) of 
the member, (1), say (Figs. 228 to 231), if a force of r Ib. alone is 
applied in the specified direction at the joint C (all other members 
being supposed quite rigid or non-elastic), Let d, be the deflection 
produced in that direction at C. Then the work done } x 1 x 4, by 
the force of 1,Ib. is equal to the internal or strain energy of member 
(x) since the other strains are zero. ‘The strain energy, Art. 34, of (1) is 


half the product of the pull 4, and the stretch Ži hence 
ix: ха hA 


o d=, xh or &, times the stretch of member (1) "e 2: [6] 
This is a geometrical relation, and it is evident that if a member (1) 
were to stretch any amount, x say, from any cause, the consequent 
deflection of C would be Ах. 

02 
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An important principle is thus established connecting the stretch 
(positive or negative) of any member and the consequent deflection 
of any joint in the structure, viz. if unit pull at any joint in any specified 
direction would cause a pull k in any member, the deflection of that joint in 
the given direction due to any stretch of the member is k times the stretch of 
the member. In other words, 4 is the ratio of the resulting deflection at 
C to the stretch of member. a 
If any member, (1), say, sustains a pull P, (positive or negative) its 


stretch is 2 and the consequent part of the deflection at C is 
Р, 
Bk Boe о sive. oie е (0) 
Hence, allowing for all the members of the structure 
Pi 
a= +A +8 + ete m ASTE AT EAT E ete (5) 


€ a-XDexGSexG)......20 
where = $ is the unit stress in the member. The portions of A result- 


ing from the strains of different members of the structure are obviously 
separable, eg. the deflection of a girder resulting from the elasticity of 
the web members may be separated from the deflection resulting from 
the strains of the chord members, 

If the deflection in the direction of the load is required at a joint 
carrying a load W whiċh is the sole load on the structure 


P = Wand (4) becomes a e WX ()or WX (47). (9) 


Temperature Deflection.—1f any member extends due to increase of 
f in temperature its total stretch (see Art, 31) is a. 7. /, where a is the 
coefficient of expansion; the consequent deflection in the specified 
direction is & times this, viz, 
Rig bb we ahs al oneal 


and the deflection due to change of temperature of several members 
will be 


Ac Xt). (n) 


Reckoned on the whole 
of a structure this may 
frequently be zero for 
the particular direction 
required, 

EXAMPLE 1.— Two 
pin-jointed rods AC and 
BC are hinged to a rigid 
i f ceiling at points A and B 
ro feet apart. The piece AC is 8 feet long and forms a right angle 
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with BC; A, B, and C being in the same vertical plane, Find the 
elastic deflection of C vertically and horizontally when a load of 5 tons 
is suspended from that point, each rod being one square inch in cross- 
sectional area and E = 12,000 tons per sq. inch. 

"The frame and stress diagrams (triangles) are sketched in Fig. 228 

Vertical Defection—From the upper triangle of forces, 

for AC, P, = 3 tons, and А = 

for BC, P, = 4 tons, and & = 

AE LX UMS 125 tons per inch deflection 


7779879 
12,000 _ e. x 
IBS 166-7 tons per inch 


Hence from (4) 
a- X (P) x 1x dix bord = 13° = ооззб ш 


Horisontal Defection.—From the lower triangle (which is similar to 
ABC), for unit pull to the right 4,’ = А = — $ (the negative sign 
following from the fact that a pull to the right causes /Arust in BC). 
Then from (4) 

* s 96 — 72 
A= (3 X $X 4х х то) 7 gooo 

The resultant deflection might be found by compounding by 
vector rules these two perpen“ ` 
dicular component deflections. 

EXAMPLE 2:—The jib of a 
crane is x5 feet long and is at- 
tached to a rigid support 7 feet 
vertically below the end of the 
tie rod, which is 1o feet long. If A, 
the jib and tie have uniform | 








= 0'0048 inch 






cross-sectional areas of 8 and 3 
square inches respectively, find 
the elastic vertical and horizontal 74 
deflections of the crane head 
when a load of 5 tons is = | 
pended from it. Take E for both 
'as 13,000 tons per square inch. B 
The frame diagram and tria- 
angles of forces for $ tons verti- ee 
cally and unit force horizontally iG. 229.—Deflection of jib crane, 


are shown in Fig. 229. 
Vertical Deflection.—Ftom the triangle of forces alc, which is similar 


to ABC, К 
Pas x Ya Mtoe pa gia 30 = 3 tonsper aq, inch. 
P= —5 x ¥ = — # tons (a thrust). و - د‎ 
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4nd writing unity instead of 5 and 4, = 20, А = — ¥, Hence from (4) 
a= XÊ) = FSD = rah (ff x ¥ x rao + H x M x 1) 


= 0'0712 inch, i 
Horisontal Deflection—In the triangle def the angle d% = AĈB, and 


cos ACB = 190-5225 49 223, therefore sn de = 42/6, 


2 X 10 X 15 
i a25 — 100 — 49. 19 
Also sin déf = — cos queni PEL sin fd 


АЙС = stas 100 . 
s т Tae” 
‘hae 
Hence & = dx Mem aris a2 IT извр 


A e (E) 7 gibst X 2°115 X 120 + Hf X 17383 x 180) 


= 0'0720 inch. 
EXAMPLE 3.— The cantilever shown in Fig. 230 carries various loads 
at its joints, and the sections of the members are so proportioned that 
the unit stress in each tie rod 
is 5 tons per square inch and 
in each strut is 2 tons per 


each memberis 5 feet, except 
EB, which is 2*5 feet. Esti- 
mate the vertical deflections 
of the points C and D taking 
E = 12,500 tons per square 
inch. 


Defedion at. C.— The 
values of 4 for the various 


members are very simply found by the method of sections; the various 
parts of the products 3(A4/) are tabulated below in inch units, 





F1G, 230,—Deflection of braced cantilever, 





Member. + * WM XV 

2 

' +5 +75 so 
1 

2 | -3 Um 10 

3 | -3 -5 

4 +5 +7 so 

5 + + so 








square inch. The length of - 


a 
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As 
2 
9 +5 ri зо 
| 
5 
1m -2 E 5 
ar 
п -a "Уз 20 
bi 
12 +5 FB 75 
Total . . 3 اھ‎ = $25 








1 12 X 525 
Orate) e 05353, hence am BMAD = 3T 


Deflection at D.—For members 1, 2, 3, and 4, £ — o. 








" 12 x 280 
= = 01155 inch, 
МЗ) = 280, hence 4 e 


EXAMPLE 4.—A Pratt truss (Fig. 231) has 6 bays each 6 feet long 
i tg) Gru n 


УИХ 
sae а р ты ene 





398 THEORY OF STRUCTURES [Cn. xiv 


If Ø = inclination of the diagonals to the vertical, tan @= $= 3, 
sec 0= $. Taking balf the structure and reference numbers given it, 
Fig. 231, and finding the values of 4 for deflection at C by the method 


of sections, we get 


Member. 





бо очлы 








For the structure , . . 33600 


For member (6) 4 — o, hence there is no further addition, and 


1 032 2 

(00) = 12 X 336 = 4032, and A = (44) = AEE. = 07325 inch, 
A glance at the last column of the above table shows how large a 
proportion of the total deflection results from strain of the web mem- 


bers, A fraction 59755 — 9186 of the whole deflection results 


from stretch of the members (2) and (3) alone or twice this fraction. 
from the four diagonal ties. 

1f it were desired to find the deflection of the joint D, say under the 
same loading, new values of & would have to be calculated which will 
not be symmetrical for the two halves of the girder. The value for the 
member /3) will be negative, which with a positive value of f will give a 
negative product, £z, the effect of the stretching of this member is ‘to 
diminish the deflection at D. 

EXAMPLE 5.—Find the deflection of point C in Fig, 231 if there is 
a load of ro tons at each joint of the lower chord, the sectional areas 
of the members being as given in the following table. 

The values of and / are as given in Example 4. The values of P 
are readily calculated by the method of sections, 
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| 
| 
| 














| 1 РЫ Stretch 

Member. | Розй). ъд А | m P Onde: 

| ў l АЕ 
1] --75 | 4 | 10 10 195 —o'o3o0 
a | i875 | н 10 8 391 +o'o6oo 
3 +625 | + 10 a 19$ *0'0300 
4 +10°0 o 8 2 o +0°0384 
5 АЎ. - 8 rs 173 —0'oa56 
7 =30'0 -i 6 10 135 —0'01728 
8 —3375 -{ 6 10 228 —0'01945 
9 +300 + 6 5 apo +0703458 
10 T1875 + 6 4 10°5 +о'о27о 
п +18775 + 6 4 10'5 +0'0270 

Total . . . 1757 


For the whole structure since P = o and & = o for member 6 


PAP 12 Х 351° P 
sx PE) = 1757 X 4= 351'4, hence A = ا‎ = 0'337 inch. 
The last column of the table refers to the graphical solution given 

in Art. 157. 

ExAMPLE 6.—Find the central vertical deflection for the structure 
of Example 5 due to the upper chord and end posts rising 10° F. above 
the remainder of the girder. Coefficient of expansion o'oo00062 per 
degree F. 

Using the previous figure and expansion of each heated member by 
0*0000062 of its length, we get 


atl inches. 










—0'00465 
70700335 
—0'00502 


Ыш) = – 001302 


and allowing for the whole structure the deflection is; —2Xo'org 
= —o'026 inch, £z. o'o26 inch upwards. 

156, Deflection from the Principle of Work.— The formule of 
the previous article were based upon a Lus geometrical principle 
which was established from an application of the equation of external 
work to internal work or resilience of a member of the structure, They 
may be based directly upon this pps of work; for, using the 
notation of Art. 155, the total resilience of member (1) is 


wê). 
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Of this, the work due to a force of x Ib. in the specified direction is 
» TAN 
in(27 
Pen Pê PH Ы 
ixi x a=35 (Ê), or a=3(*), «XL ,or >(4#) (1) 


157. Geometrical Method of Determining Deflections.—It is easy 
to obtain the movement of one point of a perfect frame relative to 
another point by calculating the amount of stretching or shortening of 
the members of the frame. A simple example will illustrate the method, 
and for this purpose the problem given in Example a, Art. 155, Fig. 229, 
may be chosen. 

The unit stress in the tie rod was $f tons per square inch, hence 
the stretch is > 


0. 120 : 
5° сл = 0'0220 inch. 





21 X 13,009 
The unit stress in the jib was $$ tons per square inch, hence the 
E: 1575 tea e ы ` 
shortening is 56 x 14000. 7 001854 inch, 


1f we take the jib (Fig. 232) as shortened to BC, and the tie rod as 
extended to AC,, then by striking arcs from centres. A and B with radii 

AC, and BC, respec- 

tively the intersection 

gives C' the new position 
of C,and the vertical and. 
horizontal projections of 

CC’ give the vertical and 

horizontal deflections of 

C. But the alterations 

of length CC, and CC, 

are too small to beshown 
on the same diagranr as 

ABC. For very small 

changes in length the 

angles CC,C' and CÓ,C 

are right angles. We 

c^ eee zd oe the 

3 igure CC,C'C, only, to 

Fie. و‎ ecele of ry cach IS 

© as shown it Pe in 

which P gives the actual deflection of C, while Pr gives the vertical 
and n the horizontal deflection. 

The principle is further exemplified with suitable notation for the 
diagram in Fig. 233, a simple triangular roof truss ABC, in which A is 
hinged to a fixed point and B is free to slide horizontally ; ab = stretch 
of AB, ac, = compression of AC, 4c, = compression of BC: Then û and 





—— 3 
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¢ give the new position of B and C. The deflection ac of C may be 
split into horizontal and vertical components by projection, 1 

EXAMPLE.—Find the deflection of point C (Fig. 231) under the loads 
in Example 5, Art. 155. 








Member., s» сн Г не le cD | GD | FG |FD zo | re АР | АЕ 
ГЕО EEE — а на ogo 
unde on мео) en әј eh аб | сл |42 PI fos | eas 











+, Pi 
‘The extensions 57, are cal- 


culated from the stresses and 
sectional areas given in the 
above table of the example 
quoted, and are set off to scale 
in Fig. 234, starting from point 
C, which may be taken as fixed. 
‘The vertical deflection of A 
above C equals the vertical pro- 
jection of the line ca. If A and 
B remain at the same level this 
also gives the deflection of C 
below AB. The vertical defiec- 
tions of E and D are given by 
the projections of ae and ad, 
In case of unsymmetrical 
loading, if HC is supposed to 
remain fixed the upward deflec- 
„tions of A and B can be found. 
A small rotation about C, the 
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amount of which can easily be calculated, will then bring A and B into 
a horizontal line. The correction of the deflections of other points 
can easily be estimated to allow for this rotation. 

158. Statically Indeterminate Structures.—When a framed struc- 
ture has more members (see Art. 124) than are required for a perfect 
frame, the distribution of internal stress depends upon the relative stiff- 
ness of the various members. The methods of finding the stress in 
frames having one or more redundant members are based upon the same 
principles as those applicable to the closely analogous problems of 
statically indeterminate systems already dealt with, such as the weight 
supported by two or more forces (Example 2, Art. 9) and the continuous 
beam resting on more than two supports (Art. 94 and Chap. VIIL). 
There are three ways of approaching a solution to such problems, and 
they may be called: (1) The Method of Deformations; (2) The 
Principle of Minimum Resilience ; (3) The Principle of Work, The 
three ways lead of course to the same results. Before proceeding to the 
general methods, it may be well to illustrate the principles by a simple 
example. 

ExAMPLE L—A weight W is held in equilibrium by two vertical 
elastic supports @ and 4, either struts or ties (such as two parallel wires). 
The elastic stiffness or force per unit of deformation of the first is «a and 
that of the second is 4 . Find the proportion ofthe load borne by each 
support. 

Let F be the load carried by the first support a. 

(1) Method of Deformation.—Equating the deformation or alteration 
in length of the two supports 

F W-F 
me (S) 


а ^ 





; 3 nin ta 
a simple equation for F giving F = We hae 


(а) Principle of Minimum Resilience —The resilience U (Art. 34) 


F W-F 
Ры 
And if F is such as to make U a minimum, 
dU F W-F 
a-a R TS oe @ 
which is evidently identical with (1). 
(3) Principle of. Work.— 
mee 1» = external work 
sho ss AM, 
ne when каи ا‎ to equation (1). 
XAMPLE 2.—] ip. VII. the loads on partially supporting 
beams were calculated by the method of шоган iz. by equating 
the upward deflection caused by the prop to the downward deflection. 


* Re 


a, 
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caused by the load minus the deflection of the prop (if any). The reader 
will find it instructive to solve for himself the same problems by writing 
U the resilience in terms of the prop reaction P (by the method given 
in Art. 108) and then applying 2 

the Principle of Minimum Re- ^ Jo D B 
silience and the Principle of 


Work. 
EXAMPLE 3.—If a vertical 
bar DC hinged to C and to the ^ (Cd 


ceiling is added to the system 
in Example 1, Art. 155, find the 


stress in each bar, all three being С 
1 square inch in section. 
"The system is shown in Fig. боле 


235, the tension in DC bein; 
M forces Par Dikbd d Fro. 335.—Slnple stutislly indeterminate. 
The stress in member (1) due 
to the combined action of the § tons load and the tension F is 
Р, = 3(s— F), and in member (2) is P, — $(5— E), hence the vertical 
deflection of C or stretch of DC in inches is 

288x7 


a= ESE) a Els BB x96 +5 - bx ra) = I n) 


But the length DC = ix § _ 48 feet-= 57°6 inches, and the stretch 


of DC is therefore = ЕХ 576 inches. Hence equating this to the 


deflection of C 
уг m I Xx) and Fagg ah tons 


5 — F = 2j, tons 
The tension in AC, P, =} x 1$ = 1°25 ton 
5 » » ВС, Р, = 4 Х ff = r'6 tons 

The deflection of C would evidently be $$ + 5 times, or y of that 
found in Example 1, Art. 155. , 

159. Method of Deformations applied to Redundant Frame 
Members,—WVoration.—Let the unknown tensile stresses in any super- 
fluous members a, 4, c, etc, be Fa, Fo, Fo etc. The number of redun- 
dant members is the number in excess of 2— 3 (see Art. 124), and the 
choice as to which are considered redundant is largely arbitrary. 

The tensile stress in any member, number (x) say, is made up of a 
number of terms, being 

Р, = Б, + «Еа Fot Fe tiete o. (1) 


and in member (2) being 

P, = Ra + ok Fa + Fo + okFe +, etc. . « (2) 
where R,, Ry Ry, etc., are the tensile stresses in the members arising 
from the loads alone with the redundant members removed, and the 
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terms, F are the tensions arising from the forces exerted by the various 
redundant members each acting alone with all the other redundant mem- 
bersremoved. Let,» y etc., be the tensile stiffnesses of the respective 
members. The tensions P;, Ps Ps, etc., may be found in terms of the 
known external loads and the unknown forces Fa, F», Fe, etc., by the 


ordinary rules dealt with in Chap, XI., either graphically or algebraically. 


‘The constants of, М of, etc. (which may be positive or negative) are, as 
already used in Art. 155, numerically equal to the stress in lbs. produced 
in member (1) by pairs of forces of 1 Ib. each pulling inwards at the pins 
at the ends of the redundant members a, 4, с, etc., respectively, (Note 
that the suffix denotes the member and the prefix indicates the particular 
redundant member supposed replaced by inward forces at its ends.) 
Single Redundant Member.—If there is but one redundant member, a, 
say, in a frame (Fig. 235 may be referred to in order to fix the ideas) the 
deflection of one end towards the other (taken as fixed) is by Art. 154 (4) 


а (Е) Te Tob ue, 20 


к= (n, s Fo) + (Ro + akila) + UR, + ata- Fo) + ete 


оа (88) 58) HEH ORL ОО 


which represents the compression or shortening of member a. But due 
to the tension Fs the member a exfends by an amount of = » where é is 


the stiffness of member a, P =- A , hence 
(08) (4)... 
a simple equation for Fs, from which 
А+) 


the summations excluding the member a. In this case where there is 
only one redundant member the prefix a to the constants & may be 
omitted. Also the first term of the denominator may be omitted if the 
member a is included in the summation of the second term, aka being 
unity, 
Any Number of Redundant Members.—For any number, #, say, of 
redundant members a, 4, e, etc., the equation arising from the deforma: 
tion of the member a is 


5=5(®)=-"......@^ 


(nn (9 


1 
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or written more fully, 


"E eR Eas Fh Fe Fe +, etc.) 


fa 


EQ ILS Hh To +, ete) 


А, 
+ (Ra eks. Fa + Fo + Ay. Fe +, ete.) (8) 

There are altogether # similar simultaneous simple equations, one for 
each redundant member and each containing the # unknown quantities Fa, 
Fo, Fe, etc., and from these equations each may be found. It may be 
noted that the solution of the case involving several redundant mem- 
bers is closely analogous to Wilson's solution (Art. 105) for continuous 
supported beams while that for a single redundant member corresponds 
to the case of a beam with a single prop. 

EXAMPLE,— The crossed lattice girder shown in Fig. 236 is loaded 
as shown; the diagonals are inclined at 45°. The ratios of length to 





(ё) 


$3Wi 4 W7 Wi We Wt УЬ, 


TEXAN 


FiG. 236.— Stresses in lattice girder, 


areas of cross-section in inch units is 20 for each diagonal number, 6 
for each top chord member, 8 for each lower boom member and to 
for the two vertical members. Determine the stresses in all the 
members, I 
Select member ro as the redundant one. For the diagonals 


1 8 
on AE ota ر‎ Foi lower boom members а For top 
10 


~ rs 6 5 1 
chord members > = x For verticals > = ү. 
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Then from (6), since E is the same in each term, 
Е WR. 
Tre X X A 


LX) Rte) | 


The values of R are readily found by the method of sections from 
inspection of (6), Fig. 236, with member ro removed and those оѓ й 
from (¢), Fig. 236, and are tabulated below, i 



























TABLE A. 
a P E 
1 6 o é | 
2 6| 6W,v-3W.| 6 =W,-0'237W; 
3 6|-6W,—-3W.,| 6 —W;-o762W, 
4 6 T6W, 6 —073W. 
5 8| 4W.+2W,| 8 0:5 W,—0'0126W, 
$ 8|-4W,-2W,| 8 05 W,--0'5126W, 
1 8| 4W,9-6W,| 8 05 W,-F04873 Wy. 
8 8| -4Wı+aW,| 8 o5 W,-Fo'or26W, 
9 10 +10W,| 10 -0'73Ws 
и i-4/2| 20 o 40 4073714 W, 
12 —^2|20| 20W,+10W,| 40 |—0°7071W,+0'0179Ws 
13 Ma 20| z0W,410W, 4o| O7071W,—o0179W, 
ц FEE o 40 o3. 
15 2) 20 о 40 +0°3714W; 
16 =| 20|—20W,+10W,| 40 | 0°7071W,+0'0179Ws 
Mau „ЁЗ, а 
17 w+, +4/2| 20|-20W,-+10W,| 40 |—0'7071W,—0'0179W, 1 
loce eeu ae 
ب‎ 3 
Тоз ме... 104W 386 and D m 10 
1 Aw 1 











F.- -ia -odbw, 


In the last column of Table A the resulting stresses are given. 
From the symmetry, the coeficients for a load Wy on the remaining 
lower joint may be obtained and the\stresses for this case have 
been entered in Table B. ‘The coefficients of W, in, say, members I, — 
12, and 5, give the coefficients of W, in 4, 18, and 8 respectively. 
For comparison the stresses according to the con’ method of 
superposition (see Art. 136) are shown in Table B with loads on each 
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lower chord joint. These are readily obtained by splitting the girder 
into two systems shown in Ti. 237 and adding algebraically the 
stresses in the members (2, 3, 6, 7) forming a part of each, 


f 


bo wu anaw nr i 





iW, Ww 


Fic, 237.—Stresses by superposition. 


TABLE B. 
Calculated Stress. 


—026W, — o'j3W, 
7 W, —0237W, — 0762 
= W, —0'762W, — обун, 
—073W, —o36W, 
оз — 0'0125W, + соё, 
05W, - 05128 W, 04873 W, 
0'85W, 4- 0*4 4873 We +075126, 
ЗҮҮ, + 001251, – 07012617, 
—073W, — 
= 026W, — 073W, 
+0°3714W, + 1'0428W, 
= 0770711, + 0'0179УҮ, — 07017977, 
0'7071W, — 0'0179W, 4- 00179 W, 
—03714W, -03714W, 
0:3714W, — 03714W, 
0'7071W, 4- 0'0179W, — 0'0179W,. 
= 0'7071W; — 00179 W, -- o'0179W, 
1'0428W,  03714W, 












Conventional stress by method of 
superposition. 
—025W,-075W, 

—7W,-025W,—075W, 
—W,-075W,-o25W, 
—7975W,-035W, 
e3W, 
05W-Fo'sW,-Fo5W, 
95W,to'sW,-ro'sW, 
251, 
7975W,-o25W, 
—025W,-075W; 
793535 W, 4 0607 W, 
07071 W, 
o7o71W, 
703535 W,-o3535W, 
*03535W,70:3535W, 
0707W, 
=07071W, 
170607 W ,--0*3535 W, 


A comparison of the results shows firstly that if the structure is 


conventional method 


symmetrically loaded, ££ if W, 2 Ws the sim a 
gives exactly correct results ; and, secondly, if the loading is not 
symmetrical the results are still nearly correct. 3 
160. Other Methods for Redundant Members.'— The equations of 
“ ” н.м. ted 
ee. ER EE E ete, by ie rT 
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y the Principle of Minimum 


the previous article may also be derived b; 
the methods being briefly as 


Resilience and by the Principle of Work, 
follows, using the notation of Art. 159. 
Principle of Minimum Resilience —Let U = total resilience of the 
frame. 
yy thyy thyy + + + Чат Шоу Чоу CC, be the resilience of members indicated 
by the suffixes, so that 
Ua nt m+ tht ete. + to +m + +. 
Px mg 
= AP x a 
where P, has the value (x), Art. 159. Differentiating (partially) with 
respect to Fa E 
d iR e. 
dF, 2° 4 dFa 
a(R, + ok Fa + wh. Fo + AF: + ete) 
1 





similarly 28 = (Roh: Fat vhs Bot a Fe + ete) 
du Y. tte de, 


Aun аа OF ee 


=o and 








Hence if Fais such that U is a minimum, 7r; 
dU _ ду йа уйа dus | deh 
o = r" af EST Eoo tax af S 

which with the above values for the terms on the right-hand side gives 
equation (8), Art. 159, and for » redundant members ете аге л 
equations. 

Principle of Work.—By the principle of work, if a. redundant member 
a be replaced by opposite pulls Fa at its ends the algebraic sum of the 
work done by these forces and the resilience caused in the structure is 
zero, Hence y \ 

‘a ад. Е. «А 

jFax g +IP x + 


And dividing each term by }Fa gives 


Fa, Pia у Раё 
a & € 4 + ete, = о 





and when the values such as (1), Art. 159, are substituted for Py Py ete 
this also gives equation (8), Art. 159. 

161, Stress due to Errors or Changes in Length.—If a frame 
having a redundant member has one member made too short or 
shortened. by a fall in temperature that member will exert inward pulls 


Prof, F. C. E " March t and 31, 1922. “ Reciprocal Load 
Deflection elation бе ee "C. E. ani, Enginaring, Sep] 
Deletion Also “The Principle of Virtual Velocities,” etes by Prot ; 
Lamby LC.£, Selected Engineering Paper No. 10, 1923. j 








1 
| 
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at its ends and the frame will be se/f-strained. With the notation of 
Art. 159, suppose member а із an amount x too short. Then when 
the member a is forced into its place the approach of its end connec- 
tions toward one another, plus the stretch of the member, is equal tox, or 


a+ P 22: -2nd duce Ruso, ror (4) AH АА nx) 


Bence Е. = = E et OL 
ix) ; 


EXAMPLE.— Six bars each 1 square inch in section are to form a square 
of 3o-inch sides with two diagonals, pin-jointed at the corners. If one 
side bar is the last to be added and is too short by o'or inch, find the 
stress in all the bars if the short bar is forced into its position. 
E = 30,000,000 Ibs. per square inch. 

For each gorinch side bar e= =" = 1,000,000 Ibs. per inch дейес- 


боп апі # = + 1. 
For each зом 2" diagonal ¢ = 75% 1,000,000 Ibs. per inch 
2 


deflection, # = — /2, hence from (1) the tension in the bar is 
oor 10,000 
= - =  —7,- z 1036 lbs. 
pet gtr ti tava tz) arava 
‘The other sides of the square have the same tension, and the diagonals 


have each a thrust 1036 4/2 — 1465 Ibs. 
162. Continuous Framed Girders.— The principles used for finding 
the stresses in redundant members of frames are also applicable to 
finding the value of a redundant supporting force such as a prop to a 
framed girder. For example, the reaction Ro at C in Fig. 221 may be 
found by finding the deflection of C as if the supporting force Ro were 
absent, and equating it to the upward deflection of a force Ro at C. 
Similarly if Fig. 222 represents a continuous girder the reactions at C 
and D may be found from two simultaneous equations, the dimensions 
of all the members being known. If the panel KK'DC is unbraced the 
stresses in this structure may best be found by treating KK' and CD as 
redundant members and replacing them by four equal forces at their 
ends; the structure then falls into two simply supported trusses. 
ExauPLE.—The ratios of length to uniform cross-sectional area in 
inch units being as given in the table following, find the reactions in 
Fig. 221 when unit loads are carried at each of the joints D, E, F. 
Firstly, assume the support at C to be removed. Then Ry = 
Re = 3, hence by the method of sections find the values of the stress 
in each bar as tabulated below. Then take unit downward force at C 


and find the values of 4 as tabulated. Multiply the terms P, & and £ 


F= 
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: | 
and find the sum Z (At )shich by (4), Art 15s is E times the defection É 


at C. Next calculate P foreach member and find the sum x 2) 
which by (5), Art. 155, is E times the deflection for unit force at C _ 


xx 20) 
d R= 5(4 )+ 2(4) 














Ro = $i} =1°9873, hence by moments Ry 
= — 072437. Ry = 03243] — 19873 — r25 
A reference to the table of reactions in the example of Art. 15% 
gives the approximate results as Ra = 12657, Rs = — 0°2344, thus 
justifying the approximation involved of using for this босоо 
Applirable to a 08 рге, i 


dax 1987376) 
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163. Simple Principles applicable to Indeterminate Struotures.— 
The analogy between quite different cases of statically indeterminate 
stresses may have been noticed, and for convenience a general rule may 
be stated, Suppose that two elements, a and 4, jointly or ‘in parallel,” 
resist a load, and in consequence exert upon each other a force F, tend- 
ing to deform a and restore 4, say ; let x, be the deflection of 4, say, due 
to the load if a were removed. Let the stiffnesses or forces per foot of 
elastic deflection, in the direction of F of a and 4, be e, and ге 


spectively. Let * and ~ be called their respective “ elasticities.” Then 
the actual deflection 





F F 
nr E в) 
һепсе F= A оте а (2) 
LUPO E 
а 6 


" strain for û acting alone 
or action of a on 6 = a de eana ea a ERAN (3) 


and if the load can be reduced to a force W in the direction of F, 
w 
# =, and F =7 aV and W- кеке M OM 
which are the same results as in Art. 158, but not limited to struts or 
ties or to any one type of elastic constraint. Putting equation (4) in 
words, the two elements a and 2 divide the load W in proportion to 
their stiffnesses. The actual deflection is 
3 w w ( 
adr EYE 5) 
ExawPLES.—We have had examples in Art. 95 for the uniformly 
loaded rigidly propped cantilever in which a represents the prop and å the 
cantilever, й " 
wh r ; 
F-P, ==: EP &75P 57^ Р= ўш, е = о 
Also in the uniformly loaded beam (b) on elastic end PRE and a 
A хсл ‚ 
central elastic prop (a) in Art. 94, е. = е апі 57 3e SEI while 
sh Tp and P de, when ¢, = о. 
In the present chapter the important formula (7), Art. 159, is but 


another example of the same principle, for -5(“:®)-.„ and 
x(4)=4 where 4 represents the frame with the member a 


removed, and (Ê) is the deflection per unit of force. 
If two elements @ and 3 resist a force "in serics" so that each 


== 
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bears the whole force, the elasticity 7 of the two is the sum of the 
elasticities 

1 т т 
ial 2... @ 


E аё 
or the stiffness FRETI A oa енер (7) ў 


ог 


P 


which is evidently less than either ea or e». 





EXAMPLES XIV. 


1. Two pin-jointed rods AC and BC in the same vertical plane are 
hinged to a rigid support at A and D, 8 feet apart ir. the same horizontal 
line. Find the vertical and horizontal deflections of C when a load of 7 tons 
hangs from that point if AC and BC are inclined 30° and 45° respectively to 
the horizontal (ACB being an obtuse angle) and the sectional areas are 1°5 
and 2 square inches respectively. E = 12,500 tons per square inch. 

2. An N girder of four bays has vertical posts at its ends and carries 
16 tons at each joint of the lower chord. The bays are each 6 feet long. 
and 8 feet high. Taking the tensile stress in the diagonals and the bottom. 
chord at § tons per square inch and the compressive stress in the i 
and top chord as 2j tons per square inch, find the central deflection if 
E = 12,500 tons per square inch. 
ag A Warren girder made up of members of equal lengths has four bays 
in the lower boom and three ìn the upper boom, and rests on supports 
which are 24 feet apart. If under a central load the stresses in the ties | 


are 6 tons per square inch, and in the struts 3 tons per square inch, estimate 
the central elastic deflection, taking E — 12,500 tons per square inch. 

4. If the point C in Problem 1 is joined to a Ered point D midway 
between A and B by a bar DC 1 square inch in cross-section, find the pul 
in each bar if.10 tons is suspended from the point C. 

, $. A frame consisting of 6 bars each 1 square inch in section and 
hinged together to form a square of 20-inch side with two diagonals, is 
suspended from one corner. The opposite corner supports a load of 

1000 lbs. Find the stress in 
C The diagram (Fig. 2376) 
ie diagram (Fig. 2374) 
representsa freely join 
supported at its ends and carry- 
ing a load W as shown. Find 
the stress in the two diagonal 
members meeting at the loaded 
joint if the ratio of length to 
area of cross-section is the same 
w for m member. 
7. If one of the diagonals 








Fic, 237a. 
of the steel frame in Problem 5 is heated s F. above the remaining. 
i 


find the resulting stresses in the sides and diagonals of the frame. 

8. If the girder of Problem 2 under the same loading were proj 
the centre to the same level as the ends, find the reaction on the cen! 
prop. What would the reaction be for a continuous solid girder of uniform 
section with the load (а) uniformly distributed at 16 +6 or aj tons per ft. 
oe applied, (6) concentrated as 16 tons at panel points with 8 tons 
carried directly at each end support? 





f CHAPTER XV! 
SOME INDETERMINATE COMBINATIONS* 


164. Trussed Beams.—Trussed beams consisting of a combination 
of beams with ties and struts form an important structural element. 
"The distribution of stress cannot be determined by the ordinary 
principles of statics, but may be determined by those given in 


Chapter XIV. 
‘The simplest form of a trussed beam is shown in Fig. 238, АВ is 


1 1, ر‎ 
A (4) c B 








"Kw Negative B.M. 
\ under a 







=== Maximum 
Positive B.M. 


F10. 238.— Trussed beam. 
a continuous beam ; CD is a strut braced to the beam ends A and B 
by tie rods AD and DB, The stresses in the various members are of 
course dependent upon the initial stresses due to tightening up the 
? Arts, 165-173 inclusive may be omitted on a first reading of the subject. 
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rods, and are liable to alteration by change of temperature. The 
stresses due to loads carried on AB may be conveniently found by the 
methods of Art. 163, but if the proportions are such that the deforma- 
tion of the bracing is negligible compared to the bending deflections 
of the beam, the stresses in the beam and reactions at C are practically | 
those for a continuous beam AB rigidly propped at C to the level of — 
AB, and this has been dealt with in Chapters VII. and VIII." The 
example at the end of the article with proportions usual in practice _ 
shows how much in error such treatment may be in some cases, 
Allowing for the elasticity of the ties and strut, let 4 and 4 be the 


sifiaesses (EA) or ibe ties, 4 that of the strut, and e that of the 


beam in axial thrust. Then unit downward pressure of the beam on _ 
the strut brings a tension j sec ô in each tie, and an axial thrust ġtanð — 
in the beam where § is the angle CDB = angle CDA. And unit stretch 
of the tie allows a vertical deflection 3 sec 6 of D, while unit compres- 
sion of the beam allows a vertical deflection j tan 6 of D. Hence _ 
remembering that if x ton vertically at D produces a tension & in ап) 
member then the deflection of D per unit stretch of that member is j 


the elasticity (vertically) of the truss system 2, plus that of the beam 















iu 
- 
^ 
т r , (seco) (à sec 6 , (3 tan 6) a 1 
E А an T a 


where usually ¢ = 4, and hence 
dv M e 






e c 2e s (ТА) 


eT alie +16 Bat BEL 
uA qu IN AUR a 
or jap + наб ЛАД КЕД ° 


Hence if à is the central deflection which the load would cause in 
the beam if simply supported at A and B, the thrust F in the post CD, 
by (2), Art. 163, is 

FeàcmiekBe.. (0) 


‘The calculation of & for any load is dealt with in Chapter VIL, 
Art. 94, and when F is known the resulting bending moment on AB for 
F and the load is easily calculated, and hence the bending stresses may 
be found. 

The pull in the tie rods is 4F sec @ which induces a thrust 4F 
tan 6, which may be taken as uniformly distributed in the beam, AB 
to be added to the bending stresses, the increment of bending stress 
due to the thrust acting on the deflected beam being neglected. Ш 


з Solutions of this kind for several types framed beams are given jn e papet 


of 
on “ Trussed Beams,” by Mr. ins of Melbourne University, Proceedings 
re T. | 
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‘iy fy and û, arê great compared to 42") the stiffness of the beam (1) 


E, R x 
becomes ¢ = — and then (2) reduces to F = £ ==; the reaction 
of a rigid prop at the centre of a continuous beam of two equal spans. 
EXAMPLE r.—A trussed timber beam ao feet long is square in 
section 9" X 9", and has a central cast-iron strut a feet long, and 24 
square inches in sectional area; the wrought-iron tie rods which are 
each ro'2 feet long are r inch diameter, Take E for wrought iron as 
12,000 tons per square inch, for cast iron 6000 tons per square inch, 
and for timber as 600 tons per square inch. Find the thrust in the 
strut, the pull in the tie rods, the maximum bending moment in the 
beam and the extreme stresses, when the beam carries a uniformly 
distributed load of o*4 ton per foot. 
The elasticity in inches per ton of load at C for the several 
elements are 
24 
for strut 6000 x ag = ° 
;Q. 2X102X12 І ro: _ 
for two ties аара хі (102) = 0'169 
Z 8 240 10Y 1 
for beam in compression IE Е х Ба 0'о308 
4 (40)! X12 — 
for bending zg X odor gt 98180 





"00016 


or the total elasticity 
j= cro002 + 0'169 + 070308 + 0'8780 & 10780 inches per ton 
which is considerably in excess of the value (0:878) for flexure alone, 
the difference being mainly in the ties. The deflection at C for the 
unbraced beam is 
5 .Wo5 x8 xX 240 x 12 
384 EI 384 x 600 x 9° 
hence the thrust in the strut C from (2) is 
4°39 = 1078 = 4°07 tons 
instead of 43% or § of $= 5 tons if the flexibility of the beam 
alone were allowed for. 
The pull in each tie rod is 4°07 x 4 x *2* = 10°38 tons 
The thrust in the beam is 
$x 4°07 x 4 = 101175 tons, or 19275 = or1255 ton per sq. in. 


"The bending moment at x feet from the end is 
З a BET Oe ton foot 
a з 


7 4/39 inches 
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maximum negative bending moment occurs with zero shearing force 

at feet from the end where f 

„5407. 
2 


04 7 4'9125 feet « 


which is represented by a parabola which may easily be plotted. The. | 
x 


The maximum negative bending moment is 
— v'o6s x 4'9125 + 4 x 0°4 X(4'9125)? = — 4°84 ton-feet 
The bending moment at the post is 
4 X 5 — 17965 X 10 = + 0°35 ton-foot j 
the thrust at the post (4/07) being just greater than that required 
(4 tons) to ‘change the sign of the bending moment; there are 
points of inflexion just on either side of the centre, viz. at 2 X 4/9125 
= 9:825 feet from the ends. The curves of bending moment are shown 
in Fig. 238. 
‘The modulus of section is 


BE 9 — 1215 (inches) 


hence the extreme bending stress is 
484 X 12 
121'5 

the maximum compressive stress is 

0'478 + 0'126 = 0'604 ton per square inch 
and the maximum tensile stress is f 

0478 — o'ra6 — o'352 ton per square inch 
The vertical end reactions are each 4 tons, made up of (8 — 4°07) 
= 1'965 tons from the beam, and } X 4'07 = 2'035 tons from the tie 
rods. lf the elasticity of the bracing were neglected the maximum 
negative bending moment would have been 

29 Q94X499. :و‎ 
Tn Np ccr 2°81 ton-feet 

while the maximum positive bending moment (at the post? would 
have been 













= 0:478 ton per square inch 


т ,,0'4 Х 400 


un M е 


The curve for this assumption is shown dotted for comparison in 
Fig. 238. On the other hand, the stresses in the bracing wa be 
exaggerated by the supposition that the bracing was perfectly rigid. 

‘An empirical rule! for estimating the maximum bending stress is to 
take the beam as if separated into two parts at C. This would give a 
maximum bending moment 1 

= —} x 074 X 100 = — 5 ton-feet 


+ See “Notes on Building Construction,” Part IV., Chapter XI (Longmans) 
1 
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which seems to be justified by the result — 4'84, for this more elaborate 
calculation in an example with typical proportions. 

EXAMPLE 2.—1f the beam in Example x is traversed by a concen- 
trated load W tons, find the position and amount of the maximum 


bending moment. 
* .. If the load is a distance n/ from the near end of the beam, length 


4, say, supposed simply supported at its ends, the central deflection, 
writing ) 2 n, a (x — n), and « = V in (7), Art. 96, is 

к= Wm (3 = 4n') 

48EI 

Hence from (2), using the previous value 1078, 
1 Wa(3—4n') x 240! X 12 + > 
r078' 48 X 600 X 9* v odrh (s — ww. 
The upward reaction on the beam at the near end is W(x — n)— ÀF, 
and the bending moment under the load (which exceeds in magnitude 
that at the centre) is — n/ times this or 

М= — Win(x —n—o'4opn(3— 4n?)) m — Win(x — 27221-16280) 
‘This is plotted on the lower part of Fig. 238. The maximum value 
for any position, found by writing PESO, is about M 2 — o'1175W/, 
for a value of m, a trifle under o'25. The maximum positive bending 
moments occur at the centre, and elsewhere, when the reaction on the far 
end of the beam (from the load) is a downward maximum value. Even 
at the centre of the beam the greatest maximum positive bending moment 
only amounts to o'0156W4 falling off uniformly to zero at the ends. 

The maximum negative and positive bending moment curves for 
the rigidly propped beam are shown dotted, and may be obtained by 
using 0°878 in place of 17078 above, ог 

F = «(3 49), М = – Мт — a's + 2#) 

the greatest values being about 

— 0'1038W/ under the load fo? # = 0'216, 

and + o'048W/ at C for » — o'289 
The empirical calculation taking the beam as discontinuous at C gives 
the maximum bending moment at }/ as 
— }W x }/= — o'ta5W/ 

a fair estimate on the safe side. 

165. Simple Braced Shed Frames and Portals— An important 
type of statically indeterminate building frame containing continuous 
members resisting flexure and others acting as ties and struts only is 
introduced by the simple framework shown by Fig. 239. Members 
AB and CD are similar and represent Vertical stanchions hinged at 
each end and their caps connected by a cross beam, knee 
inclined to the horizontal connecting K to G and E to F. The sole 
load is a horizontal force W, suchas a wind load, applied at B. 

Р 


F- 
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Reactions —By taking moments about A and D it is evident that 
the vertical component V of the reactions at D and A are equal and 
opposite as shown and of magnitude WL/A The horizontal com- 
ponents H, and H, are such that H, + H, = W, but their magnitudes 
depend upon the compressibility of the cross beam in the direction of 
its length. If R, and R, are the resultant reactions they must meet at 


a RT -E9) 


w 
Mis 











“He К ri e 
2 (а) vh (c) (а) 
Fro. 239,—Simple braced rectangular frame, hinged at caps and bases, 
some point X in the line of action of W, and X will be a point of 
inflection of the beam BC, for the resultant force on the structure either 
side of X passes through X and has therefore zero moment about x. 
By taking a section through the hinge C cutting EF, and moments 
about C of forces on the structure to the right of the section, if T' is 
the thrust in EF, 
T'.CF cos O = L.H, oT 2H, pi5s60 . . (5) 


And similarly if T is the tension in KG, 





T= Hype о ИУ 


And if f = tension in EC, by moments about D of the forces on the 
stanchion CD, 3 
f-L= T cos 0,4, hence f = HT * . (3) 
and similarly if i 
# = thrust in BG, W = unc CEU 
hence the transverse or bending forces on the stanchions are as shown 
at (4) and (¢), Fig. 239, and it is evident that the forces being pro- 
porti to H, and H, respectively the type of deflection is the same 
in each case. Hence the deflections of B and C are proportional to 
Н, and H, respectively, and if we treat the compressibility from B to, c 
as negligible compared to the flexibility of the stanchions the de 
flections are equal and 

H=H,=}W.....- + (5) 


The point of inflection X is then midway between Band C, Further, _ 
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if we know the dimensions of the members and express all the forces 
‘in terms of say H, (writing H, = W — Hi), using the principle of 
deformations (Art. 158), we can find H, in terms of W by equating say 
the deflection of AB at B to the deflection of CD at C plus the com- 
pression of BC. This principle will be applicable to the cases which 
follow, whether B is united to C by some form of bracing or by a roof, and 
also to the case of stanchions fixed at their bases, for the fixing couples 
will then be proportional to H, and H, For stanchions of different 
lengths or moments of inertia (I) the principle of deformation may be 
applied to find H, and Hy 
Stresses in Members:—Assuming a rigid connection of B to C, from 
(5), (1) and (2), we get, £ 
Te£T2jJWiosc6 .. . . . (6 


and from (3) and (4), afar 
4W =/ = }W ands =aW үү * (0) 


And from a vertical section through GE 

tho thinst СЕ еН афа —. о (8) 
which is accompanied by a bending moment which at a distance x from 
Cis equal to HL = Ve 2 WI(3 -5). The shearing force from B 


toGisV —Tsin 0= 17396 which is negative, and from G 


to Eis Y e WD The bending moment diagrams are shown at (4), 


Fig. 2 

V ible Bratts.—1f the braces KG and EF are of such small 
section (or I) im proportjon to their lengths that they will not carry 
any appreciable thrust the brace on the leeward side (EF) may be 
neglected. The structure is now statically determinate, H, = W, and 
the brace KG carries twice the former tension, £z. 

L 

Twp gI. esen (9) 


The reaction R, then passes through C, while R, x Valong DC. The 
beriding moment at G = — V x GC = — W4-GC and at K is WA, 


166. Columns fixed at Bases.— The effect of fixed ends to the 
column at the bases in the foregoing and other types of portal bracing 
may easily be seen if we find the point of inflexion I of the column, for 
above this the structure is under precisely the same condition as that 
with hinged bases in Art. 165. The point I may be found as follows: 
Let P, Fig. 240, be the horizontal component of say the tension in the 
brace KG on say the windward stanchion of (2) Fig. 239, but supposed 
fixed at the base, Then the transverse forcesare as shown in Fig. 240. 
And taking the bracing B to C as rigid we assume that B and K defect 
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equally, an assumption which overcomes the indeterminate condition 
arising from the fixture of the stanchion ends. The defection of K 
may be written from (2) Art. 95, and the general expression of which 
8 is a particular value, while the deflection of B may be written from 
a) and (s) of Art. os.  Equating these deflections, 
Р? _(Р- Н)? PP ,PA(L—4) (P-H)^ 
(L-P)T3p* iE E 





ЗЕТ” ЕГ 
From which 
_H al" + 2L4 # ر‎ E 
Ре: ара) 90Р Наса) (0 


Then at a distance x from A the bending moment 

` M, = P(4 — 2) — (P — НДІ — x) 
and substituting the above values of P and P — H, M, vanishes for 
hal +A 
RA ee (3) 
This is always greater than }/ or KI, is always less than 44. 3 
symmetry DI, = Al, =s» It is usual to take x, — 1, which is on the 





sans= 





FiG. 240.—Simple braced rectangular frame fixed at bases. 


safe side for calculating stresses in the braci When the points of 
M In Gand Ls lave been detsunboed It f» culy ze Pests 
L — a, for L and 4 — x, for 4 in the formule (6) and (7) Art. 165 
to obtain the stresses in the members. The bending moment diagrams 
are shown in Fig. 240 (¢). There is the same algebraic change of 
bending moment between F and D as for the hinged posts, viz. from 
4W(A — x) at F to 1Wx, of opposite sign at D. The bending 


moment at E is W(}—EE)(L — a) The vertical components of 
the reactions are V. (1, — x). 
167. Other Forms, Fig. 241 shows a special case of bracing, such — 


"ws. 
as Fig. 239, where the braces meet at X, the point of inflection midwa; 
! between B and C. рой Р 
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a vertical section through X, the only external force is R, which passes 
through X, hence since the force in TY is the only one not passing 
through X, the stress 
in TY = 0. It follows 
that the stresses in TB 
and CY are zero, and 
the remaining stresses 
follow from the for- 
mule in Art. 165. 
From the half struc- 
ture shown to the right 
of Fig. 241 it is evi- 
dent that the stresses 
in XC may be found 
by a triangle of forces 
for the point X, XC Fi. 241,—Simple braced portal, hinged at bases. 
having no bending 

stress CF will bave no thrust, but will have a shearing force equal to 
the tension in CX. Also the vertical component of the stress in FX is 
equal to V. 

If the stanchions are fixed in direction at their lower ends it is only 
necessary to calculate the position of the points of contraflexure as for 
I, and I, in Art. 166, and use these points in place of A and D. 

Graphical Solution —A simple method of finding the stress in the 
internal bracings of portals for which the author is indebted to 
Ketchum's “Steel Mill Buildings” is illustrated in Fig. 242. The 








Fic, 242—Braced portal} graphical solution, 


bracing DEFGK at (a) unites the stanchions 1, 2, and 3, 4, which at 
(b) are replaced, z, 2, by pin-ended members Aa, aB, aĝ, BB, and 3, 4 
by yC, yê, 8C, 5A, the lengths of Ba and 8 being immaterial, 

stress diagram (c) can be drawn starting from say joint ABa, after 
putting in ade for the external forces so that йе = W. The dotted 
portion relates to imaginary members and may be dispensed with, 
leaving only the portion drawn in continuous lines; the points y, à 
symmetrical with Ba have not been added, as they are not necessary to 
the work, The portion relating to bracing members which are struts 
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or ties only needs no comment, but with regard to the stanchions the 

tion 1, 5 withstands the force a2, viz. the vertical projection (which 
is af) as a thrust and a transverse shearing force equal to the horizontal 
projection of ad (i.e. to the length 4f); the portion 5, 2 carries the 
force bd, which represents zero thrust and a shearing force dd, The 
method is applicable to the form shown in Fig. 241 and to other simple 
forms. In case the stanchions are “fixed” in direction at their bases 
it is only necessary to calculate the positions of the points of inflection 
by (3), Art. 166, andto use these points as the feet of hinged _ 
stanchions. 

168. Stanchions with Cross Beam.—(a) Bases hinged —If the 
bracing in Art. 165 and Fig. 239 is replaced by a horizontal beam 
rigidly connected to the stanchion caps, the solution of the stresses 
depends upon the fact that the beam ends bend through the same 
angles (fs and io) as the stanchion ends, Thus in Fig. 243, since each _ 
stanchion is acted upon by a transverse force (H) and a couple (HL) at _ 


rut 
B.M.on Beam w 


c 











Fic. 243.— Stanchions with cross beam, 


the top, the deflections are of similar type, and if we neglect the com- 
pressibility of the beam BC, since the deflections of B and C are equal, 
the two horizontal reactions are equal, £z. H) = W — H, 2 3W. 
By symmetry the slopes are equal at B and C, i.¢. is = ic, and from 
QUA 103, and using suffixes B and C instead of A and B, since for 
beam Mo = H,.L or 3WL, 


HL 

=F 0) 

where I, = moment of inertia of the cross-section of the beam. 

Hence for 8, = 83 we have— 
H^ HL’ ну у y 

к= Er + = ТЕ + = ЕП +). @. 
where I = moment of inertia of the stanchion and Pz Û = a Ifthe | 
crossbeam is very stiff, £e if a is great, this becomes-— 
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ERREUR EET. Que 


The bending-moment diagrams for the beam and one stanchion are 
shown in Fig. 243. 

If the stanchions are of different lengths L, and L, or sections (I), 
the values of H, and H, may be found by equating ёс апд 8p found as 
in (2), but the values of ic and fs will not be equal ; they may be found 
from (12), Art. тоз, by writing Mo = H; . Ly Ma * ч 

(6) Bases. fixed in Diredion—If A and D, Fig. 243, are fixed 
in direction instead of hinged as shown, by symmetry again 
H,=H,=4W, and for the beam Ms=—Mo, Mp=Ma, 
Mo = H,.L — Mp = }WL — Mp, hence from (12), Art. 103, 


E.b.ic = {WL = Mo). . +... (4 
and by integration or from (1), Art. 97— s 
E.I.£ - Mp.L -]HI/ 2 Mp.L - JWI^ , (5) 


hence, equating the values of ic from (4) and (5)— 
a+ 
Mo = м, = IWL- 233, Moe ==) (6) 
At a distance x from D, 


which vanishes for ; 
x = Mpg + }W = U3 + 1) (6a 1): . . (8) 


‘The bending moment on the stanchion will vary uniformly from Mp at 
D to Mp — {WL at C, passing through zero at z, from D. On CB it 
will vary uniformly from }WL — M, at C to the same value with 
opposite sign at B. The reader may as an exercise sketch the bending- 
moment diagrams and deformed shape of the structure. 

If a is great, ie. the flexibility of the cross beam is negligible in 
comparison with that of the stanchions, (8) becomes ay — jL, and 
the bending moments at A, B, C, and D are each of magnitude {WL. 

If a is small Mp = JWL, M, — o, the case of hinges at the caps. 
If we write L — xo in this case in place of L in the previous one, the 
moments at the tops of the stanchions may be found; also the 
vertical reactions (equal and opposite) found by moments about the 
points of inflection will be 

Wa WL за 
1 "EJ “6a +1 

169. Effect of Distributed Side Loads.1—In Arts. 165-168 the 
side loads were supposed taken at the ends of the windward stanchion, 
qug mM f ы нде ШО нт ibuted along its length. 
To examine the effect of this, suppose the total load W uniformly 
distributed along the length of the windward stanchion. 

TA solution of this and that of Art. 172 by the of 
Ыла баты алена eem era by Dr. C. IE LANI Spi ig. 
vol. zi., May, 1931, p. 1104. 








M=Mp—1Wz ...... (7) 
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Stiff Cross Girder: Hinged Bases,—Fig. 244 represents the same 
structure as Fig. 243, with a uniformly distributed load W on AB, but 


with a stiff girder, fe. РЕГ or a is great 





a 
From (2), Art. 95, the deflection at C = D and from (7) and (2), 


ПЕ Й » 
Art. 95, the deflection at B. ert - wu and equating these 


two we find— 


Н= У, W-H=wW.. . (1) 
‘The bending moments throughout the structure are then simply found, 
and are indicated by diagrams in Fig. 244. 








Fic, 244.—Effect of distributed load, Fic. 245. 


Flexible Cross Girder: Hinged Bases.—In this case, still using 
Fig. 244 from (12), Art. 103, with altered suffixes, writing for the beam 
Mo = HL and M, = {WL — (W — H)L = ЦН ~ ФУ) 

we find— 
ip = LAW — 3H) +6El, io = L6H — W) + 12K. I, (2) 


"Theo writing deflection at C e ê + Li RIORUM 
r A) we. 
Deflection at B= EAE _ рү +1. . (4) 


and equating these deflections we find, putting as before Ш = a 
У 5+6 
Eg E5) ا و‎ Gers B 
which approaches the value (1) when a is great, £e. when the top 
girder is stiff, and approaches 4W when the stanchions are very stiff 
compared to the cross girder, 
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Stiff Cross Girder: “ Fixed" Bases (Fig. 245).—Since DC remains 
vertical at D and C, from (1) and (2), Art. 95 (or from. m (3), Art. At 97) 
M; = }HL, hence I,D the distance from D to the poi 
= jl,” And similarly M, = 3WL — ies 

"The deflection at C from (2) and (11), Art. 95, is— 
/ MI' ни 
17 3ED "Ej t 0 t t7 (6 





And the deflection at B is— 
‘W—H)L? Mal? WL? 
SE aL Ns O 


3EI — 7 akI 
And equating (6) to (7)— 

H=jW, W-H=2W..... (8) 
Atsfrom A, M e Ma EAT or - Wa 
which vanishes for L.A x 20.3681. . . . . « « + (9) 


The bending-moment diagrams are shown in Fig. 245. 

Flexible Cross Girder: “ Fixed" Bases.—Taking M, and My or M, 
and M, as unknown quantities in addition to H, we can state the end 
slopes fg and é, for the stanchions from Art. 95 or Art. 97. The same 
slopes can also be deduced from (та), Art. 103, and equated to the 
previous values, thus eliminating; and îs. A third relation is obtained 
by equating the deflections of B and C and solving ; we then obtain— 


Н = W(2a+3)+8(a+2) . . . . (19) 

Ifais rdi Ыр тейден [о Т Б арш н (А), ИЙГЕН КЫП 
Haw: P a vi ar a beam Diget ed at B and C, as is shown by 
def "to WL BL! Thus for all relati 

equating cap ections Spf ВЕТ ЗЕ" for all relative 
Stiffnesses of the stanchions and beams H will lie between }W and ,4W. 
The general expressions for M, and Mp obtained as described are— 


WL 300" + 73a +1: 
М, = "4 (4 баа ts s.. (r1) 
WL, r8a + 35a +9 
MT {СЕТ tn (12) 
When a is great My becomes }WL and M, becomes ,{WL in accord- 
ance with the previous case and Fig. 245. The types of bendin; 
moment diagrams will be as in Fig. 245, but the proportions wil 
depend upon the relative stiffnesses of the parts. 
The foregoing results with those of the previous Article. ure 
summarised for comparison in the following table ;— 
P2 


[Сн. ху, 


THEORY OF STRUCTURES 


426 





ose олу лттар ц а = М рае “soso sag sug oq up dE A эта 
“Kes ‘q proj pum € jo aseo ap uy Al = 9 tuonpuns premas yp uo uopəvəz euozuoy əya st H "Siz-Ebz 53:3 ut pareorpur osoqy 
are q "9 "у лой suy. Лен тал? эқ) га Дутә әш Дзорсәбәри poajos oq fem morto эви yng о = ө Зара Aq sareaq 
de» pou aoj oso) pur е = »u0j wu oui JuppniÁq suroq әјаүзәр 20у әк) ә шо poatiap 3v sureq deo gis a0j soseo eL, 






































К-ы m e un TA TAP peur | рәх 
a Ж. TER +05 SIS їчкәї4 | рә3ш 
925 OFS AM zee IME Е Е E es E 
тм! тм лме о о BAS | рәдшн 
(Hg, М | (2009-1) te _ | (etzieott) ФЕ | (»-zYwo--r), Фе | (+205941), е aro | pana | 
Epor M | Cetegne UIM etno “TM | 6FPSEFcmgt TM | біо УТА Ў 
м - T- TMY- TMI пм? gns| рәп 
M о о пм? Mt Pou | рәх 
AM пм}- mł- o о APOL | pasur 
мі a dM 14 TAA ER Po IOS | P3H | # 
at et лм rea Tat лабли |ant] ponaj 
Pu TMt- mł- TMF TMF Bas | pox 
ereq 
п on | ө | an | "я = PES A 


Je "ps 
торе" 





“ah VOT яа15 V 01 2005 мү эмүзЯ AV дн азхолымоо SKOIHONYIS NO SROLOVIY CNY SINIRON OxIGKIG ао азау 


Авт. 169] INDETERMINATE COMBINATIONS 427 


Partial Distribution.—When the total load is transferred to the 
windward stanchion at a number of isolated points, as when a side wind 
load on the wall or sheeting is carried by rails attached to the stanchions, 
the results will be intermediate between those of the first five lines of 
the above table taking W = } total load, and those of the last five lines 
taking W for the whole load. For example, taking the structure in the 
last line of the table, if the load is carried at the base,'the top, and a 

int midway between, the total load W would be divided (see Art, 131) 
into JW at the top, 2W at the base, and JW halfway along the stanchion. 
Hence, equating the deflections of the stanchion tops, using Art. 95— 

1, HO W. 1 43 Ly or DOR Hd 
3 EL 74 3ED* S ES ЗЕТ” 
hence H = }3W, whereas i uniform distribution we t z = 
Thus for a single intermediate wall support the value of H falls 
1$W to HW where the limit for a large number of rails is only gw. 
For several concentrated horizontal forces F,, F,, F,, etc., on the wind- 
ward stanchion at distances mL, nL, mL, etc., from the base we should 
have, from Art, 95— 
i HI. I T 
з Е" ЗЕТЕ") + agre 0) xm 
or Н = (Ви) + 0Р1 — n)} 
of which the above is a particular case in which F, = IW, s = 1, 
Е, = 117, я, = 2. Similar rales may be framed for the other types of 
support, but the extreme cases of concentration at the two ends and 
complete distribution will be sufficient guide for estimation of H in 
any case. i 

Stiff Open Bracing: Hinged Bases—The effect of uniform distribu- 
tion of the load on the structure of the type shown in Figs. 239 to 242 
may be briefly noticed. Using the notation of Figs, 239, 241, and Uu 
we assume that BC is a braced girder so stiff as to resist flexure so that 
points B and K remain in the same vertical, and likewise C and F, 
although the portions BK and CF bend. This enables the slopes at 
K and F to be written in terms of H and W, where H is the horizontal 
reaction on the leeward side. Then equating the deflections of K and 
F say, ie. neglecting the strains in the bracing in comparison with 

find— 


flexure, we Wika 
н-аз 


The transverse pull of the bracing at the foot of the knee bracing 
(point K, Fig. 239) on the windward stanchion is found by moments 


about the hinged top, and is (JW — H)y 2-7, апа subtracting this 
ааа The transverse forces on the 

MM MEN йд жиир Ош H, Ifa 
E E MUS lowest value, which is gW, id agreement 


" 


Sf Open Bracing: “ Fixed” Bases.—By similar methods for uni- 
formly distributed loads, using Art. 95 for the transverse forces on the 
stanchions, taking H the horizontal reaction on the leeward stanchion 
and P’ the horizontal pull of the foot of the bracing on the windward 
stanchion as unknown quantities, and equating all the deflections at 
B, K, C, and F, we find z 

W 3I! -7DA - тт 
р St (14) 


which of course approaches the value H = 4W in agreement with (8) 
when A approaches L. Я 
P= W 6LS — 4L'h — 17L% + 151°% — TLA + A (18) 
16° LAL + аА)41. = А00 = Л) 5 
The thrust of the foot of the bracing on the leeward stanchion will 
be as given by P in (2) Art. 166, the value (14) being used for H, 
which gives 
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н 












p m W (GL H L'A — SLA + aL + 1л — м 
= 16 LA(4L — AL — AXL + 2A) : 69) 


With H, P, and P’ known, all the other stresses in the bracings and 
stanchions are easily determined. Perhaps the best method for the _ 
bracing wọuld be to find the point of inflection and then use the 1 
graphical solution given in Art. 167. 

"The assumption of a rigid bracing in comparison with the flexibility 
of the stanchions would of course only be reasonable for moderately 
large values of 4 compared to L. For ordinary values of 4/L, H is 
much less than 4W, je. the windward stanchion carries much more 
than half the load. 4 

In some open structures there may be equal distributed loads W 
оп each stanchion. In such cases by symmetry H =W; hence the 
horizontal force P at K (Figs. 239 to 241)is equal to the horizontal 
force P — H at B; hence, for Fig. 240, 


Ж (312 + 315% — 314° + #) 
$ (L-AXD4SL. c5 00 


and sae БЕР, .o. Q8) 


In all such cases the effects upon each stanchion may be found by 
adding the effects for the windward and leeward stanchions in the cases 
where W acts on only one stanchion. Thus the result (17) may be 
found by adding (15) and (16). 

170. Wind in more Complex Structures.— The methods 
of Arts. 168 and 169 may be applied to the analysis of the stresses in 
more complex frames, but wi more members are introduced the 
solution becomes more complex and practically too difficult. An 


P= 
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example will suffice to illustrate the application to more complex forms, 
which by different combinations of hinged and rigid attachments might 
be greatly extended. Fig. 246 (a) represents two stanchions AB and 
CD fixed in direction at their bases A and D, and connected by two 
cross-beams BC and EF rigidly attached to the stanchions. Suppose a 
load W either concentrated or distributed to act on AB. Let P and Q 
represent the thrust (positive or negative) in BC and EF respectively. 
Then selecting as unknown quantities P, Q, and the bending moments 
at B, C, F, and E, we can form six equations to find these unknown 
quantities as follows: f, and f, for the stanchion may be written from 
Art, 95. Assuming rigid connections, these may be equated to ñ and 
i for the beam written from (13), Art. 103, Two similar equations 
may be written for C and F, and finally two more may be formed by 
equating the deflection at B to that at C, and the deflection at E to that 
at F, all the four deflections being written from Art. 95. 

Steel building frames of several stories are too complex for exact 


B P Рс 





calculation, and the connections do not warrant the assumption of 
rigid joints, and.various empirical approximations have to be used. ' 
Fig. 246 (4) represents say (# — 1) portals, consisting of s stanchions 
conn by beams across their caps. If F is the transverse horizontal 
force takea by aby stanchion, then its deflection is m which must be 
the same for each if the load W is concentrated at the windward stanchion 
cap; hence for equal lengths $ must be the same for each and the 
sum of the thrusts F balances W ; hence for the mth stanchion 


F- WI. 
brian i ee) à ou ERD 


where the suffixes denote the various stanchions. If all the stanchions 
are similar, F = M. 

If the load W is distributed uniformly over the outer stanchion and 
all the stanchions are similar, the remaining stanchions all take a 
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horizontal thrust H, and equating the deflections of the windward and 
any other stanchion 


WO (n- HD HL 3 
зт xl gg; весен = 8... (а) 


«3.1, ie, 2 of the load which would be borne by the stanchions if 


$W is transferred to the windward stanchion cap. 
„ If the load W is uniformly distributed, let H be the thrust in the 
first beam, then 
wr HL E 
ЗЕТ, ЗЕ," 3&+44+L+...+1) °° 3) 





Непсе 
' my PRY ; 
н=ре. ЕЕ or FWD + KD) (4) 


e horizontal force taken by any, say the mth, stanchion from (1) 
ing 
F-HXxL-XUPVLIDQD) . 0. o. (5), 


which gives the value (2) in the case of similar stanchions, 

171. Applications to Steel Buildings.—In applying the analysis 
in the foregoing articles to the estimation of wind stresses in the 
stanchions and roofs of steel buildings, it is difficult to know how far 
any particular condition of fixture or rigidity will be realized. For the | 
purpose of design some rough estimate is made upon the safest assump- 
tion, but without a thorough understanding of the problem it is dan- 
gerous to make simple assumptions which, while being on the side of 
safety for one element of the structure, may be quite unsafe for 
another. Thus the assumption that the roof is rigid to compression 
"between its supports is on the safe side for the estimation of the leeward 
stanchion stresses (which are often greater than those on the windward 
stanchion) ; it is on the wrong side for estimation of the windward stan- 
chion bending moments; for to take the other extreme, if the roof 
offers little resistance to horizontal compression, lacking other con- 
nections, the windward stanchion will carry nearly the whole wind load, 
Again, the condition of “ fixed” direction at the base of a stanchion 
depends upon anchorage or fastening at the foot (see Art. 185), and 
upon an absolutely rigid foundation, probably it is never /i/y attai 
This fact is equivalent to a lowering of the point of inflection and com 
sequent increase of the bending moment at the foot of a knee brace 
(see (c), Fig. 240), or at the rigid cap connection (see Fig. 245); but to. ‹ 
assume it would be to presume a diminished moment at the base (see 
(c), Fig. 240) and might be unsafe. Thus to assume in Fig, 240 that Iy 
is lowered to halfway between F and D (a common recommendation) 
is for the purpose of computing the maximum moment on the stanchion 
to assume the most favourable possible conditions, i.e. to make the Zast 
safe assumption, To assume the base hinged (I, lowered to D) is the 
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safest assumption (see Fig, 239 (d)), but may be unnecessarily wasteful 
in material, 


Roof attached to Stanchion Caps only.—If there is nothing amount- 
ing to a knee brace the maximum bending moment on the stanchions 
due to wind load, assuming a stiff roof, will be given by the table in 
Art, 169, half the horizontal roof load being assumed to be taken at 
the end of each stanchion and the transverse loads on the windward 
stanchion according to circumstances. The most severe condition is 
the hinged base and rigid top, the maximum value occurring at the toj 
of the leeward stanchion My = —L x (} horizontal roof load + у 
load). With regard to the stresses in the roof bracing, these may be 
determined as in Arts. 133, 134, 138. The effect of the wind load on 
the walls is to bring a thrust H horizontally (transmitted to the leeward 
stanchion) upon the roof; the effect of this is evidently opposite to that 
of the normal wind and the vertical loads upon the roof, £e. it will reduce 
the wind and-dead load stresses. Unless the conditions were such as to 
cause a possible reversal of stress in the ties this effect would generally 
be neglected. If taken into account with the wind load the ast value 
of H should be chosen as external horizontal thrusts at B and C. 
There will of course, with rigid attachments, be some bending moment 
on the main rafters. 

Knecbraced Roof—The wind stresses on the kneebraces may be 
estimated as explained in Arts. 165 and 166;taking the horizontal com- 
ponent of the wind load as divided between the two stanchions. In 
addition there are the stresses similarly determined from the distributed 
wind load on the stanchions by using the values of H, P’, and P given 
by (13), (14), and (15) in Art. 169. It will generally be nearly correct 
to assume that half the horizontal wind force on the roof is concentrated 
at the top of the windward stanchion, and to apportion the side load as 
explained in Art, 131 at the top of the stanchion and the foot of the 
kneebrace. The vertical components of the reactions at the feet or at 
the tops of the stanchions are easily calculated by moments after the 

ints of inflection have been determined. When the stress in a knee- 

race has been calculated it is easy to draw the complete stress dia. 

gram, remembering that the stress in the stanchion may be split into a 
vertical thrust and a horizontal shearing force. = 

Graphical Matkod.—The method given in Art. 167 may be applied 
for finding the wind stresses in a kneebraced roof if the stanchion bases 
are assumed to be'hinged or if the points of inflection are calculated or 
assumed. Thus if the loads in Fig. 247 are known the external force 
diagram 1234567 may be set out, The reactions 7, 18 and 18, x at 
the base of the stanchions may be found in various ways subject to the 
condition that their horizontal components are equal, g. one vertical 
component may be calculated by moments about the hinged base of the 
other stanchion. Then the addition of the fictitious dotted members 
1, 27, 27, 26 and 2, 26, etc., enables the complete stress diagram to be 
drawn and the stresses in the internal bracing to be found. The lower 
stress diagram in Fig. 247 represents the case of flexible braces so that 
the stress in 18—ro is zero, that in 18-25 being thereby greatly increased. 
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Member 7-18 the leeward stanchion of course then exerts only a 
vertical force 7-18 at its cap. 
Fig. 248 shows the process for the same roof and loads when the _ 

h 








F16. 247.—Graphical solution for kneebraced roof. 


stanchions are “fixed” at their bases, the points of inflection being 

found by (3) Art. 166, or assumed to be at half the height of the caps. 
In Fig. 247 the reactions are determined graphically by setting off 

the resultant wind pressure at QS to intersect the frame centre line at 
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P, joining P to A, meeting a vertical through Q in N; then a horizontal 
projection of N on the centre line gives T such that TQ gives the 
reaction at D and ST that at A. By resolving QS into vertical and 
horizontal components at P, the proof of the construction will become 
obvious, for the former gives equal components at A and D, and the 
latter gives the equal horizontal plus equal and opposite vertical 
components or reactions directed through the hinges toward P. 
EXAMPLE 1.—A French roof truss of 6o feet span, r5 feet rise and 
no camber of the ties (Fig. 247), is attached to stanchions 20 feet high 
and braced as shown, the kneebraces meeting the stanchions 4'75 feet 
below the caps, and the principals are 1o feet apart. Find the wind 





Fic, 248.—Case of “fixed ” bases, 


stresses in the kneebraces and remaining members, and the maximum 
bending moment in the leeward stanchion, with a horizontal wind 
pressure estimated at 50 Ibs. per square foot. 


Wind pressure normal to the slope ((7) Art. 138) is sox 205 | 


= 29°41 Ibs, per square foot. 
Wind load per node 


RISO EDO лона ае 
a 
Horizontal pressure on wall at eaves 
=A X 10 X 50 = 1187 Ibs. = 0°53 ton, 


Horizontal pressure on wall at foot of brace 
= 10> To X 50 = 5000 lbs, = 2'24 ton» 
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By moments about A, vertical reaction at D, 
2 1 
- duis x + 440 X — X 15) +( 4°40 X — X 27'5 | 

af (440 x Fz x 15) +(e40 x Fx 275) 

= 2°632 tons, 
Hence the point 18 is determined after 1, 2, 3, 4, 5, 6, 7, have been 
set off in Fig. 247, for it lies 2'632 tons above the point 7 and halfway 
horizontally to 1, and the remainder of the diagram is drawn as shown, 


To check the kneebrace stresses, the distance of the brace 18-25 from 
Bis measured or calculated as 4°28 feet, Omitting the force carried 


directly at A, total horizontal force = A + 0°53 + 2°24 = 4°74 tons, 
and taking half this or 2-37 tons as horizontal reaction at A and D, by 
a section through B and moments about B, tension in the windward 
brace (18-25) А 
1 
= jag (?'37 × 20 — 2'24 X 4'75) = 8'6 tons. 

And similarly by moments about C, thrust in the leeward brace 

(18-10) 
1 ^j 
= 280937 X 20) — 1171 tons. 


Checking the centre tie 17-18, by moments about the vertex, of 
forces on the right-hand half of the roof, the tension in the tie is 


PO Xx 30 — 2'37 X 55) = = 0'27 ton, 


iz, 0°27 ton thrust аз in the diagram, This result is partly due of 
course to the flexibility of the standards, diminishing the effect of the 
normal wind pressure on the slope which produces tension ; for wind 
stresses in the roof bracing it would be safer to assume rigid supports. 
Actually the structure is indeterminate, and computations taking account 
of the elasticity of the roof truss and stanchions would give an inter- 
mediate result. The maximum bending moment on the leeward 
stanchion is d X 15725 7 361 tons-feet. 

We may briefly examine the effect of complete distribution (uniform) 
of the horizontal wind pressure. In (13) Art. 169 we have # = 15725, 
І, = 20/, for the horizontal wind pressure we 448 tons, hence 
H =0'56 X 448 = 2°51 tons; adding half the horizontal roof pressure 


ix P i.e, 0°99 ton gives å leeward reaction of 2°51 + 0°99 = 3'5 tons 
instead of 2°37 tons. The maximum bending moment on the leeward 





stanchion will be proportionally increased to 3'5 X 15°25 = 53°5. tou 
а Ье 1 


feet, and the thrust in the leeward kneebrace woul 
28685 X 0) = 16°3 tons or nearly 50 per cent. greater. 
' 
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The tension in the windward kneebrace will be reduced by distribution 
of the pressure to 


ТЯ {(4'48 — 2°51 + 0°99) X 20 — (4'48 x 10)} = 3'4 tons, 
With flexible braces incapable of taking thrust this would be 
чв + же) = 448 х E z 197 tons. 
EXAMPLE 2.—Find the stresses in Ex. 1 if the stanchions are fixed 


in direction at their bases. 
For an approximate graphical solution it is assumed that the heights 


of the points of inflection are in both stanchions given by (3), Art. 166, 
viz. 
1525 5401575 835 = АЛ, 
2 505 


Pressure at eaves = 0°53 ton as before. 
Pressure at foot of kneebrace = 10 x }(20 — 8°35)50 = 2915 Ibs. 


= 1'3 ton. 
By moments about I, the vertical leeward reaction is 


665) (оох 2 Нона; гар 
EC 6x z (вох 2. х 15)+(4:40 KS 19 EM 
from which the point 18 is found, allowing half the effective horizontal 
forces, i.e. loads above the level I,I, in each reaction, viz. 

449 
гз + 053+ =) = ro ton. 
зен) 
Checking the thrust in the leeward kneebrace 18-10, by moments 
about the cap, thrust 
= 80—65 X r'9) = 5'3 tons. 





Examining the effect of uniform distribution of the load on the 
stanchion from (14) Art. 169, the horizontal wind load transmitted to 
the leeward stanchion base is 02935 X 448 — 1315 ton, and adding 
half the horizontal roof pressure gives 1-315-+ 0°99 = 2305 tons. Hence 
from (1) and (2), Art. 166, the height of Ip is as before 8:35 ft., and 
the thrust in the leeward kneebrace is proportionally increased to 

a (11:65 X 2305) == 6:28 tons. 
. The height of I, is slightly modified by considering the load as 


distributed. 
172. Vertical Loads on Rectangular Frames.1—The : bending 


stresses in a stanchion due to vertical loads on horizontal cross beams 
4 See footnote to Art. 169. 


436 THEORY OF STRUCTURES [Сн, ху. 


can be found by the same principles as were used in Arts. 168 and 169. 
The maximum stresses may be estimated in accordance with Art. 120, 

combining all the bending moments and the total thrust, Sometimes 

; “ал the bending stresses in stanchions are so _ 
Hal B.M.enBC/|Mc great that the direct thrust may not be 

mp v of very great importance. ! 

<u B c Slanchions with Caps connected ] 

7 Cross Beam. Bases “ Fixed” (Fig. 249). — 

—Let the load on the horizontal beam 

BC of length / rigidly attached to the 

stanchion caps B and C be such that it 
would give a bending moment diagram 
of area A with centroid distant x from 
B (see Art. 97, section (¢)) if BC were 
freely supported at its ends. Let p stand. 
for the positive bending moments on the 
z beam, then the clockwise couples applied 
«во. 249. Vertical load oa to the left and right of the stanchions are 
ag pa and — po respectively. Neglecting the 
longitudinal compressibility of the beam, the deflections of B and C are 
equal, or if P = thrust in the beam and I = moment of inertia of the 

stanchion section, from Art. 95, 


























а кке eee Pace зева (0‏ ؟ 
EI = GEL. а SEI ОШ‏ 
hence "us-kuemiPL . 0.0.0... 5 (2)‏ 
dL PLE; uL, PL*‏ 
Also ЖЕТТ ок с. О ОБ ДЫ, "05 (з)‏ 
ў L PL‏ 
&-kmath)g T xp reee (4)‏ 


But if I, = moment of inertia of the beam section from (134) Art. 103 
аа А 4 
i-is -g at cc (5) 

and equating (4) and (s), 

Dus e 
Dai’ noe 
where a is the ratio Dto Lor, Hence from (3) above, and (13), 
Art. 103, 


à P--- 







ale tisa- Fata) 
a Tl Ga FE n 
5) + 2) - 4 + و‎ 


HRS 
Ж Il (ба+та+з) |) ° 


The bending moment diagrams are shown in Fig. 249. 


mr 


| 
| 
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If a is small, że. the stanchions are very rigid compared to the beam, 
putting a = o, these reduce to the values (6) and (7) of Art. 103 for the 
built-in beam. If the loading is symmetrical 


змые ES Re 


M, =p — PL, which is equal to 4» for symmetrical loading, the 
point of inflection being JL from A as in (34) Art. rar, to which the 
stanchion reduces for symmetrical loading. 

Hinged Bases.—Using the letters of Fig. 249, in this case p, = up 
= o, m = PL = po; the deflections at B and C are 








pa eS PPI 
Tes ba = py AO eho Set etum (x0) 
y PL* 
hence h~ = Е ` 7:547 alam re) je (EP) 
ing thi маре 2,03 
and equating this to (5) gives P = tyes. Ж э ө LER) 
А 
and مم = ور‎ = фа e 13) 


This might alternatively be solved by integrating equation (2) 
Art, 93 for each stanchion under the conditions that the deflections are 
zero at the bases, and equal at the caps, and that the slopes at the caps 
are given by equation (3) when py = po = PL. These five conditions 
determine the four constants of integration and give an equation to 
find P. 

EXAMPLE r.—Uniformly distributed load W on the cross girder, 
L.L 


bases fixed in direction ; a I, Say. 





wa o w^ WL 
Am нк) hence from (9) 1» 7 Ho = =e Ifa=o 


the value is “(see Fig. 152). 


EXAMPLE 2.—On the same structure a load W at }/ from the left. 
hand stanchion (B). 
A= — AW ', = = sh hence from (7) and (8) 


рь = or0692Wi. ро == 0'o558W} 


` 
The bending moment under the load is AW! — pc — ds — n) 


= o1216W2 i 5 
If a = o (ie. very stiff stanchions), ps = $W pe = WA аз in 


Ex. 1, Art, 103. 


438 THEORY OF STRUCTURES [Сн. ху, 


173, More Complex Rectangular Frames.—More complex struc- 
tures such as shown in Fig. 250 may be solved by the principles of the 
previous article, but the unknown quantities 
and equations to find them become more 
numerous. We may briefly indicate the methods. 
for Fig. 250 and similar structures with rigidly 
attached cross beams BC and KF, 

Case —A and D “fixed,” B and C free 
except for rigid attachment to the girder. 
Unknown quantities, moments pp, Ho) Mx, and 


Ат. 95) = 4, for beam BC (see Art. тоз). 
Three similar equations for points K, C, 
Ето. 250, F. Deflections at K and B = deflections at 
F and C (see Art. 95 for the values). 
In case of symmetry, only the equations of slopes at B and K 
together with deflections at B and K equated to zero are required. 
In this case the equations reduce to 








where A, and a, refer to the bending-moment diagram, and ratio 


BF for the girder KF. 
EXAMPLE.—If a, = 1 = a, and # =} with a central load W on the 


girder BC only, н 
ha = TW к = тїї? 

With a central load on the girder KF only, 
n pk = ДИА 


Case IZ—A and D hinged, B and C as before. The horizontal 
reactions being P and Q, and equation of moments about B and C gives 
pa» and p in terms of the four unknown quantities jx, y, P, and Q. 
‘Then equating the deflections at Band C and at K and F as found 
from #, and ig for thé girder BC, (13), Art. 103, and again from i and 
iy for the girder KF, give the equations required For symmetrical 
loading it is only necessary to write the deflections at B and K equal 
to zero. In this case the equations reduce to— 


m= A E G + nia — am] 
A, _ nU = n)a 
ر کي‎ = 
а О еа заса S on BC 
у— 


(2px — нз) 


m= WL. ix = SW. 


Pn and thrusts P and Q; f, for stanchion (see | 


i 





وھ — 
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For a central load W on KF only— 
Ms = WL be = WL 


Other Cases.—A, B, C, and D all fixed vertically, A, B, C, and D al) 
hinged, A and D fixed vertically, B and C hinged, all form interesting 
cases with possible applications, and may be worked out on similar lines 
to those given. 

In frames consisting of two stanchions with several equally spaced 
cross girders symmetrically loaded, points of inflection in the stanchions 
would fall approximately midway between the girders, and a single 
storey would reduce to the case of A, B, C, D all hinged and » = 4, 
where L is the distance between successive girders. If only a singi 
cross girder of the series were loaded, the length L might be taken as 
twice the distance between successive cross girders. 

174. Secondary Stresses.'—Stresses calculated upon the supposition 
that frame joints are frictionless pins the axes of which are situated 
exactly at the intersection of all the elastic lines of the members 
meeting in each joint, may be called primary stresses, and are first 
approximations to the stresses in the members of a frame. Actual 
frames differ materially from ideal conditions (x) in having either riveted 
joints, or pin joints which are far from frictionless; (2) in having 
members the elastic lines of which at some particular joints do not 
meet in a point, the members being thereby subjected to eccentric pulls 
or thrusts. Frames with riveted joints are really statically indeterminate, 
but second approximations to the stresses in such frames may be 
calculated after the primary stresses, and the sections are known by 
estimating approximately the secondary stresses, i.e. the stresses pro- 
duced by deviations from the above ideal conditions. Rigidity of the 
joints will also considerably. modify the deflections (see Art. 155) 
calculated on the assumption of frictionless joints. Any full treatment 
of the computation of secondary stresses is necessarily lengthy and 
beyond the scope of this volume, but secondary stresses are receiving 
increased attentigb, and an elementary insight into the principles 
involved in their estimation may be instructive. 

Stresses arising from Rigidity of the Joints —This is perhaps the 
most important type of secondary stress. If we assume that, instead 
of being free to turn at their ends, frame members are rigidly held in 
the same re/ative angular positions at the joints although the joints may 
have small angular movement due to the strain of the frame, we can 
estimate the fixing couples at the ends of the members, and hence the 
secondary bending stresses resulting from the lack of free angular 


movement. 
Thus, for example, a triangular frame ABC (Fig. 251) supports a 
vertical load at A, the joints at A, B, and C being rigid. To simplify 
the problem, suppose BC is infinitely stiff or that B and C are rigidly 
fixed to rigid supports. Let AB =s BC =a, AC = $, and let the 


1 For a much fuller treatment of secondary stresses see ““ Secondary Stresses in 
Bridge Trusses,” by C. R. Grimme. 
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primary unit tensile stresses in û and ¢ as found by simple statics be 
4, and /, respectively, so that the extension of 4 and ¢ are 
Nr E E A 
8 = × 8= XÊ 
where E is Young’s modulus for the material. 

Let A' found by arcs of radii 4 + 86 and ¢ + 8¢ about C and B 
respectively be the new positions of A after strain shown much 
exaggerated in Fig. agr. The angles a, B, y at A, B, and C remain 
unchanged, and in consequence the members are bent, the tangents to 
the members at A’, B, and C being inclined to the sides of the triangle 
A'BC. Let a+ da, 8 + 88, and y+ Te the angles at A', B, and C 
of the triangle A'BC. — Then, knowing à? and à, the total increases, $a, 





48, and By are easily calculated geometrically from a diagram or by 
differentiation of the relation 3 
соз В = (а И) зае ®... . (1) 
For if only û varies, differentiating with respect to Û, 

a gB 5 

i I — sin bn" a 
ے‎ ae ا‎ cot (4) 
Perm aber imme eae E 

And if ¢ varies alone, differentiating (1) with respect to «— 


usa - 
-ipg i 


hence partially T 
igo - олат – ста. exe MY 
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And from (a) abd (з) the total variation i 
38 =F {Alco a+coty)—f,cota} . . . {4) 
a similar value holding for 3y— 


ôy = g {cot a + cot В) — A, cot a] rem PSY 
while from (3), with the necessary modification for a— 
d= (cot +A cot) . . . (6) 
If a varies, the modifications in (4), (s), and (6) are easily made, er 
da = $ (2. — 2.) ot B+ (2. — 2) cot y} 


similar values holding for 88 and éy. 
We may now write the angle which the strained member makes with 


the line joining its ends, following as far as possible the convention of 
signs in Art. 93 ; thus in Fig. 251, 
5-8. (0) &--h. (8 = да+. (9) 
i, being unknown. 
Then if M with suffixes stands for bending moments at the joints, 
from (10) and (rz), Art. 103 (putting A = о)— 


Ma = (a + iE Mc = – 300, + 24)ЕІ. . (x0) 
M, = = (a + aiJEI = (a, +iJEL. . . (11) 


which gives four equations to find the four unknown quantities, M,, 
Ms, Mo апа й. Reducing (rx) by substituting the values (9), we 
get— 
i, = (— 588 + edy > aca) a(b +e) . . . (12) 
ii = (— B8 + dy + aba) 2(6 +e) . . . (13) 
Whether secondary stresses of this amount will exist in pi 
frames depends upon whether the friction moment exerted by the pin 
is capable of withstanding the moments calculated above for the various 
ind Е 
EE лабы a5 ft, bx 3 ft, cm 4 ft. Load = ro tons, 
каена ашка АС жанакы а ж нө. hortor sida bai 
perpendicular to the figure. 
From a simple triangle of forces, as in Fig. 228, the primary unit 
stresses are f, =  — 4 tons per sq. in., 9, = § = 3 tons per sq. in. 
And from the triangle ABC, which is right-angled at A— 
cota =o cot $ =$ coty=2 
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Substituting in (4)— Э 
MEE 
and from (5)— 
у= =(3 X 3-40) = i 
and from (6)— 


a ER 


Hence from (7), (8), (2), and (13)— 
a-i k--£ һ= 5 = پک‎ 
And from (10), since I = x 8 = $, 
Ms, = 7(6 + $)I = 31 x $— 5 toninch 
M, = — 2(3 + 91 = — § ton-inch 
Me = (f + 8)I = ¢ toninch 
Hence, since f the tensile secondary bending stress per sq. in. on 
the fibres = M 4 2, where Z = } X 4 = i— 
at B fe-ü&xi-ü-eans ton per square inch 
at C "58; 
aA 
If instead of being A member had been 4" x }", these 
bending stresses would have been twice the above values, for I and 
шепйу М would have been four times greater, and Z being 
doubled / would have been doubled. The more slender the members, 
ie, the smaller the ratio of breadth in the plane of bending to the 





case of secondary stress arising from non-concurrency of the centre 
lines of members at a joint. 
Let the axes of the two slender 





Fis. 252, between the two adjacent panel 


cases I and IL Ar za, putting a = $) and 
bending stress such as arises from i 
stresses may reduce or may augment these due to rigid joints, and 


2 
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may be estimated separately, neglecting the rigidity of the joints. 
Actually the eccentricity will modify the angles at the joints and affect 
the secondary stress, but we assume in Fig. 252 that the boom section 
is so great compared to that of the web members that it withstands 
practically all the bending moment, which is equivalent to taking the 
case of web members freely jointed to the boom. If the web members 
are to be taken into account, we should divide the total amount FA 
among the members meeting at the joint in the ratio of their values 
of I//, where I represents the moment of inertia of their cross-sectional 
areas, and / their lengths, taking the conditions of end fixture the 
same for each. 

There is very frequently a secondary stress of this kind in light 
members, such as angles in which the line of rivet centres does not 
coincide with the elastic line or “gravity axis” of the member, eg. the 
angles in their attachments in Plate I. 

Experimental determinations of the extreme stresses in tie bars 
eccentrically loaded by the pull of plates to which their ends were 
riveted, were made by Mr. C. Batho? The position of the line of 


“resultant pull at a given section was found by strain measurements at 


several points on the section, which established the fact that the stress 
varied uniformly, £e. according to linear law. The maximum unit 
stress was then found (1) from the linear distribution over the section, 
(2) by calculation according to (4) of Art. rra, from the estimated 
position of the centre of loading. The two values were in close 
agreement, and were in many cases more than twice the mean intensity 
of stress on tbe section. 


EXAMPLES XV. 


1. A trussed purlin 18’ span is made of a British Standard Tee 
x4" x4" with' centre steel strut 1 inch diameter and 12 inches long. 
ıe tie rods are r inch diameter round steel; estimate the uniform load pet 
foot length if the unit stress in the Tee is to be limited to 6 tons per sq. in. 
What is then the unit stress in the ties and in the strut? 

2. Estimate the maximum bending moment on the stanchions of a shed 
carrying a roof, due to a wind pressure which is 4o Ibs. per sq. ft. on the 
wall and 24 li jormal to the roof, Length of stanchions 1: d, rise 8 ft., 
span 32 ft, distance between principals 20 ft. The roof is hinged to the 
stanchions, which are firmly anchored at their bases. The distributed 
horizontal wind load is carried directly by the stanchion. 

3. Solve Problem No, 2 if the wind load on the walls is transferred to 
the stanchions at the cap and the base, and an intermediate point midway 
between the cap and the base. 

4. Two vertical steel posts 15 ft. apart and 15 ft. long made of 5” M 
British Standard beam sections = Appendix, Table I.) are Маг ен 
bases, and their caps are connected by a beam of the same section rigidly 


‘ “The Distribution of Stress in Certain Tension Members," Trans, Canadian 


Soc. of Civil Engineers, vol. xxvi. April, 1912. See also “The Effect of 
the nmections on the Distri Бу Busan ta Cete eae Mi 


ene oceans recon August, 1915. 
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, 
attached to each. If this beam carries a central vertical load of 1 ton, 
estimate the maximum bending moment on the beam and.on the posts. 

5. Estimate the deflection of the beam in Problem No. 4. E = 12,500 
tons per sq. in. 

6. Solve Problem No. 4 if the bases of the posts are firmly fixed, 

t Solve Problem No. 5 if the bases of the posts are firmly fixed, 

Find the maximum bending moment on each of the ts and the 

team in Problem No. 6 if the load of one ton is placed 3 ft. 9 ins. from 


one post. 
S Find the deflection of the posts from the vertical in Problem No. & 
E = 12,500 tons per sq. in. 








CHAPTER XVI . 
FRAME MEMBERS AND STRUCTURAL CONNECTIONS 


175. Determination of Sectional Areas.—Chapters XI. to XV. are 
mainly devoted to the determination of the gross pull or thrust in the 
members of frames, When this pull or thrust has been determined 
the area is found (see Art. 41) by dividing this total force by the 
working unit stress. Any corrections for bending due to the weight of 
members between their ends or other secondary stresses! must then be 
made. The working stress under various conditions of loading causing 
fluctuations may be fixed by a specification. Some idea of its usual 
values and its variation with circumstances has been given in 
Chapter IL, but we are now in a position to more fully understand 

igni! of the various methods of allowing for fluctuation in 
the load, and Art. 4r may with advantage be again referred to, and 
further illustrated. The simplest method is to use an equivalent dead 
load (see (8), Art. 41) equal to the maximum load plus £ times the 
variation of load, whether & is unity or some other factor, such as those 
given in Art. 41. In this case a worki unit stress independent of 
variation with fluctuation of the load is employed. 

If a member is subjected to both tension and compression the area 
necessary as a tie and asa strut should be calculated, and the greater 
value used, 

EXAMPLE 1.—Find the sectional areas required for the member CR, 
Fig. 204, with the loads given in the example at the end of Art. 143, 
the unit stress being 7°5 tons per square inch. (2) Using the dynamic 
stress Жыен ка) Using an impact coefücient of, (range of load) 


(а) From the example quoted, maximum tension = 88 tons 
ie z 88'0 — 16°3 = 71°7 tons 
ivalent dead load stress = 159°7 tons 
s Area required = 21°3 sq. in. 
Which may be provided by say 4 angles 6" x 4" x § placed back to 
back in pairs as in the girder of Plate II. 
(2) Impact allowance = tx 717 — 58'4 tons 
Equivalent load 2 88 -- 584 5 146*4 tons 
Ares required = 145 2 1s sq, in. 
! See Arts, 174 and 184. 


i 
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EXAMPLE 2,—Find the sectional area required for the member EP, 
Fig, 204, with loads as in the example of Art. 143. Unit stress 7'5 tons 
per square inch in tension, 75 — o'o25 1 in compression, Take (a) 
Dynamic method or impact coefficient unity. (4) Impact coefficient 
= range of load -+ maximum load. 

(a) Range of load = 36'5 + 15°6 = 52'r tons 

Equivalent dead tensile load!= 36'5 + 52'1 = 88'6 tons 
Area required 526 618 sq. in. 
Equivalent dead load thrust 15*6 + 52°1 = 67°7 tons 
Assuming that i will be about 8o (never exceeding 1oo), the working 
unit Stress is ` ‘ ( 
75 — 8o X 0'025 = 5'5 tons per sq. in. 
Area required 91. 12°3 sq. in. 

Thus the section will probably be determined for the thrust. When 
the member section has been settled, and 7 is definitely known, a check 4 
is required to ascertain whether the unit stress is within the required 
limit 7'5 — sons; . 

(8) Equivalent dead tensileload = 36'5 +(e 110'9 tons 

Area required a = 148 sq. in. 
Equivalent dead load thrust = 15*6 + 74°4 = go tons. 


Probable area required gz = 1674 square inches, the thrust again 


deciding the area. 

‘This example also illustrates the fact that the design from the above 
impact coefficient will in the case of reversed stresses give a larger 
area than the use of the impact factor unity, Że. than the dynamic 
method (see Fig. 39). ^ : è 

176. Riveted and Pin-jointed Frames.—In Great Britain riveted 
girders for bridge work are used in almost all cases to the exclusion of 
pin-jointed frames. In America pin-jointed bridge girders have been 
much in favour for all comparatively short spans for a variety of reasons, 
such as cheapness, facility of rapid erection with little work at the site, 
and limitation of the secondary bending stresses (see Arts. 174 and 184) | 
in the chord members. Recently, however, riveted trusses have been 
employed more freely; this may be accounted for by many reasons, 
such as means of hi larger completed pieces, and use of shorter 
spans owing to diminished cost of piers. Frequently some riveted у, 














web members are used in bridge trusses containing j 
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eyebar members ; such eyebars may sometimes be used to avoid the 
difficulty of a splice in a very large section. It is noteworthy that the 
new Quebec Bridge is to have riveted trusses, 

177. Form of Sections for Members—The forms of section most 
suitable for the different members of a frame are necessarily determined 
largely by experience, and the types and ranges of section available. " 
Practical design of structures involves not only a knowledge of struc 
tures, but of methods of manufacture and erection and of costs, matters 
of prime importance which are outside the scope of this volume, A 
small selection of important types of braced girder members is, however, 

, given to illustrate many of the points already dealt with in the previous 
Chaptérs. Typical examples of pin and riveted connections for roofs 
have been given in connection with Plate I., Chapter XI. 

Boom Sections —Fig, 253 shows typical sections for booms, (a) being 
applicable to rather small girders, (6) and (c) with many modifications 
to larger ones. The side plates and angles of (4) are often replaced 
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Fic. 253.—Typical boom sections, 


by channel sections, as in the girder of Plate IL shown in section in 
Fig, 262. As shown at (2), Fig. 253, latticed channels are also used. 
The top chord is usually closed by plates as at (4), while the bottom chord 
is generally latticed, or quite open to prevent the accumulation of water, 
| being stiffened by transverse diaphragm plates at intervals, attached 

by angles to the side of the vertical channels or plates. The minimum 
depth of a boom section is often limited to зу of a panel length. 

Web Member Seclions.—The ties are usually flats or angles in 
riveted trusses, while in pin-connected frames they are eyebars {ке 
Art. 184). ‘The struts are of very varied design, including several of 
those shown in Fig. 177. The attachment of web members to the 
booms is sometimes direct, but more frequently by means of gusset 
plates as in Plate II. 

l78. Riveted Joints—Figs. z54 to 257 inclusive show the 
commonest forms of riveted joints. Lap joints are seldom used in 
Structural steel frames, as they obviously involve eccentricity of the 
Stress in the members. Fig. 258 shows four ways in which rupture 
may take place, the illustration being drawn from a single riveted lap 
joint : (a) shows shear of the rivet, in this case exposed to single shear, 
6 shear across one section only, p illustrates tearing of the plate, 
‹) crushing of the plate (or the rivet) due to too great a bearing pressure, 
E AERO E a дачное which 
is easily avoided. 
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It should be recognized at the outset in dealing with riveted joints 
that the distribution of shearing stress over the cross-section of a rivet 
is not known, nor is the distribution among a group always uniform, 
and that any quoted stress refers to the average over the whole area, A 
similar remark refers to the direct stress in the plates between rivet holes, 
and the resistance of the remaining plate is reduced by making the rivet 
holes, Another factor in the resistance of riveted joints is the frictional 
resistance of the parts to relative movement. This always strengthens the 
joint, but is never taken into account. It makes the stress calculations 
in an additional degree conventional,’ It is often specified that rivet 
holes shall be drilled, or punched so much below the required diameter, 
and then drilled out, The argument in favour of punching is that the 
increased cost of drilling if put into extra metal in the members more 
than makes good any loss of strength resulting from punching, except 
in very long spans where dead load becomes increasingly prominent. 
Single and Double Shear—In Figs. 254 and 255, and the single 
cover butt joint of Fig. 256, the rivets are in single shear, i.e. the stress 
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Ето. 254.—Single-riveted lap joint. Fi. 255.—Double-riveted lap joint. 





per rivet on either side of the joint. s resisted only by one section of a 
rivet, while in Fig. 257 and in the double cover butt joint of Fig. 256 
the rivets are in double shear, йе. the pull or thrust per rivet on either 
side of the joint is resisted by two sections. It is usual to allow in 
fede d re a total stress of from 1'5 times to twice that 

wed for single shear, specifications varying upon the all іо; 
1775 may be taken as a usual value. a alice E 

Resistance of a. Riveted Joint.—(a) To Tearing 

i Жей, жы жык, AGA АКШ 

where f, = working tensile stress in a perforated plate, £ = thickness of 
plate, and 6= available resisting breadth of plate, .e the whole breadth 
minus the diameter of each rivet hole which is effective in reducing 
the tearing resistance. It is usual to take the diameter of the hole as 
ye" greater than that of the rivet before driving. 

* Very interesting attempts have been mad Prof. find 
theorateliy, bythe aliad appli able FO рать носа нн i 
Ew cree dem cova See eaten oe 

borne emi a iv “ 
Load in Riveted Joints," in the journal of the Franklin sais Institute, Nor. 1016. ^ 
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(B) Zo Shearing.—In single shear, 
ОО 


where n = number of rivets on cack side of the joint, 4 = diameter of 
rivets, f, — working unit stress in shear allowed in rivets. 
In double shear, —conventionally taken to be about 


LIS MTL aes) 


It is usual to add a Proportion, A 10 to 25 per cent., of rivet area 
for all rivets driven ig erection called “field” rivets. 

(€) To Crushing. . 

жау БЛ ЛЕБ tay 

where f, = the allowable unit stress for E reckoned on the 
longitudinal or axial section of the rivet. The stress f is usually taken 
яз 27. The ratio of /, to /, is often specified for riveted joints, and 
may be taken as about 1'2 to 174. 

The number of rivets required in a given case of direct pull or 
thrust may be found by equating the smaller of the two resistances, to 
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Fic. 256.—Single-riveted butt joint. Fro, 257.—Double-riveted butt joint. 


crushing (4), or shearing (2) or (3), to the resistance (т) to tearing. 
With the above values a double-covered butt joint will be weaker in 


shearing so long as7. 1754 is less than /, i4. so long as 


d is less than 146%, or £ is greater than 06854. 
Usual dead load values for /, for mild steel are 6 to 75 tons per square 


inch, and for to tons square inch. 
Re e rias o de MEDIE 


for structural work. The diameters vary from $ inch to 1} inch accord- 
ario e thickness of plate and convenience. The rule Z 2 r'2V/7 
s Laer apparent value are deduced from tests to destruction of riveted joints ia 
which the rivet resistance is augmented by friction. 
Q 
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may be taken as some indication of a suitable diameter, but this may be 
considerably varied to suit circumstances such as a convenient pitch. 
Limits of Pitch—3-inch pitch or possibly three times the rivet 
diameters is about the minimum space into which Finch rivets can 
conveniently be placed. And to avoid opening or bulging of the plates 
a maximum of about 16 times the thickness of the thinnest plate in the 
joint is frequently specified.” 
# 


EZ LZ 





-l- ; C» Le 





à 2,04, O 
z Od 
і 5 40505: O50 |—>\ (ep 
| d) 200600 

FIG. 253.—Possite failures of lap joints. Fic. 259. 


179. Grouping of Rivets.— The tearing resistance of the plates of 
a joint containing a given number of rivets depends upon the arrange- 
ment of the rivets. For example, in Fig, 259 the form (a) reduces the 
effective breadth of the plate to the whole breadth, minus three rivet- 
hole diameters. The form (4) is stronger and only makes a reduction 
of two holes in the breadth, while (c) is the strongest form and only 
reduces the strength to the extent of one hole. For before the plates. 
ean pull asunder at a section through rivets 2 and 3 the rivet 1 must be. 
sheared, and this generally offers a resistance at least equal to the 
tensile resistance of the corresponding breadth of plate) Similarly 
fracture of the plate across the diameters of rivets 4, 5, and 6 is resisted 
by the rivets 1, 2, and 3. The cover plates, on the other hand, are 
not so assisted, and their combined thickness must be such that after 
perforation their area exposed to tension is at least equal to that of 
the plate section through the rivet hole 1. Their combined thickness 
generally exceeds that of the plates by so per cent. 
EXAMPLE 1.—Arrange a suitable double-covered butt joint to splice 
a finch tie plate ro inches wide. Use Linch rivets, 
* Except in the case of a thick plate with relatively thin rivets. 
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Taking the tensile load at 7*5 tons per square inch, equivalent ten- 
sile dead load, allowing one rivet hole }4-inch diameter is 
(10 M) X $X T5 — 4255 tons. 
Stress per j-inch rivet in double shear say 
‘ 5 X Y'75 X 0°7854 X (§)* = 5°26 tons. 
Number of rivets required = 42°5 > 5’26 = 81, say g rivets; ‘The 
joint is shown in Fig. 260, 


| © О 





t ^" 








FiG, 260.—Double-covered butt splice for the plate. 


ExAMPLE 2.— The member CR (Fig. 204) is subject to an equivalent 
dead load of 15977 tons as in Example r, Art. 175. Allowing 7'5 tons 
per square inch in tension, and 5*5 tons per square inch in shear stress 
in inch rivets, arrange the section and joints to the booms, 3 

Net area required 159°7 + 7°5 = 21°3 sq. ins. 
‘Using four standard unequal angles 6" x 4" x $” Table IV. A) 
dix, gives with one rivet hole in each a net area of 4(586 —12 x $) 
= 2112 sq. ins. If 6" x 4” x 1" angles are used there will be a mar- 
gin above the specification, Using two angles attached to each side of 
the boom, each joint must withstand 159°7 +2 = 799 tons. In single 
shear the resistance of each rivet is (2) x 0°7854 X 5'5 = 3'31 tons. 
Number required if in single shear 79:9 3 331 — 24'1, say 25, 

Resistance in bearing per rivet, say Xf x rr = Gor tons. 
Number required 79:9 2- 6'o1 = say 14 or with 3" angles say 13. The 
details of a joint are shown in Plate II., member 53, which is of some- 
what similar strength to this calculation, having at the upper joint pass- 
ing through the gusset plate 12 rivets in double shear and two in single 
shear, But the allowable tersion in the member for stress in 
this оа e seh ee gusset 
Plate being 2” thick; 2” plates would allow the full 79'9 tons. 
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180. Oblique Attachments.—The centroid of the cross-sectional 
areas of a group of rivets should so far as possible lie on the centre line 
or gravity axis of the member which the group attaches to another 
member. Otherwise the resistance of the rivets will exert an eccentric 
force on the member, thereby subjecting it to bending, as in Art. 112, 
Fig. 261 shows at (a) an undesirable arrangement; assuming that all 
the rivets resist equally, the members are jointly subjected to a moment 
Ph = P'. À when the pull passes at a distance / from the centroid G, of 
the group of rivets. (See also Art. 174.) The grouping shown at (b) 
is frequently adopted as being the only possible plan to get in the 
necessary rivets, but across the section XX. whic. is reduced by one 





Fic. 261. 


rivet hole the pull is not through the centroid of the section of the 
member, and bending stress accordingly arises. The symmetrical 
form of grouping (about the centre line of the sloping member) shown 
at (c) will obviate bending stresses, except such as arise due to rigidity 
of the joint, as explained in Art. 174. 

181. Flange or Boom Splices.—In making a splice in a boom 
consisting of several pieces it is desirable while making the joint in 
each piece to come under one set of covers, to arrange that no two 
pieces lying next to each other should have their joints at the same 
section. A typical boom joint is shown in Fig. 262 (which represents 
the joint in the top chord of the girder shown in Plate IL, but is placed 
on Plate IV.). The channels and the intermediate }” flange plate make 
joint at the same section, but joints of the 2” mainplate and the outer 

;" plate lie on either side of this section. 

182. Torsional Resistance of Rivet Groups.—It frequently happens 
that the attachment of one member of a structure to another by a-group 
of rivets is subjected to a direct pull or thrust, and in addition to a 
moment in the plane of the rivet cross-sections. In other words, the 
resultant force transmitted does not pass through the centroid of the 
rivet cross-sectional areas, but is eccentric. Examples occur in members 
of a riveted truss the joints of which being rigid cannot turn as if on 
frictionless pins, and are subject to moments which cause secondary 
stresses (Art. 174.) More obvious cases occur in the attachment of & 
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bracket to a stanchion or in the attachment of a cross-beam to the 
stanchions or to beams at its ends. Take Fig. 263 to represent a 
bracket attached to some support by, 
say, five rivets, A, B, C, D, and E, the 
centre of gravity or centroid of their 
cross-sectional areas being at G, two- 
fifths of the distance between the two 
centre lines from B. Let A be the 
eccentricity of a load P from G. Then 
the rivets jointly resist (1) a direct force 
P, and (2) a moment PA. The exact 
distribution of these actions among the 
rivets cannot be calculated with any 
great certainty for many reasons, such 
as the inexactness of fitting and filling 
the holes. Taking probable conditions 
with good fitting, each rivet will exert 
on the bracket (x) a force equal to one- 
fifth P and parallel to the direction of P, ig, 263 —Eecentrlc thrust on 
(2) a force perpendicular to the line Баа н 

joining its centre to G and proportional 

to the distance from G, the sum of the moments of such forces being 
equal to and balancing the torsional moment PA. Let R be the 
distance from G to the centre of the most distant rivet A, and let F 
be the force exerted by the rivet A in consequence of the moment PA 
or M. Then the force exerted by any rivet such as E, 'say distant » 
from G, is 





Exc. 04521) 


and the total moment M — Ез) for all the rivets, hence 
F2EMRGAXS....... (2) 


while the force exerted by any rivet E is— 
Mire aA) rela WT yy 


in such a direction as to oppose the moment M = P% of P, ñe. so as to 
have, as in Fig. 263, a contra-clockwise moment about G. The total 
force exerted by any rivet such as E is found by adding geometrically 
the above force (3) to the force one-fifth P opposing P. This addition 
may be made,graphically or by trigonometrical calculation. y 
More generally the forces acting on any rivet of # in a group will be 


Zof P and M. r- X). 
Approximation for a Large Group.—The process of finding X’) 
for a large ont Yt be tedious, It may be taken as né* where & is 
the radius of gyration of the circumscribing area about an axis through 
the centroid G and perpendicular to the cross-section of the group, the 
area being extended by half a pitch beyond the centre lines in each 
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direction, eg. for nine rows of rivets, 3” pitch, with nine rivets in each 
row. The true value of X(r*) (taking the sum of the squares of the 
distances from two perpendicular axes) is 
2X2 X o(12* - 9! - 6 3) = 9720. 

For the area 27" xX 27", # =} X 27 = I215, пі = 81 Х 1215 
= 9841, which differs from 9720 by just over x per cent. 

EXAMPLE 1,—Fig. 264 shows one of a pair of angle cleats 6” x 3h" 
х $" by which each end of the webs of an I beam carrying a uniformly 
distributed load of 26 tons is attached by bolts to supports at its ends. 


сезе 





Bats 


13 Tons. 
Fic, 264,—Maximum stress in rivets of angle cleat connection. 


Find the maximum stress taken by any of the five rivets attaching the 
two cleats to either side of the beam. 

Assuming a purely vertical reaction of rg tons (half the load) at the 
back of the angle, exerted by the bolts, the eccentricity is 2} + ax a} 
=3'15", hence the moment is 13 X 3°15 = 40°95 ton-inches. se 
term r* in X(r*) may be estimated by the sum of the squares of 
zontal and vertical components, hence taking these component values, 

3(7) = {3 x (o'9)} + (a x (x'35)'} + {2 X (31)'} + {2 x G9" 

= 41°25 square inches 

1 Generally there will be a considerable clockwise moment exerted on the angle 
cleat by the rts, consisting of a thrust at the bottom and tension in the upper 
bolts ; this will reduce the moment exerted on the rivets and the resisting 
exerted by them. Unless there is sufficient play in the connection or e 
allow the end tilt given by (6) and (7), Art. 97, there would be a large 
moment exerted E ria lent on the ve 


i 





ü 


ART. 183) | STRUCTURAL CONNECTIONS 455 
Distance R of rivet A from G (the centroid) = y 375° F 0'9? = 3'855". 
Hence from the relation (2) the resistance of rivet A to torsion about G 
is 
40°95 X 3°855 + 41°25 = 3°82 tons, 
which is inclined @ to the horizontal where 
tan 0 = ^5 = 4°16, ie. 0 = 76°5% 

In addition the rivet exerts on the two cleats a vertical downward 
rorce 13-5 = 2'6 tons, Hence the resultant force exerted by the 
fivets on the pair of cleats, found graphically or as follows, is 

ЖҮГҮРТ 
(3'82 F 2'6 F 2 X 3:81 X 2'6 X cos 76757) = 5'ro tons 


which even taken in double shear is a full allowance for a 1" rivet, and 
is a high rate of bearing pressure in passing through а }' web, viz. 4°87 
+ (4 x $) = 13 tons per square inch. 

1f the resulting force for the remaining rivets be similarly determined 
and a polygon of forces be drawn, the resultant will be found to be 
13 tons vertically downwards, and if by a funicular polygon its position 
be determined it will be found to act in the same straight line as the 
13 tons upward force at the back of the cleat, thus checking the 
calculations. 

EXAMPLE 2.—One hundred 2" rivets arranged in the form of a square 
at 3” pitch, in directions parallel to the sides of the square, resist a. 
moment of 2000 ton-inches, Find the load on the four rivets at the 
corners of the square. 

Distance R to the comers = 13°5 x “2 = төт". 

For a circumscribing square, 

length of side = 27 +3 = 30", P=} X 30° = 150 


hence (7) is 100 x 150 approximately = 15,000 
and from (2), PUT - 2'55 tons 


more accurately (7) =2 X 2 xX toX 9(4'5 + 3'5" + 25° + rs 
+ 0°5*) = 14,850 
ооо хоз „д, 

and Е= 14/550 = 2°57 tons 

183. Design for N or Pratt Girder.— Plate II. shows the elevation 
of half of a riveted N or Pratt truss, forming one of the main girders 
of a double-track railway bridge for which Author is indebted tc 
Sir Wm. Arrol and Co., Ltd. Part of the cross-section is shown in 
Fig. 265. Actually, as shown on the plan, the bridge forms a skew 
span, the angle of skew being 42°, but the design corresponds fairly 
closely to that for a square span. (Of the nine panel points in the 
girder only two will be appreciably affected by the angle of skew, 
viz, the two nearest the abutments at the awe end of the span. The 
loads on these points will be diminished because the cross girders there 
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do not traverse the full breadth and in consequence do not carry the 
full load.) The cross-section and enlarged elevation of the splice of 
the top chord are shown in Fig. 262 on Plate IV. 

"The dimensions on the drawing give the reader many examples in de- 
sign. Asa basis of calculation the following data may be used. Effective 
span, 93 feet x inch. Effective height, xr feet 6 inches. Panel length, 
g feet 2} inches. Dead load, 06 ton per foot per main girder ; equivalent 
moving load per girder, 1'5'tons per foot plus 23 tons concentrated in the 
most influential position. For chord members, replacing the concentrated 
load by twice the amount uniformly distributed, we may take 1'5 + $$ 
= 2 tons per foot run. Equivalent dead load stress on any member, 
= max. stress + (228e Of stress)! hich is equivalent to using an 

3 max, stress 
impact factor (see Art. 4) equal to range of load + max. load. On 
loads so increased for dynamical contingencies, unit stress of 9 tons 


1 
per square inch in tension, 9 — o'o3 i in thrust, and 7 tons per 
square inch shear in rivets with r4 tons bearing stress may be used. 


These really correspond to much lower working unit stresses reckoned 
on the maximum load, eg. for chord members the stress is increased 


in the ratio 2°6 + 7 to 2°6, i.e. 4'14 to 2°6, hence the tensile allowance 


Red a Bê RGSS is EX 9 = 5/65 tons per square 
inch. А 

The rivets attaching a web member to a gusset plate have to сапу 
the whole pullor thrust in that member, but the rivets attaching a 

t plate to a continuous chord at a joint have only to carry the 

increment of chord stress at that joint, ie. the 
resultant force exerted by the web members 
meeting at that point, . 

184. Pin-joints.— Zye-ars—The use of 
knuckle pin joints with forks and eye-bars has (2) 





already been illustrated in Plate I. Such joints 

were formerly very common in roofs but are 

now generally replaced by riveted joints. In 

America pin-joints have largely been used in 

bridges, the tie members being made of several 

eye-bars symmetrically placed with respect to 

the centre of the length of the pins. The 

Proportions of the forged ends and pin holes - 

in eye-bars vary somewhat, but the form illus- 

trated in Fig. 266, in which the hole diameter A 

d — 34, where 4 is the depth of flat bar and 

the thickness #=4/ represents about the 

A rotin The, head ар pu oie Fic. 266.—Eye bar end. 
enough to be stronger 4 

bar, When the pin is a slack fit in the eye-bar holes the bearing 

Qa 
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pressure is very unevenly distributed; in any case the bearing pressure 
allowed is less than on rivets, being often about 8 tons per square inch, 
1f the ends are not thickened, for equal bearing and tensile resistance, 
fA. tm dtf, 
debe “шй 
å f 


where f and fs are the working unit stresses for tension and bearing 

respectively. 2 

Maximum Bending Stress in Eye-bars with Pinjoints.—Pin-joints 

are sometimes said to eliminate any serious degree of secondary stress 

due to bending from lack of free turning movement at the joints. Let 

P be the total primary stress in an eye-bar of a pin-connected frame, 

Then if the whole pull P comes on the pin, the total frictional resistance 

at the circumference of the pin before movement takes place is a. P, 
where y à: the coefficient of friction between the pin and the hole, 1 
Maximum bending moment at the ends M = 4. P. 42 i 

` Maximum bending stress = uP .¢ + Z Я 
4 
= ра Ыт = ЗЫ 


Z being the modulus of section for bending stress. Then in order that 
the bar should move round the pin to prevent a bending stress of, say, 
n times the primary unit stress (where s ìs a fraction), 


"2 nP 
AP must be less than 77 
must be less than 97 oe 


eg. if d = $h, in order to prevent a secondary bending stress greater 
than ro per cent. of the primary stress u must be less than o'o, a _ 
condition very unlikely to be fulfilled in' such a pinjoint Again, if j 
is so low as 025 the secondary stress might reach 

3Xo25XPx 075 AF = E ie of the primary unit stress, 
before it is relieved by movement about the pin. It may be noted that 
in a pin-joint in a continuous chord the pin does not bear the whole 
chord stress but only the increment at the joint, which makes movement 
possible with lower bending stresses than for discontinuous eye-bars 


supposed above. ч 
Stresses in the Pins—In addition to the bearing and shearing 
stresses (the latter being usually low) in the pins, the bending stresses 
are important. The bending moments on a pin result from forces not 
all in one plane nor all parallel. The maximum bending moment may 
be found by resolving the forces exerted by each member hinged at the 
pin into two perpendicular components, say horizontal and vertical. T 





component bending moments in two perpendicular planes may then be 
calculated as in Chap. IV., the component values along the pin axis. 
being proportional to the ordinates of a polygonal diagram such as 
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Fig. 86, The actual bending moment at any section will in general lie in 
some intermediate plane, and if at any section MA — the bending moment 
ina horizontal axial plane and M, — the bending moment in the vertical 
axial plane, the resultant bending moment is M = Ум + м; 
the maximum bending moment will occur at the point of application of 
one of the forces, iz. in the plane of the axis of some member hinged 
to the pin, and the place of its occurrence may be found by inspection. 
The varying bending moment along the pin axis may be conceived as 
represented by the radial ordinates of a winding surface, the generators 
of which are radial straight lines through the aais of the pin and 
perpendicular to it. The projections of such a surface on two planes 
through the pin axis give the diagrams of component bending moments 
in the respective planes, 

185. Beam and Stanchion Connections.—The attachments of the 
ends of an I beam toa stanchion are usually made by “cleats,” f, pieces of 
angle section riveted to the 
beam and bolted to the stan- 
chion. Fig. 267 shows the web 
and flange cleats suitable for 
such a purpose. The upper 
flange cleat and web cleats 
will usually be riveted to the 
girder, but the lower flange 
cleat (shown dotted), if used, 
will usually be riveted to the 
stanchion. Sometimes connec- 
tions are made by web cleats | 

» only, particularly at the joint 
of two beams under a floor, 
The Supporting force which 
such a cleated connection may 
safely exert is measured by the 
Shearing value of the bolts in HH. 
single shear, the bearing and 1 
the shearing yalue of the rivets Fic. 267, 

(in double shear) and the 

smallest of these three values taken. In estimating the shearing and 
bearing values of the rivets it is to be borne in mind that they are liable 
fo some moment about the centroid of the group in addition to the 
(rect force of the end reaction, in other words to an eccentric force. 
At an extreme estimate such a moment might be taken as the product 
of the end reaction into the distance of the centroid from the back 
of the web cleats ; the effect of such eccentricity was estimated in Ex. x, 
Art. 182, where it was pointed out that the action of the moment will 
to some unknown extent be neutralized by the moment exerted by the 
bolted attachment of the cleats to the stanchion. 

The question may suggest itself as to whether such beam connections 
do to any considerable extent correspond to the assumed end con- 
ditions of a“ built in” beam? A rough numerical estimate will show 

1 See Second Report of Steel Structures Research Committee, H.M.S.O. (1934) 
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that the moment value of the rivets would be quite inadequate to take 
the end moments involved, and that the conditions must approximate to 
those of a beam simply supported at its ends. Before such conditions 
can obtain some local yielding must take place. If, for example, the 
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FtG. 268, 


central deflection of the beam is say o'cor of its length the average slope 
is 0002, and the end tilt must be of the order of o'oo4 of a radian. To 
accommodate this, if the rivets are tight fits in the holes considerable 
local strain must occur, which may be distributed over the upper bolts 
in tension, the rivets in shear, and the rivets and rivet holes in bearing , 





е 
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particularly in the web. When once the end slope has been accommo- 
dated by slackness or by straining, the rivet stresses may be looked upon 
as not exceeding the values indicated in Ex. т, Art. 182. But in any 
case the conditions are indefinite, and the computations of stress in 
these connections must be 
regarded as to a consider- 
able extent conventional. 

Fig. 268 represents 
the joint of an I section 
stanchion with four hori- 
zontal beams attached, 
such as may occur at the 
junction of two stories of 
a steel frame building, 
and Fig. 269 represents < 
an isometric drawing of 
such a joint. 

Fig. 270 shows the 
stanchion caps and bases. 
It is recommended that 
each angle cleat at the 
cap should be capable of 
carrying (calculating on 
the rivets in single shear) 
at least half the end re- 
action of the girder it 
supports, the other half 
being taken directly by 
the stanchion through the 
cover plate (if used) or 
through bolts to the upper 
stanchion in case of a 
joint, such as Figs. 268 
and 269. In the bases, 
consisting of sole plate 
and angles to flanges and 
web, the number of rivets 
required for a “fixed” 
end is often taken such 
that they are capable of 
transniitting the whole 
load to the sole or base че 
plate. Thus in the base Fic, 269. 
shown in Fig. 270 there E 
are 27 rivets ?" diameter attaching the I section stanchion to the angles, 

ese, 24 are in single shear and 3 in double shear, and taking the 


Of 

shear stress at 4 tons per sq. inch, and the bearing pressure at 8 tons 
per sq. inch, the latter will limit the carrying value to about 66 tons, 
With a machined column end a portion (say about half) of the load may 
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be assumed te be transferred directly to the base plate instead of 
through the rivets and angles ; thus 66 tons is fully half the maximum 
working load on the column shown in Fig. 270, 94. its load at its 
shortest probable length of about 10 feet. 

Tn addition to direct thrust the rivets should in any case be capable 
of taking. any bending moment which may arise at the base, whatever 
the assumed end conditions of the column base. If, however, the base 
is of an ordinary character and the loads are nominally axial any 





relatively small bending moment is usu- 
ally taken as being amply provided for 
and is therefore disregarded. 

Figs. 267 to 270 relate specially to 
broad flanged sections, among the ad- 
vantages claimed for which are, sim- 
plicity and convenience in such attach- 
ments. The flanges and web are thicker 
than in narrow flanged joists, allowing 
the use of larger and fewer rivets; tbe 
flange area is sufficient to allow of 
double rows of rivets being used, and 
consequently for column bases the gusset 


These illustrations are taken by kind permission from the lent 
“Structural Steel Handbook” of Messrs. R. A, Skelton & Co, Sfudents 
of design will find much useful information in the handbooks of the 
` various structural steel makers and merchants. 

Anchorage of Stanchions—Stanchions “ fixed” at the base must have 
holding-down bolts as well as riveted base connections capable of 
withstanding bending moments such as arise from wind and other 
horizontal loads calculated in Art. 166 and elsewhere in Chap. XV. 
Let T be the total tension in the bolts on the “ windward” side of a 
snochion base, let be the distance of the bolts on the leeward and 
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windward sides from the centre line of the column base. Let the 
straining actions at the base be reduced to an axial tbrust V and a bend- 
ing moment M. Then the axial thrust assists the anchorage bolts to 
resist the bending moment and taking inoments about the leeward 


bolts, 
Toa4 Yam M, oT a-v) 


Pressure between Sole Plate and Foundat. m—The unit pressure may 
be assumed to vary uniformly and consequently, from Art. 112, if A 
is the area of sole plate the greatest intensity at the leeward edge 
will be ' 
ed MA 
7А І 


where y, is half the width of the sole plate from the leeward to the 
windward edge and I is a principal moment of inertia of the sole 


plate area. 
‘Stress in Sole Plate.—The overhang of the sole plate beyond the 
attachment angles must be limited so that treated as a cantilever with 


a load varying as above the extreme stress on the face of the plate is 
within a working value. 


|ExaMPLES XVI. 


In Problems No. 1 to No. 5 inclusive, as in Art. 183, take the dead 


load o'6 ton foot run, live load r5 ton foot, together with 23 
io4s concentraed in amy position. Impact Duis Gane of, load) + 


maximum load. Unit stress 9 tons per sq. in. in tension, 9-003 7 tons per 
sq. in. in compression, Rivet shear stress 7 tons per sq. in. bearing stress 


14 tons per sq. in. 

1. Find suitable sections for the booms at the centre of the span of the 
girder in Plate II. 

2. Find suitable sections for the booms 20 feet from the centre of the 
span of the girdér in Plate II. ^ 

3. Design the diagonals S2, $3, S4, and S in Plate II. 

4. Design the verticals P3 and P6, Plate II. 

5. How many {-inch rivets are required to attach the gusset plate at the 
foot of the vertical P3 to the lower boom? 

6. A beam is attached to end supports by the web cleats only, shown 
in Fig. 267. Assuming that a reaction of 14 tons acts at the back of the 
cleats, find the maximum force on any rivet in the web cleats, 4 

7. Twenty-five rivets iue in the form of a square have a pitch of 
3 inches in each direction. What is the greatest stress on any rivet if the 
group resists a pull of 50 tons parallel to the side of the square and a 
moment of 100 ton-inches. y " 

. $. Solve the previous problem if the resultant pull is parallel to & 
diagonal of the square. 


CHAPTER XVII 
PLATE GIRDERS AND BRIDGES 


186. Types and Proportions.—The moment of resistance to bend- 
ing of plate girder sections has been referred to and illustrated in | 
Art. 67 which the reader may revise with advantage before proceeding i 
with the present chapter. The shear stress has been dealt with in Art. j 
72 and the principal stresses in Art. 73. 

In the main, the flanges of a plate girder resist the bending moment | 
and the web resists the shearing force ; fora girder simply supported at its 
ends the bending moment to be resisted will be greatest about the centre 
of the span and the shearing force greatest at the ends. The plate 
girder represents a practical approximation to a beam of uniform 
strength, for its maximum moment of resistance with a full working unit 
stress allowance at any section is roughly proportional to the maximum 
bending moment which the girder has to carry. In some cases also the _ 
web section is varied, being greatest towards the ends where the shearing _ 
force is greatest The variation in moment of resistance to bending ig _ 
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Fic, 271.—Curved flange girders, 


accomplished in two distinct ways, viz. (x) in parallel fi girders 
(Plates IIL, and IV.) by varying the section ns flanges, (ajin curved 
flange girders (Fig. 271) by varying the height or distance between the 
flanges. Of the latter kind (Fig. 271) there are two types, (a) the fish- 
bellied girder with curved bottom flange loaded on the straight top. 
flange such as is used in large travelling cranes and (b) the hog-back 
girder with curved upper flange loaded on the straight bottom flange as 
used occasionally in bridges, The parallel flange type is the simplest 
and most economical to construct and is the commonest type. The 








. depth may be taken as an average 
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curved types may in some cases save material and be lighter, and in some 
cases are used for the sake of appearance. 

Plate girder bridges are used for spans of from 20 to 8o feet and 
their use tends to extend to larger spans of roo feet and more. 

The proportions vary considerably, but a depth of from 1/12 to 1/16 
of the span is about the usual average with single webs, the proportion 
being somewhat greater in short girders and less in long ones, and in 
girders having two web plates. The breadth of flanges varies greatly in 
different classes of work. The flange 
plates should not overlap the angles 
by more than say 4" unless there are 
stiffeners at short intervals, otherwise 
there may be local buckling of the 
compression flange under thrust. For 
this reason flanges seldom exceed 20” 
or 22" in breadth even in very deep 
girders and they are frequently not 
more than 18”. For small spans a 
width equal to about a third of the 






proportion. 

187, Curtailment of Flange Plates 
— Flange Splices.—In order to reduce 
the moment of resistance of a parallel 
flanged girder in proportion to the 
bending moment, the several plates 
which with the angles constitute the 
central and maximum flange section 
need not all be carried throughout the 
whole span. It is only necessary to 
carry any plate so far that the moment 
of resistance of the remainder of the 
section is not less than the bending 
moment to be resisted. A simple way 
of finding where the plates may be 
curtailed is shown in Fig. 272; BEFHD 
represents the bendingmoment diagram 
drawn to scale. Then if A, An An are 
the respective areas of section of say 
the top plate, second plate, and main Î 
plate including the angles, etc, the 
maximum bending moment and 
moment of resistance HK may be 
proportionally divided as shown into 
the moment of resistance of the several 









of Flange = B.M at centre 
gles 


Tora! Momenr of. Resisrance 
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Fic. 272.—Flange resistance diagram, 
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Main Plate and An 









construction of setting off lengths along 
BC proportional to Ay, Ay A, If A; + A; + A, exceeds the total area A 
required at the centre to give the moment of resistance HK the point C 


466 THEORY OF STRUCTURES [Сн. хуп, 


joined to N must be such that BC represents the smaller quantity A 

where 

fx Ax d= maximum bending moment, 
a = maximum bending moment 

Dt - ATRIA IEA TE eo ed e * s. (1) 

d being the effective depth of girder. 

The length of the top plate necessary to keep the moment of resist- 
ance up to the amount of the bending moment is found by drawing PQ 
parallel to CN and a horizontal line through Q meeting the bending 
moment diagram in F and F'. Then FF! gives the length of top plate 
required neglecting the connection to the remainder of the flange. 
actual length of plate used often exceeds FF" (empirically) by a length 
at each end sufficient to contain such a number of rivets that their 
resistance shall be equal to the total working stress attributable to the 
plate, generally some 3 or 4 times the length of the rivet pitch. 

The length of second and other plates is similarly determined, 
Examples are given in the designs in Arts. r91 and 192. 

The results may of course be calculated, for the length of any plate , 
is obtained by equating the working moment of resistance of the flange 
sectional area below it to an expression for bending moment in terms of 
a variable distance x along the girder, and solving for x. 

Uniformly distributed load—Let w ='load per inch run, /, = length 
of top plate, Z = span, f = working unit stress due to bending in the 
flanges, then from the parabolic bending moment diagram, } 


AO -Ol-a ® 
from which 4 may easily be found. 


Or more simply ў 
А А, 
NA E RETO Sr HE O 


and if A, + A, +A, = A exactly (which із seldom the case in practice) 


mn reste ie eiie del 


In these formula safety in approximate values of 2 lies in taking & 
4igh value; thus for the outer plate the reduction in moment of resist- 
ance is A — (A, + A,) multiplied by a quantity rather greater than the 
effective depth for the whole flange: the plate should not be curtailed 
before the sections at which the bending moment is similarly reduced, 

In the case of girders of variable depth such as those in Fig. 271 
equation (2) holds good, d being a variable quantity. For the graphical 
method the ordinates of the bending moment diagram may be all multi- 
plied by the inverse ratio of the girder depths to that at the central or 
other section and the depths then taken as constant and equal to that 
at the chosen section, 

Equivalent Uniformly Distributed Loads——When equivalent uni- 
formly distributed loads have been determined applicable to centre 
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sections only (see Art. 84), a different value and usually a higher one 
will have to be employed in constructing the flange diagram. The 
parabola so used would be that which would completely circumscribe 
the actual maximum bending moment diagram. In order to give the 
plate lengths directly, without additions to allow for riveting, a still 
higher table of equivalent loads is sometimes used ; an example is given 
in Art. 192 in which the load (56*5 tons) is about 8 per cent. greater 
than for the design of the central section. 

Flange Splice — The splice of a flange should not generally be at or 
very near the section of greatest bending moment in the girder. It is 
made in a similar way to that in Fig. 262 and not more than one mem- 
ber constituting the flange is broken at one place. 

188. Web Stresses and Stiffeners.iThe magnitude and direction 
of the stresses in the web of a girder of I section have been dealt with 
in Art. 73. _ In plate girders of ordinary proportions the deep web alone 
is quite inadequate to resist buckling under the influence of the principal 
compressive stress arising mainly from the shear stress. It is therefore 
reinforced at intervals not usually exceeding the depth of web by 
stiffeners as shown in Plates III. and IV, The spacing of the stiffeners 
depends upon the intensity of shear stress allowable in the web. The 
buckling resistance of the web subject to compressive and tensile stresses 
at right angles has sometimes been compared to that of a strut, so that if 
d=unsupported length of web plate between consecutive stiffeners and 
t= КОЕ of web, the line of thrust being taken as inclined 45° to the 
vertical stiffeners, applying Rankine’s formula (s) Art. 116 and putting 


{= a.d, B= yf, @=1/30,000 
maximum allowable compressive stress = max. allowable web shear 


stress = 
maximum allowable compressive stress a 
a com pee mus a 
gn 
which, if g and z are known, gives a rule for checking the web stress, OF, 
if Z and the actual unit shear stress in the web are known, gives a rule 
for finding û suitable value of d. Thus if the allowable shear stress is 
half the tensile unit stress 


2 
(£y — 1250, des aufi рро ЧЕ) 
An American rule with a different constant is, 
shear unit stress = M&ximum compressive Hoi Ses (3 
Uis eo) 


where d is the pitch of the stiffeners and therefore exceeds the length 
of unsupported plate by, say, 4 to 6 inches. 
* For working rules and stress allowed see B.S.S. No. 153, Part 3 (1933 revision) 
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This like Rankine’s formula for struts might be reduced to the 
approximate form of, say, 
shear stress = max. direct stress x(x - voa?) +e AM 


If 2 = 40./, these rules limit the shear to about half the direct stress, 

Common requirements of specifications for plate girders are that 
stiffeners shall not be further apart than the depth of the web if the 
distance between the flange angles exceeds say 50 or 6o times the 
thickness of the web, with a further limitation to about 5 feet whatever 
the depth of web. The maximum web shear stress is sometimes speci 
fied not to exceed half the allowable tensile unit stress; this clause is 
made with due regard to that for stiffener spacing and vice versd. 

» Another function of stiffeners is to transmit the concentrated loads 
at the ends or at the cross girders to the web of a main girder. Hence 
stiffeners are required at every point of application of a concentrated 
load. These stiffeners at load points and their rivets are required by 





Fic. 273,—Stiffeners. 


some specifications to be capable of carrying the whole load applied 
them, while by others they are required to be capable of acting at 
strut) Say two-thirds of the vertical shear on the girder at their point of 
attachment and the whole shear in the case of the end stiffeners, the 
length of strut being taken as two-thirds or three-quarters of the web 
length between flange angles. 

‘The stiffeners at points of concentrated loading and at web joints 
are often made of two angle sections, and a gusset plate, bent over so af 
to support both flanges and the web, such stiffeners being used in pairs 
on opposite sides of the web. In other cases either Tee or 
section stiffeners are used either bent over knee shape as shown in 
Plates III. and IV. and (a), Fig. 273, when the breadth of flange allows, 
or as in (b) and (c), Fig. 273, bearing tightly against the flange angles, 
the vertical legs of which they clear either by having packing plates 
(American, “ fillers”) behind them (c), or by being “joggled” or 
“crimped” near their ends (b). 





* 
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Stiffeners are generally placed on both sides of the web, and where 
cross girders are used the inside stiffener is turned over and riveted to 
the top flange, as shown in Plate IV. 

In box plate girders stiffening diaphragms are often placed inside, 
attached by angles to each web plate. 

For so complex a structure as a plate girder there can be no very 
exact theory as to the distribution of web stress, and the above rules 
relating to spacing must be regarded as largely empirical. Further, the 
pitch of stiffeners selected will frequently be influenced by the position 

“of cross girders and web splices, 

Some idea of the effect of different sectional areas and spacings of 
stiffeners may be obtained from experiments carried to the point at . 
which the web buckles into wave form ; such experiments have been 
made by Prof. Lilly, who regarding the stiffeners as analogous to the 
struts in a braced truss (see Fig. 204 say) deduces under certain 
assumptions a rule of the type (3). 

189. Pitch of Rivets Uniting Flanges to Web—The rivets 
attaching the flange angles to the web have to transmit the longitudinal 
shear between the web and the flanges. Let be the pitch of the rivets 
and let R be the working resistance of one rivet. Neglecting any varia- 
tion in intensity of the shear stress in the web and adopting the approxi- 
mation mentioned in Art. 72, the intensity of shear stress, hori 
and vertically is 

ТОР. Ж-ДИ» ГЭ .Q 


where £ = thickness, and 4 = depth of web, and F = gross shearing 
force on the section. In a distance horizontally the total horizontal 
shearing force to be resisted іѕ 4.2 - 4 hence— 


gH — Randp-R|g—- RAF .... Q) 


These relations are often stated in the form horizontal force per inch 
length R/p = gt =F/A. They might also be obtained by 
moments about a point P (Fig. 274) of the forces on a section of the wel 
of length , remembering that the only important force on the web is the 
shearing force F. But actually a small part of the longitudinal tension 
and compression is carried by the web, hence the moment about P 
to be balanced by R is less than that of F, and B.S.S. No. 153 permits 
that horizontal shear per inch length (F/A) to be reduced in the ratio of 
the flange section area to the sum of the section ар 
the web section area. The expression above for the pitch û shows 

їп a girder of constant depth A the pitch may be made greater where the 
variable shearing force F is smaller ; for example, towards the middle 
of the span of a girder carrying a distributed load. Often a pitch 
suitable for the section of a maximum shearing force is used throughout 
for convenience instead of a variable pitch. The working resistance 


1 Engineering, Feb. 1, 1907. 
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R of a single rivet may be its resistance to shearing or its resistance 
to crushing across a diameter. 

For attaching the aogles to the flange plates twice as many rivets 

will be necessary if the 
shearing resistance is 
the criterion, for the 
rivets are in single | 
shear; this will require 
the same pitch A ûs 
before on either side 
of the web, there being 
then twice as many 
rivets as are used for 
S attaching the snp to 
the web. If, however, 
edi resistance to 
is the criterion throughout, a pitch 2? might be used to attach the angles 
to the flange. 

If the above rule indicates an inconveniently small pitch, larger 

angles with double (zigzag or staggered) riveting, a thicker web, or 
rivets must be used. 4 

190. Web Splices.— The number of splices in a web depends upon. 
the maximum length of plate of given width obtainable, and also upon 
conditions of manufacture and erection, great lengths of broad plate 
being difficult to handle in making and in transport. 

‘The commonest form of web splice is a double covered riveted butt 
joint, as shown in Plates IIL and IV. ‘The number of rivets provi 
js sufficient to carry the shearing force at the splice, the value of each 
rivet being measured by its resistance in double shear or in bearing 
whichever may be the least. 

When some one-sixth or one-eighth of the web section is for moment 
of resistance computation included in the flange area, e the web is 
relied upon to take a share in the moment of resistance, the web i 
is calculated to resist the bending moment as well as the shear. But 
whether the web is assumed to resist any bending moment or not it will 
almost certainly carry some fraction, the upper mit of which may be 
taken as one-sixth of the web section divided by the total flange area 
inclusive of one-sixth of the web (/% one-sixth area x d = }/id'). 
Or if A = flange area, including one-sixth # where / thickness and 
d = depth of web, and M = bending moment at the section, the lim 
of moment carried by the web may be taken as, 

4ِ 
A 

The bending moment carried by the web is resisted by the rivets of 
the web splice, which are thereby stressed in the manner explained and 
estimated in Art. 182 in addition to the vertical shearing force which 
they carry. In British practice it is usual to neglect the stresses in the 
web splice rivets resulting from the bending moment carried by the 
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web; in consequence the rivets probably sometimes carry a rather 
higher stress than that computed, unless the joint is relieved by slight 
movements corresponding to the bending strains in a seamless web, 
throwing absolutely the whole bending moment on the flanges. | But as 
in Plates III. and IV. the web splices are almost invariably made under 
web stiffeners, the rivets being ample in number all take their share of 
the resistance offered by the joint. Such a joint, from experience and 
from theoretical computation so far as it may reasonably be attempted 
in such a complex structure, is entirely satisfactory. In America web 
splices estimated to carry bending moment have sometimes been con- 
structed with six plates—two pairs with their lengths horizontal (one 
plate being in contact with each of the four flange angles), and the third 
pair with their lengths vertical and filling the space between the other 
two pairs : the joint covers forming an I shape oa each side of the web. 
The object of such a joint is to place the rivets advantageously (fe far 
from the centroid of the group) to resist bending moment without being 
thereby highly stressed. ‘Another plan is to use a single pair of vertical 
plates, but to space the rivets closer together near the flanges and further 
apart near the centre of the depth of the web. 

Such joints may, apart from extra constructional cost, be advan- 
tageous if made where the bending moment is great and the shearing 
force insignificant, but if a web has also to resist considerable vertical 
shearing force a concentration of rivets near the flanges. may cause an 
unnecessary concentration of stress in that part of the web which is 
already (see Fig. 113) most heavily stressed. A uniform distribution 


of rivets corresponds most closely to the distribution of material in the 
stress in the web. 


web and will tend least to disturbance or secondary з 
If the joint has to withstand bending moment ‘and shearing force the 
rivets should of course be sufficient for both It is well to 
recall the fact that all calculations on riveted joints are conventional 
for various reasons, including the neglect of friction, which is always 
present to a great but unknown extent. 5 

points in the four 


191, Plate Girder Deck Bridge—The various £ 
the numerica! computations for the 


ding articles are illustrated in it 
lesign of the girders shown in Plate III. ‘The deck type is one of the 
most economical, but requires a sufficient available depth for the girders, 
Data—To carry a single line of railway. Construction depth, x 
8" (ie. overall from rail level to under side of bridge superstructure.) 
Effective span, 40 feet. Depth over angles, 4 feet. Equivalent uniformly 
distributed loads as tabulated in Art. 84, 4c 2°4 tons per foot = 96 
tons for bending moment, with rg per cent more quee se 
ing unit stresses, 7'5 tons sq. in. tension ; 5 per sq. in. 
shearing; xo tons ae sq. il, bearing; all reckoned for dead loads. 
Variable load unit stress by dynamic formula—(%) SUNT m 
juivalent rul: adding to the maximum stress, Impac' eq 
the rule of adding to icient of unity). Allowable dead load 


stress in the web tons per sq, in. but not exceeding 3 tons 


1+ 1600-7 
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per sq. in., where d = unsupported distance between stiffeners, which _ 
are not to be spaced further apart than the depth of the web. No 
section to be less than $" thick. 

Dead Load,—Ballast, permanent way, steel 
flooring, bracing, etc. (see tabular 
estimate below) . - . - + + ++ 

Assumed weight of girder, checked after 
design (see below) E E ЫЛА TaN, a 


12'25 tons per girder 


Total . . . « 19'S tons. 


Live Load.—Per girder 96/2 = 48 tons. 
Girder Flanges —Equivalent dead load (taken uniformly distributed) 
48 + 48 + 19°5 = 115'5 tons. 
115'5 X 40 
8 


Central bending moment = z 5775 ton-feet 


= 6930 ton-inches, 
Modulos of section required = E E ga (inches), 


Flange area required with effective depth 4" = 13 = 19: 25.94. 
in. The flanges are taken rather broad at 22", The main plate is 
extended by 2}” overlap on each side to allow attachment of floor 
plating, giving a total breadth of 27”. 

Top Flange.—Two angle bars 4" x 4" x $" (see Table V. Appendix) 
less four rivet holes, taken yy" over the rivet diameter (see Art. 67) gives 
5°6a5 sq. in. leaving 19'25 — 5'625 = 13'625 sq. in. Taking a а 
main plate (the minimum suitable thickness for a flange plate wl 
stands alone) 27” x ;4” allowing for rivet holes, gives 9'46x sq. in 
leaving 13'625 — 9'461 = 4'164 sq. in. 

Тен required for second plate 23" wide, deducting four rivet 
holes is 45.75 e o'a27', hence $" plate is used. ‘The full area provided 
is then 
2 angles bars less 4 rivet holes }$" diameter . . . . 5'925 sq in 
1 main plate less 4 holes 12" and 2 holes 1$" diameter . 9461 , 

t outer plate less 4 holes }}" diameter . . . . . . 65844 n 





Tota] ; . . . 828590 0 
Bottom. Flange— 
2angesasabove. . . . . . . «. « 5525 sq. in. 
" main plate 22" less 4 holes l^. . . 7'984 » 
plate 22" less 4 holes} .. .. . 6844 „ 


30453 » 
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Resistance of 22” x 3” plate at 7°5 tons per sq. in. 

22 x 3X 7'5 = 61875 tons. 
Resistance of }” rivet in single shear = 0°61 X 5 = 3’01 tous. 
Number of rivets equal to resistance to outer plate, 


= ESIS a ax rivets, 

‘The outer plates are (empirically) prolonged at each end sufficiently 
to contain 21 rivets beyond its length given by the flange diagrams 
(Fig. 275). 

e----22:4—— —— э» 


I 
577:5 


las ", . 
.Main Plate 27" 7 
| 





N 2 Angle Bars аах /| 
I 


1 ~“ ” 
Main Plate 22°*% 
A 5 






Fic, 275.—Flange resistance diagram (units ton-feet), 


Moments of Resistance for Flange Diagrams.— 
Top flange: 
2 angles give 5'625 X 7'5 X 4 = 16875 ton-feet 
Main plate 9'461 X 7'5 X 4 = 28383 » 
a Quter plate 6844 X 78 X 47 20532. » 


Total . . . 65799 œ 
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Central ordinate of parabola 577'5 ton-feet. 
Bottom flange : 
2 angles, as before — 168775 ton-fect 


d, main plate 7984 X 75 X 4 — 23952. » 
P outer plate, as before = 20532 » 
Total . . . 61359 » 

"The moments of resistance of the various parts and the bending 
moment are shown in Fig. 275. The lengths of the outer plates 
prolonged to contain ax rivets are shown in Fig. 275 and in Plate LIT, 

Web and Stiffeners.— 

End shear for dead load "95 = 9775 tons, 


Equivalent uniform live load for shear 1°15 X 48 = 55°2 tons, 
End shear for live load = 27°6 tons. 

Equivalent dead load shear for any section in the left half of the 
span (negative shearing force) = dead load shear + maximum live load 
shear + range of shear. The range of shear without regard to sign is. 
the sum of the extreme opposite shears. Hence the. equivalent dead 
load shear equals the dead load shear + 2(maximum live load shear) 
+ minimum live load shear (ie, the maximum value of opposite sign), 
all three parts taken with like signs, In Fig. 276 the extreme vertical 





L 
5 
* 1 
975 1 
tons |276 
tons 
i 
1 
x 





Anca 


Fic. 276,—Diagram of equivalent dead load (or dynamically 
increased) shearing force on left half of span, 


№ 
ordinates across the diagram give for the left-hand half of the span te 
dynamically increased or equivalent dead load shearing forces: « 
и uS d 2); and Neg MKA’ is drawn on the base AA — — 

wing ordinates proportional to twice the negative shearing fore 
The ordinates of BS Gurê! EHL from the doping base loe KARNI 












PLATE IV.—PLATE GIRDER THROUGH BRIDGE. 
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represent the positive shearing forces, while ordinates of the line ED 
represent the dead load shears, 

Web lengths of 8 feet are taken as convenient lengths with about 
12" extra on the end sections to cover the bearing plates, the full length 
of girder being about 42 feet, the effective span for calculation 4o feet, 
and the clear span between the bearing plates about 38 feet. Placing 
a stiffener over the inner end of the bearing plate leaves 7' 4" to the 
first joint; one intermediate stiffener would give too wide a spacing, so 
two may be used with spacings of 28", 28", 32" as shown; these distances 
being exact multiples of the rivet pitch, 

The end shear is 27'6 + 9'75 + 27'6 = 64'95 tons. If we allow 
for the first pair of intermediate stiffeners to take § of this at the full 
allowance of 7'5 tons per sq. in., the total area required would be 
3 x 64°95 + = 58 sq. in. Two tees 6" x 3" x 1" (see Appendix) 
give 6°52 sq. in., and these sections may be used throughout for the 
intermediate stiffeners. The stiffeners over the end plates and at the 
web joints are of much more ample strength, consisting of pairs of 
angles with 3” gusset plates the full width of the flanges; these gusset 
plates serve for attachment of the cross bracing. The maximum un- 
supported distance between stiffeners at the ends = 28 — 6 = 22" 

Assuming 5," web, 


shear stress — вв = 2741 tons per sq. in. 


6 В 
Allowable shear stress = wy = 3'07 tons per sq. in, 
Be Pa) 


which is further limited to 3 tons per sq. in. by the specified conditions, 
ing x” rivets, resistance per rivet in double shear 


= 0785 X 1°75 X 5 = 6'85 tons. 
Resistance per rivet in bearing 
= 1 X & X ro = 5'625 tons. 
Hence from (2), Art. 189, pitch of flange rivets 
5'625 X 48 k ah 
= 6495 = 4°16, say 4”. 
Bearing resistance of a }" rivet 
= F Xx fg X 10 = 4'92 tons. 
Shear resistance in 48" depth at 4" pitch of rivets, from (2), Art. 189 
ай Бе = 59°04 tons, 
which is greater than the shear (from Fig. 276) two feet from the end. 
The rivets sre therefore changed to $" at the next stiffener. Shear at 
joint B (Fig. 276) scales 42°3 tons, or, calculating from 
straight-line equations 
(4) + 552 +06 х 0775 + (0) X a6 — 42°3 tons. 
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Assuming }” webs, 
SOR MEA PEL — 1764 tons per sq. in. 


Allowable stress witb stiffeners spaced } of 8', ic. 2'-8" centres, or 
a’ 2” apart 
1 26ү Т 
sh Кыры х 55 = 6 + 2°69 = 2°23 tons per sq, in. 
Assuming f" rivets, resistance in bearing 
= 0'875 X0'5 X 10 = 4'375 tons, 
s uix 8 = 4'96", say 4” pitch. 

Number of rivets required (for shear alone) in web joint s -917. 
Nine rivets are provided, but the stiffener has surplus rivets. Shear 
at joint C (Fig. 276) scales 26°3 tons or 

(B X 55'a -- o'2 x 975 -- (3 X 27°6 = 26°3 tons, 


263 V : 
With 3" web, shear stress max opt” tons per sq. in. 
Allowable stress with stiffeners spaced 4' centres — 42" apart 


т гү " 
sf: Tl =) 264 g4- ri tons per sq. in. 
The 4" pitch for 2" rivets is continued to the centre, 

Other Details —The cross bracing of the two main girders, the floor 
plating, ballast plate and its supports are sufficiently shown in Plate IIL 
‘The side clearances and lack of parapet girders at the outside of the 
track take this design outside the usual British railway practice, 8 

On the other hand, the provision of a steel plate floor, low unit 
stresses (taking account of the high allowance for dynamic increment 
of live load stress) and ample scantlings and rivets for stiffeners and webs 
are typical of the practice of first-class British railways which design 
bridges with a view to long endurance under proper maintenance, It 
has been remarked that the plate girder bridge ranks next to the brick 
or masonry arch as a durable structure, and with proper facilities for paint- 
ing and effective drainage it is probably economical to allow some pro- 
vision for a long working life. A feature which might cause comment 
is the attachment of the floor plating underneath the main flange plate, ' 
thereby putting the rivets’ in tension; this is sometimes done for more í 
effective drainage and the prevention of leakage at the joint, Byt in 
many cases the flooring is placed over the main flanges; the matter is ў 
one of opinion based on practical experience rather than of theory. | 

The following table shows an estimate of weights to check tht j 


assumed weight of girder, Had there been any serious 
the design would have required modification accordingly. 1 
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WEIGHTS OF MAIN GIRDERS’ AND FLOORING. 
Piece. umber] Length. | Ти |Weight| weight in the. 
E. > з › Tbe. Wr 
1 [ag df] 48o" |2805 1346 
x 1o | 43/0" | 43° 0% | 4oró 172 
x 4 |aru" @. 67" 12775 213 
х 1 3272 1374 
E x 3 [ES و‎ бот ЕЯ 
5 a зц” | 17792 1 1 
T x 1 фон 3^ 16 2615 
К x $345 |2667 | 153 408 
Endps. . . rro'xl|| 2 |4o | 8 |374 299 
Eodangles .4xe xb s pip) 99 [s 267 
ты”... бхрх э |} ыш шав) © юз 
Gusset plss. тоў, х р, B |n ars ws 636 
Gusset angles 3’ х3 xi s iw 1255 | 718 gor 
бху | 18 e 
a 12 s 16°83 | 11°05 186 
» 4 4 
ү 14805 
‘Add 5%] rivets 749. 
15545 
etie dq se 
2 jago" | 86 [aysa 2367 
| о |as [shor] mea 
a E 
$  rw)s | 7s s 
5 
E 1108 a7 
12 2 "| 
^ 718 503 
a |e 
K 1108 
o | Eie] Bas Jars] — né 
а |43 36 | 17°85 1535 
bus . .3"X3"X 2 
Anges ` reru 3, ra MC 
rips. 2 
Packings . Зх а | rio] 733| 446 33 
3 9960 
Add 5%) rivets 498 
10458 
Or 5229 Ib. per girder. m4 t 136 1 q. 14 Ibs 
Leu 




















Ballast. MED ao AE nl prose т, xen teo To 
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say VET i Ta a e 


478 THEORY OF STRUCTURES [Сн. хуп, 

EXAMPLE.—Estimate the possible maximum stress on any rivet of 
the web joint nearest the abutments in the above design, assuming the 
joint to resist bending moment as well as shear. 

Bending moment at o'2 of the span from the end 2 6930 X o'2 X 
0'8- (0'5) = 4440 ton-inches. } of the web area = X 48 X o'$ 
= 4 sq. ins, equivalent area at the depth of the flange. Total equivalent 
flange area approximately = 21 +4 = 25 sq. ins. Upper limit to 
moment of resistance of the web = x Х 4440 = 710'4 ton inches, 

For the group of rg rivets on one side of the joint %(r*) approxi- 
mately = 2(4" + 8" + 12° + 16° + 2° + 6° + 10° + 14° + 18°) = 2280, 
Hence from Art. 182 (2) approximately (neglecting the distance 
between the two rows of rivets) the stress on the outermost rivet is 


710 X 18 


s pm 5'60 tons, 


Force per rivet due to vertical shear stress = os = 2°23 tons, 


‘Total on the outer rivet taking these components as perpendicular, 


4 (56) + (2°23) T (aas) 7 б'оз tons, 


Probably no such amount of stress would be developed, because 


either the joint would yield and locally relieve the web of its share of 
bending stress or the friction of the joint would offer a great resistance 
to bending moment. Allowing for the resistance of bending moment 
by the joint rivets, to keep the force per rivet down to the specified 
4'375 tons would require an extra row of rivets and correspondingly 
wider cover plates. 

192. Plate Girder Through Bridge.—Plate IV. represents а 
through bridge for a single railway track with a floor consisting of rail- 
реа or stringers supported on cross girders, the whole being covered 

y plating. 

Data.— Effective span 40 feet. Construction depth limited to 3 feet. 
Moving loads uniformly distributed, on 4o feet, ros tons for central 
section flange area computation, 113 tons for estimating the curtailment 
of flange plates (allowing for overlap), 130 tons for shearing force, 
Cross girder centres 8 feet apart, for which length of railbearer allow 
uniformly distributed 44 tons for flange areas and 58 tons for shearing 
force. imum pressure per rail on cross girder 14 tons. Working 


unit stresses for dead loads, 6-5 tons per square inch for tension, 5 He 


per square inch for shear, ro tons per square inch for bearing. For 
6 

———- tons per square inch. 

ÉL 1500/* 
where £ = thickness and d = distance between stiffeners which are to be 
placed at all points of concentrated loading, and elsewhere with centres 
mot further apart than the depth of the web if the ratio of to 
thickness of web exceeds 4o. For varying stresses the dynamic 
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to be used or impact stress equal to the range of stress to be added to 
the maximum stress for use with the dead load unit stresses. 

Rail Bearers or Stringers.—(See separate elevation, Plate IV.) 

Flanges,—Estimated dead load on 8' length, including ballast 10” 
deep, asphalte, rail, chairs, 7" floor plating, Tee stiffeners and weight of 
railbearer (1000 lbs.) = 2°8 tons. 

Liye load per rail, } of 44 = 22 tons. 
Equivalent dead load 2°8 + 2 X 22 = 46°8 „ 


Central bending moment 466813 = 561°6 ton-ins 
Modulus of section required 561°6 + 6°5 = 86°3 (inches). 
Taking the depth over the angles as 14", and effective depth 13'5”, 


"y, 
Flange area for central section 86°3 + 13'5 = 6°40 ins. 





V 
Fic. 277.—Junction of railbearer and cross girder, 


Gene er ee tay tie an) 
sued angle and flooring rivets , Fig. 277) is 
x ebbe re iis queues imt, x tla 
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3' X3" x ' (see Appendix), less 4 rivet holes, give a'81 sq. ins, 
leaving 640— 2°81 = 3°59 sq. ins. 


3 H =0'38", say 74” plate. 


Thickness "vs 

Raillcarer Rivets and Web.— Assume $" web. 

Dead load shear at the ends j X 2'8 = 1'4 tons. 
Live load shear at the ende 14'5 tons. 

Equivalent dead load shear at the ends = 1'4 + 29 = 30'4 tons. 
Assuming 1" rivets, resistance (in bearing) = 10 X 0'625 = 6'25 tons, 
6'25 X 14 Я 
PES a g" pitch, 

To begin 4” pitch, try 2 feet from the ends, 


Dead load shear = i X 1'4 2 0770 tons, 
! Live load shear — (2)! x 14'5 — 816 tons. 
1 Range of shear = {(3)" + (4)*} X 14's — 907 tons. 
Equivalent dead load shear = 17°93 tons. 
6'25 X I4 go 
pitch p = “93 749 
Hence 4" pitch may begin at the stiffeners, which are placed a feet 
from the ends. p £ 
Rivets required to transfer the whole end load to the cross girders 


"25 = 5 rivets. 
= 3'47 tons per sq. in. 


Pitch = 





Shear stress in web 
Unsupported distance 24” — 7" 2 17", allowable stress ] 7 
> 1 79K с 
= 6+ HESS Cre l- 4'o tons per sq. in. 
but even more would be allowable on account of the small depth 
between the flange angles. 
Cross Girders.—The effective span is taken as the distance between 
the main girder centres = rx’ 3". i 
Flange Arcas—The estimated weight of a cross girder, together with 
ballast plate and angles, is equivalent to x ton, all uniformly distributed. | 
Dead load at each rail from stringers as above 2'8 tons, ! 
Live load at each rail (given) 14 tons, i 












Equivalent dead load at each rail 2'8 + 2 X 14 = 30-8 tons. 
Central bending moment (see Ex. 3, Art. 57) = 97-7 tons feet 
= 1172 ton-inches. 
Modulus of section required E = 180°3 (inches). 


* As the load on 8’ lengths is considerably concentrated, if 14°5 tons is a propet 
amount for the maximum end shears, the intermediate maximum shears will be greater 
than those given which are the ordinates of = parabola, but will be less thea) tie 
ordinates of a straight line (see Arts. 76, 77, 8o). 
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Taking the depth over the angles as 15" and effective depth 14:75", 


Area required =з z 12:23 5q. ins. 


Two angles 31" x 3" x 1" less 4 rivet holes g:ve 4:63 sq.ins., leaving 
7°60 sq. ins. 

Bottom Hange—Width required for rivets 13" (see (B), Fig. 277), 
net width 9:25 ins, 


ааб 
Тышан оет = 0-82" 


nr 1" consisting of }" main plate and 3” outer plate (see cross-section in 
Plate IV.). 

Top Flange.—Main plate to take the flooring requires 13 + 5 = 18" 
width (see (B), Fig. 277). The main plate must be j" to lie even with 
the railbearer without packing. Main plate 18” x 3 less 4 holes 19^ 
and 2 holes 13", gives 5-52 sq. ins., leaving 7-60 — 5-52 — 2'08 sq. ins. 
for the outer plate; this being 13" wide requires a thickness 


Lm 


and 2” plate is used. 
The flange diagram is shown in Fig. 278, in which the weight of cross 
girders, etc., being a small proportion of the whole load, is taken as acting 














4 holes fe 2B plates 


and 2 n 8 plates 
FIG, 278,—Flange resistance diagram tor cross girder, 


tholes 


at the railbearers, at eacn of which the total equivalent dead load is then 
28 +05 +14 X 2= 31-3 tons. Bending к and oie 
stringers, 31-3 X 3:125 X 1221173:8 Lon inches, (Compare with 1172 
with distributed load.) 


Each square inch of metal in the section represents a working 
R 
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moment of resistance of 6-5 Х 1475 = 96-ton-inches. Hence the total 
provided is, 
Angles, 4:63 sq. ins. equivalent to 4-63 x 96 = 445 ton-inches, 
18" by x4" plate 5-52 sq. ins. equivalent to 5-52 X 96 = 530 ton-inches, 
1 3" by 3” plate 3-47 sq. ins. equivalent to 3-47 x 96 = 333 ton-inches, 
13” by }” plate 4-625 sq. ins. equivalent to 4-625 x 96 = 444 ton-inches, 
"The curtailment of the outer plates might easily be calculated, for if 
ж is its distance from one end, 31-3% = 445 + 530, hence x e 31" for. 
the top flange, and 31-3% = 445 + 444, x = 28-4" for the bottom flange. 
The live load of 14 tons per rail is a sufficient allowance to give 
gross lengths, including HE D the main plate, 
Cross Girder Rivets and .—Assuming 2" web and 1” rivets, 
Dead load end shear, 2-8 + 0-5 = 3:3 tons. 


Equivalent dead load end shear 3-3 + 28 = 31-3 tons. 


Resistance of 1" rivets in double shear 0:785 X 1:75 X45 — 6-87 tons. 
Pitch 9 87 x 25 = 3:3, say 3” pitch. 
The rivets are changed to #” with 4" pitch between the stringers 
where the shearing force is very small. 
: 343 i 
Shear stress in wees, X o75 = 2-78 tons, 
Connection to Main Girder.— 
1" rivet in single shear, 0-785 X 5 = 3-93 tons. 
Number required to transmit all the end shear = 8, 


Main Girder.—Take the depth over the angles 4 feet and flanges 
21" wide. Length over all 42. Estimated weight of girder 7 tons, 
d; 7 0:167 tons per foot run, or 1:333 ton for 8' lengths. This weight 
may be taken as concentrated like the other loads at the cross girders 
without any material error. 

Dead Load.—Pressure at cross girder ends 2°8 + 0'5 — 3'3 tons. 
Total dead load at each cross girder 3°3 + 1°333 = 4°633 tons. 

Live Load.—For central section flange area, 102 = 52'5 tons per 
girder. The central section is worked out in Example 5, Art. 68, 

ange Diagram.—Fig. 279. 
Live load per cross girder 565 X 3% = 11°3 tons 
Equivalent dead load per cross girderzs(11'3 X 2)--4633 2277233 tons 
Equivalent bending moment at a and 4, 
8x 2X 27233 7 4357 ton-ft. »- 5228 ton-ins. 
Equivalent bending moment at 4 and J, 
24 X 27°233 = 654 ton-ft. = 7848 ton-ins, 
‘One square inch of flange section represents a moment of resistance 
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of 48 x 6'5 = 3x2 ton-inches. Taking the section from Example 5, 


Art. 68— 


Angle bars give 5'62 X313 . . . . . = 1754 ton-ins. 


Mainplate 5" x 1725" gives 971 X 312 . = 3030 
Outer plate j" x 17°25" gives 8°625 x 312 = 2690 


Total at central section = 7474 


g I 
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FiG, 279.—Flange resistance diagram for main girder. 


к 


As shown in Fig. 279, the total moment of resistance at the centre 
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is less than 7848 ton-inches, the value between 4 and # ; but this is 
+ only the value of the bending moment for the flange diagram, reckoned 
on the 56:5 tons load. On the 52'5 tons load used for the central 
section design Example 5, Art. 68, the central bending moment is 
615 X 12 = 7380 ton-inches, 
Main Girder Web and Rivets. 
Live load per cross girder, 65 x d 213 tons 
Equivalent dead load per cross girder = (13 X 2) + 4°633 = 30°6 tons 
Equivalent dead load end shear = 2 X 306 — 61'2 tons 
Assuming J” web and r” rivets, the resistance per rivet in bearing 
being 0'5 X 1o = 5 tons, 
rivet pitch for flanges 2 = 5 i e z 3792", 
hence 3” pitch is used at the ends, 
The web length for the first panel is 8' + 1’, hence stiffeners are | 
conveniently placed at } of 9! = 2’ 3” centres (exact multiple of pitch). 
Over the end plate and at cross girders and at the web splice two angles 
and a gusset plate are used, but for intermediate stiffeners 6” x 3” X $” 
‘Tee sections are used. ` 
6ra 
48 x o'5 
Allowable shear stress at 27" centres, £z. 21" unsupported length 
] 1 (21. ы i 
s+Í + зоо 22] = 2°75 tons per sq. in. 
Using the conventional method of Art, 143 for the shear in the second 
panel both for the maximum value and the range, the equivalent dead | 
load shearing force ‹ 


=+6+}х3х13+Ё}х13+} х3 Х 1з = 38'4 tons 
Assuming 7" rivets and j" web, resistance per rivet being (for bearing) 
10 X 0875 X o'$ — 4375 tons 
2 4315 X 48 


Shear stress in web = = 2°55 tons per sq. in. 








pitch P Passa oh, 547" 
hence 4" pitch is used. 
Shear stress in web wes = 160 tons per sq. in. 


Using two intermediate stiffeners in the second el centres 
2' 8", or 26" unsupported. DINE 
1 (26 


Allowable stress, 6 E + E), = 2°13 tons per sq. in, 


Rivets required for shear only in web joint Z D 


The shear in the middle panel is small although changing in sign; 
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Y web may be used with stiffeners 4’ apart, #.c. equal to the depth of 
the web, with $” rivets at 4” pitch, Dead load shear nil. 


Live load shear = (1 -- 2) 13 — 7'8 tons. 
Range z 15:6 tons. 
Equivalent dead load shear = 7°8 + 156 — 234 tons. 
FB x 075 7" 9977 tons per sq. ji 
x (42 


а 
Allowable stress = 6+ + тоо gjj- 1'05 tons per sq. in 





Shear stress = 


Other. Details. —The comments under this heading relating to stress 
Allowance at the end of Art. 191 are again applicable to the design in 
the present article. 

193. Other Types of Bridge Floors. Bridge Bearings.—Steel 
troughing placed longitudinally over cross girders, or transversely in 
lieu of cross girders, is widely used for bridge floors. Particulars of the 
various sections with their modulii are given in steelmaker’s handbooks. 
Messrs. Dorman, Long & Co/'s Pocket Companion contains several 
illustrations of its use for both rail and road bridges, with examples of 
the calculations which are very instructive. 

Bridge floors are also constructed on short span brick and cement 
arches called “Jack arches” spanning from one cross girder to the 
next in lieu of railbearers, or in road bridges sometimes from one main 
girder to the next, thus replacing cross girders. 

Various types of bearings are used for bridges ; sometimes a simple 
bearing or sliding plate attached to the lower flange of the girder rests 
on a bed plate (see Plate II.), bolted to the bedstone of the abutment ; 
such a bearing has freedom to slide, guided by grooves, to take up 
expansion if not prevented by friction. 

Roller and pin bearings are also used with the same object, but a 
very general type of bearing is illustrated in Fig. 280, which represents 
a rocker bearing. A cast-iron rocker rests on a cast-iron bed plate 
bolted to the bedstone, a projection on the bedplate working in a 
corresponding groove in the rocker. ‘The function of the rocker is to 
transmit the pressure centrally to the bedstone, thereby fixing the 
effective span and preventing pressure concentration at the face edge 
of the bedstone, When expansion of the girder takes place the rocker 
may either slide or tilt (with increase of camber of the bridge). 

The allowable pressure on bedstone is about 12 tons per square 
foot for gritstone, and 18 tons for granite, reckoned on the equivalent 
dead load in both cases; from this and the end reactions the area 
required may be calculated. 

194. Skew Bridges.—When the main girders of a bridge are not 

i to the abutments, as in Plate [L, and the cross girders 
are placed i to the main girders, some of the cross girders 
near the end of the span rest with one end on the abutment, and are 
shorter than those which span the full distance between the main 
girders. Consequently such cross girders (which may be lighter than 
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those of full length) transfer less than the full allowance of load to the 
panel points at their ends on the main girders, The effect on the 
main girder bending-moment diagram is to make the ordinates less 
where the acute angle between the girder and abutment falls inside 
the bridge than at the other end, Whether such diminution is worth 
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Fic. 28o.— Rocker bridge bearing. 


taking into account depends upon the angle of skew, and the ratio of 
length of span to the breadth between the main girders. The bending- 
moment diagram being not symmetrical with regard to the two abut- 
ments, the curtailment of the flange plates is also unsymmetrical. In 
calculating the sections for such a bridge no new principle is involved. 
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EXAMPLES XVII. 


4, Find the lengths of the two outer plates in the girder in Problem 

No. 17, Example V., without any end allowances for riveting to the inner 
lates. 

PR. Find the length exclusive of attachment allowance, for the outer 4 

plate of the girder in Problem No. 18, Example V. 

з. А te girder of jo feet span has a web 48 inches deep and o's 
inch thick, and carries a uniformly distributed load of 144 tons. Find the 
necessary thickness of flange plates 16" wide at the central section if 
6" x 6" x &' angles are used and the working unit stress is 7'5 tons per 
sq. in. If three plates are used, the two outer ones being each 9 inch 
thick, find their lengths, allowing 18 inches at each end for attachment. 

4. Find the pitch and diameter of rivets for double riveting, attaching 
the web. to the fanges in Problem No. 3, allowing 5 tons per sq. in. in shear 
and Io tons per sq. in, in bearing. 

Е Раа арши o C D ан ers near the ends of the girder 
lem No. 3. 
6. Calculate the weight пот the dimensions in Plate IV. of (a) the 


main girder, (6) a cross girder, (c) a railbearer. 





CHAPTER XVIII 


SUSPENSION BRIDGES AND METAL ARCHES 


195. Hanging Cable and Relation to Linear Arch.—If we may 
assume perfect flexibility, e. no resistance to bending, the form of the 
centre-line of a hanging chain or cable carrying vertical loads, is that of 
the funicular or link polygon for the loads and end supporting forces, 
the horizontal pole distance from the vertical load line being that repre 
senting the horizontal tension in the cable. Thus referring to Art. 51, 
section 3 and Fig. 56, for the cables of negligible weight suspended 
from P and Q and carrying the four given vertical loads, all possible 
formations correspond to funicular polygons having their poles on the | 
line žo» In all cases each vertical load is balanced by the tensions in 
the two segments of cable meeting onits line of action. The horizontal 
tension, which evidently cannot vary throughout the cable since no forces 
having any horizontal component are applied except at the ends, fixes 
the precise outline of the cable centre line and supplies the remaining 
condition to fix the pole position in the line A0, For the horizon’ 
distance of the pole from the line ae represents the horizontal tension to 
scale or the constant horizontal component of the tensions in the various. 
segments represented by the lines joining the pole to a, 2, e, 4, and & 

For a given shape of the hanging cable and given loads the horizontal 
tension and the position of the pole for the funicular polygon is thus 
determinate, but if all the loads and the horizontal tensions were 
altered in the same ratio, the same formation of cable would still hold 
good. Thus an infinite number of systems of loads having fixed ratios 
to one another would give a particular formation of cable, Also any 
given system of loads would give an infinite number of formations, viz, 
those corresponding to the various poles in the line žo, or, in other 
words, those given by different horizontal tensions. Ano! i 
illustration with uniform loading is given in Fig. 281. 

An arch supports vertical loads by material exposed to thrust, The 
funicular polygon represents the direction of resultant thrust at any 
section, just as for a suspension cable it represents the direction of 
resultant pull. The funicular polygon in this case is called the line of 
thrust or linear arch for the given system of loads. Again, an infinite 
umber of funicular polygons corresponding to any given system of loads 
may be drawn, and to fix the true line of thrust requires some condition 
additional to the positions of the end supports. There is an important 
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difference between an arch and a fiexible cable in that the line of thrust 
may pass outside an arch capable of resisting bending, while in the 
flexible cable the centre line and the line of resistance must coincide. 
Hence the cable (: : if free to change shape, will accommodate itself to 
various loadings. (2) If constrained to a particular shape will take up 
a corresponding system of stress; if this does not currespond to the 
loading determinable stresses will be exerted on the constraints. 

196. Uniformly Distributed Loads.—When the load is uniformly 
distributed over the span, a case approximately realised in some suspen- 
sion-bridge cables and in telegraph and trolley wires which are tightly 
stretched and loaded by their own weight, the form of the curve in 
which the wire hangs is parabolic. 

If the uniform loads are applied at short intervals the funicular 
polygon would be circum- 
scribed by the parabola 
corresponding to con- 
tinuous loading, #4 the 
points of application of 
the load would lie on a 
parabola which the cable 
would follow if the loading 
were continuous, When 
the loading is continuous 
and easily expressed as a 
function of some convenient variable, algebraic investigation of the 
curve is most convenient; the uniformly distributed continuous load 
is the simplest case of this kind. 

Let zw be the load per unit length of horizontal span, T the tension 
at any point P (Fig. 281), and H the constant horizontal component 
tension. Take the origin at the lowest point O, and the axes of xand y 
horizontal and vertical respectively. Then the length of wire or chain 
OP is kept in equilibrium by three forces, viz. T, H, and its weight ws, 
where x = ON, the horizontal projection of OP. Then from the 
triangle of forces, or moments about P 





LIE EA в) 
a ay EH 
which is the equation to a parabola with its vertex at the origin O, 
wr 


н==- 2 ......-@) 
where Zis the span AB and dis the total dip. The tension anywhere is 
ET: ETa) 
which at the points of support A or B reaches the value — — à 
ткн ue fH VENE SIM 

is a small fraction. If the 


oe 2 
* which does not greatly differ from H if 7 
: R2 
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points of suspension are at levels differing by 4 (Fig. 282), and as is the 
horizontal distance of the vertex of the parabola from the lower support 
B, and d is the dip bélow that support, from (1) 
we wet w(l— x) 
н= = у=) oe AG 
from which a, may be found in terms of 2, 4 and 4, The intensity of 
tensile stress in the wire, Fig. 281, is 


P 
seg 
where À is the area of cross-section, and neglecting the small variation 
inT 





H ел 

PTXTgAZ 5550 e (9 
Note that for a hanging wire loaded only by its own weight, p is 
independent of the area of section A, 
since z is proportional to A. Also 
that if wis in pounds per foot length, 
Zand in feet, ? is in pounds per square 
inch if A is in square inches. 





bolic arc measured from the origin is 
Fic, 282 approximately 
РА 


++ 
hence the total length of cable s is 
smd$g 2...) 


A change of temperature affects the length of such a hanging wire 
in two ways: the linear contraction or expansion alters the dip; a 
change in dip corresponds to a change in tension, but owing to elastic 
stretch or contraction a change in tension corresponds to a 
in length independent of temperature changes. The change in 
dip and in tension resulting from a change in temperature is thus jointly 
dependent on the change of temperature, coefficient of linear expansion, 
and the elastic properties of the material. 

When the dip is very small the elastic stretching greatly modifies the 


Za 


1 fy = cf, = 
2-07-60) 
approximately if 2 js small ; 
ds = (1 + 2s 


зерна 


"The length of such a very flat para-. 
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influence of the temperature changes! For such dips as are used in 
suspension bridges this effect is negligible. 

Let s, be the initial length of the wire, æ, the initial dip, A, the 
initial intensity of tensile stress, /the rise in temperature, a the coefficient 
of linear expansion, w the weight per unit length, A the area of cross- 


section, ^t is then the weight per unit volume 
: wP 
w- Aures O 
After a change of temperature, neglecting the elastic change in 
length, ; 





=i +o өл+ = (1+) +o. (9 
or.to & first approximation, reducing 
4 = 4(ї + м) + iu dia (when at is small) (10) 


or expanding, 4-4 der" sole ат ] 
The proportional decrease in stress is 


2-4. e approximately (r2) 





Similarly if the cable without a change of temperature is stretched by 
an additional distribution load w the fractional stretch is 


2 = Fe = BE: (constant) nearly, when the dip is small 


hence we may write XL in place of af and the change of dip is 

approximately 
go Bee. 3 wh 

4-4 716 AE, or TH AEP * 03 


EXAMPLE.—A steel cable has a span of 100 feet and a dip of 1o feet, 
Find the tension due to a load of 20 tons uniformly distributed hori- 
zontally over the span, and also find the length of the cable and the 


increase of tension due to a fall of temperature of 50°F. if the co _ 


efficient of expansion іѕ о'оооооб2, 
Taking moments about a terminal of the cable 


He gone X 10 — a5 tons 
T= + тоў = V 725 = 26'9 tons 


total length from (7) = 100 + $ X }02 = 102°6 feet 
ee Бх 


fractional decrease in length 2 00000062 X 50 = о'оооз1 
4 Numerical examples are given in the author's '* Strength of Materials," 
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a 
Hence на 101'6(1 — 9'00031) — 100 
= $ x ¥ — o'0318 
d? = 100 — 1'19 — 100(1 — o'o119) 
fractional increase in stress — j X o'o119 — 0'00595 
total increase in stress = 25 X 0'00595 = 0'r487 ton 

which may be checked by (12). 

197. Simple Suspension Bridge.—In the case of a chain carrying 
a horizontally uniformly distributed load by uniformly spaced hangers 
as shown in Fig. 283 by the funicular and force polygons, the shape of 
the chain is a polygon inscribed in a parabola, i.. having vertices on a 
parabolic curve. It may be noted that concentration of loads at the 
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Fic. 283.—Simple suspension bridge. 


end of a panel (giving nine concentrated loads for ten panels) with two 
alf loads carried directly at the supports, gives funicular ordinates 

within the parabola exceptat panel points, whereas concentration at 

the centre of segments giving as many concentrated loads as 

as described in Art. 58, gives ordinates outside the parabola except. 

at junctions of segments. $ К 

In Fig. 283 the tensions DO and OC balance the vertical load CD, 
the triangle of forces for the point CDO being edo. 

„In a suspension bridge the cable is made either of strands of wire 
which has high tensile strength, or of eye bars pinned at the panel 
points forming links in a chain. 

In a simple unstiffened suspension bridge the load is carried by a 
relatively flexible platform or roadway, RS (Fig. 283). Ifthe dead loads 
being fairly uniformly distributed give initially a parabolic form to the 
cable, a relatively heavy moving load for different positions would, by 
giving very unequal pulls on different hangers, cause the cable to take 
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up shapes varying greatly during the passage of the load. Such varia. 
tions would cause variations in the shape and gradient of the platform 
and would be obviously an impossible condition for heavy traffic such 
as a railway. Such simple unstiffened suspension bridges are, in 
fact, only used for footbridges and similar light loads for which the 
dead load is sufficient to prevent great variation in the sbape of 
the bridge. Under uniformly distributed load, in addition to the 
dead load, the cable would be in the form of the arcs of two or three 
parabolas, j 

Relation of a Suspension Cable to Girder carrying the Same Load,— 
If we resolve the end tension T at Q into vertical and horizontal com- 
ponents V and H, then taking any section of the cable as at N, and 
considering the portion to the right of N, the moment of the external 
forces is the same as the bending moment on the corresponding section 
of a rigid girder simply supported at P and Q. In the girder the 
bending moment (here contra-clockwise) is balanced by the clockwise 
moment of resistance. In the cable the same clockwise moment is 
supplied by the horizontal tension at Q, viz. H.y, where y is the depth 
of N below Q. 

Stresses in Anchorage Cables and on. Piers.—Occasionally suspen- 
sion bridges have side spans between the piers and the shore in which 
the anchorage cables will form approximately arcs of parabolas similar 
to that in the centre span. Frequently, however, the cables pass in 
a straight line (neglecting the sag due to their own weight) from the 
tops of the piers to anchorages in masonry. If the cable passes over a 
fixed pulley or fixed rollers at the top of the piers, the tension in the 
cable is unaltered at those points except for friction of the pulleys. If 
T is the tension (Fig. 283), then T = H cosec a, and the horizontal 
(inward) pressure at the top of the piers is 

H = T.sin 8 = H(1 —singcoseca). . . . (1) 


This horizontal force at the top of a pier will produce bending 
moments on the pier which will have to be allowed for in the design. 
The vertical pressure on the pier is 

T(cos a + cos £) = H(cot a + cos 8 cosec a) . (з) 
where half the load may be substituted for T cos a if the loading is 
symmetrical and P on the same level as Q. 

Frequently to avoid horizontal pressure om thie piers the cable passes 
over les free to run on rollers on the tops of the piers. In this case 
the horizontal pressure is limited to the fricti resistance to the 
movement of the saddle, and neglecting this the horizontal components 
of the tensions are the same for the anchorage cables as at the ends of 
the central span. If T’ = tension of anchorage cables, 


H=T'sinB=T.sina or T’=H.cosecB . (3) 
‘The vertical pressure on the pier 


=T.cosa+T’. cosh 
= T (cos a + sin a cot £) or H (cot a + cot 8) . (4) 
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Bridges with Stiffening Rods.—Sloping stiffening rods from the 
of the piers to pe of the DE nm been used; these iod 
not carry much of the load on the platform but reduce oscillations set 
up by change in shape of the cable due to alteration in position or 
amount of the load. 

EXAMPLE.—If the cable in the example of Art. 196 passes over a 
saddle on rollers at a tower and then to an anchorage atan angleof 45° + 
to the horizontal, neglecting friction, find the tension in these backstays 
and the pressure on the pier. 8 б 

The slope of the cable at the pier is easily found from the fact that 
for a parabolic cable it is twice the average slope between the vertex 
and the point considered (verify by differentiation), viz, the slope 
isa x }2 = 04 = cota. Hence, using the previous result, 

tension in the backstay = 25 x 4/2 = 35°35 tons 
pressure on pier = 25(0°4 + 1) = 35 tons 

198. Stiffened Suspension Bridges.— To make a suspension bridge 
suitable for heavy traffic, it requires stiffening to resist changes of 
shape in the roadway. This is accomplished mainly in three ways: 
(a) by carrying the roadway on a girder hinged at the two ends of the 
span, see Fig. 287 ; (8) ‘by two girders each taking half the span, hinged 
at the piers and hinged together midway between the piers, see Fig. 284; 
(2 by replacing the cable by two stiff suspension girders hinged together 
midway between the piers; these virtually form an inverted 1 
arch, see Figs, 290-293. The first two produce statically indeterminate 
structures, but the third is statically determinate. < 

In suspension bridges carrying the roadway on stiffening girders the 
moment of the external forces to either side of a vertical section is 
balanced in part by the moment of resistance of the girder, and in part 
by the moment of the tension of the cable at the section. The distribu- 
tion of resistance between the two depends upon their stiffnesses or elas- 
ticities, viz, of the cable and hangers in tension, and of the girder in 
flexure, and is in accordance with the principles dealt with in Chap. XIV. 
A treatment on such lines is necessarily lengthy and is outside the scope 
of this volume. The bending moments and cable stresses are usually 
estimated on certain simple assumptions as to distribution, but in ace 

` given case the results should be used with caution, as their validity 
depend upon the relative proportions of cable and girder. . 

199, Three-hinged Stiffening Girder.—It is assumed that whatever 
the live load on the girders the chain retains its parabolic form which 
it assumes under the uniformly distributed dead load; such form and 
the carrying of all the dead load by the cable can be secured by adjust- 
ment of the length and tension of the hangers during erection. If the 
cable remains parabolic, the of the hangers, downwards on the 





cable and upwards on 
the span for all loadings. ‘The function of the stiffening girders is to 50 
distribute the load. The assumed conditions would'be approached bx 
very stiff girders and hangers which are equally elastic, í.. the cross- 
sections proportional to the lengths. Temperature stresses will be to# 
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considerable extent reduced by the central hinge, but the structure is 
not really statically determinate on account of the hangers. 

Let Fig. 284 represent such a bridge, the cable suspended from A 
and B, and the girders hinged to F and E and together at C. Then 
taking A as origin, and measuring y downwards, ACB being a parabola 
with vertex at C, 

у= 0-9). A aaa не ofi), 
‘Then for any liye load let M be the bending moment on the girder at 
the vertical section through any point P on the cable. Let р Бе ће 
bending moment for a girder sim] fs e at its ends on the span 
FE with the same loading. Let w be the load per foot run transferred 


a 











f 

9 ө, Е 

Fic, 284.—Saspension bridge with three-hinged stiffening girder. 
to the cable by the hangers, giving an upward vertical reaction $277 at 
ARR pans veros recto АР Ше юе Кай АЫ КУ 
being relieved by an equal amount. Then taking moments, say, to 
the left of a vertical section through P, and ignoring the equal and 
opposite forces w’ and their reactions, n 

Mep+H.y. . 2 0 2 (а) 
where p will be a negative quantity according to the convention of 
Art. 59 for downward loads, and M may be positive or negative. The 
~ value of H, and hence of w, is determined from the fact that M = o at 
the hinge C where y = 4, for 
оле ке Hi € He-7. ... . (5) 


and as in Art. 196 by moments of forces on the cable, 
wP 8; 
н= 97 hence w= R s os (4 


hence from (2), 
Mapes s (S) 
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Hence to draw the bending-moment diagram for the girder it is only 
necessary to draw the diagram of bending moments (u) as for a beam 
simply supported at F and E, and subtract from each ordinate a quantity 
equal to the central value c» of p reduced in the ratio of the cable 
depth to the central dip, which is done by drawing a parabola with 
vertex at m, passing through the ends fand e. The case illustrated in 
Fig. 284 is that of a single concentrated weight at W distant s? hori- 
zontally from F and A. 

The graphical aspect of the matter is that the funicular polygon, 
whether parabolic or otherwise, which shows the form of cable also 
represents to scale the diminution of bending moment, H.y, ie. the up- 
ward bending moment on the girder due to the hanger tensions. The 
bending-moment diagram (y) for a beam FE with any loading may be 
drawn by a funicular polygon (see Art. 58) with any pole distance, but 
to use this polygon for superposition on the cable polygon it must be to 
the same scale, e. have the same pole distance representing Н. This 
may be found by calculation or a trial polygon may be drawn and 
the central ordinate reduced to the depth Z to pass through C (see 
Arts 51 (c)), the pole distance being altered in the inverse ratio of the 
central ordinates ; the ordinates measured from the cable polygon to the | 
polygon for the bending moments on a simply supported beam, then 
give the bending moments on the stiffening girders. Or since from 
(a) and (3) ү 

м= н(б +) = н.в) EL NET 


the negative bending moment at any section is equal to the horizontal 
thrust multiplied by the length represented to scale by the excess of the 
load polygon ordinate over the cable polygon ordinate. 

Bending Moments for Simple Loads.—Consider the bending moment 
on the girder at any section G distant må say, less than 4/ from the end Û 
(Fig. 284), due to a load W in all positions. Let x= distance of the ' 
load W from A; we may find the bending moment M on the girder | 


from (2), remembering that frum (3) H — Lis and using the value (1), | 
HyeaWa-me..:....€ 
Then for values of x less than n/, 
M = —W(x = 1)x + 2Wa(x — n)x = —W(x — a)(x — 20) (8) 
For values of x greater than 7/, 
М = -Wn( — 2) + 2Wa(1 — n)x = Wn{(3 — anje — I} (9) 
If x is greater than M, 
H= WEZ and Hy = aWa(r— (0) < (e) 
hence from (2), 
M= —Wa(l—x)-++aWa(1—)(2—%)= +Wa(x—an)(/—2) (11) 
Since (8) is proportional to 2, and (11) to (/— x), and (9) is linear 
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in x, we may easily draw the influence line fpgse (Fig. 285), Writing 
= = nl in (8) or (9) gives the ordinate 

-Wi(i-nm(i-am) ..... (1n) 
at g, and writing + = 3/in (9) or (11) gives the ordinate 

+4Wa{t =n). 2... (13) 

at e Thus g^ and es differ numerically only in the factors 1 — » 
and ], and as » is less than }, 1 — n is greater than $, and the ordinate 
£f is numerically the greatest, e the maximum bending moment at any 
section occurs when the load is over the section. 

Maximum Moments for Concentrated Loads, The maximum negative 
bending moment is found by differentiating (12) with respect to and 
equating to zero, giving 

6n*—6nd-xeo or meo'stoaso Leni oar or o789/ (14) 
distant o'2117from F and E. And inser. d in (12) the maximum 
negative bending moment anywhere is found to be 

Фо96%/. <i. Tr TE 


The positive bending moment for all sections, from (11), reaches a 
maximum for х = 14 viz. }Wéu(1 — an), which is the greatest for m = 4 


and has the value 
е ы СОЛИ ну 
This is apparent also from Fig. 284, for the maximum positive 
ordinate is midway between c and e for all values of s, and on the cable . 
diagram is 22 — 12 — 12, which multiplied by the maximum value of H 
for Wat Cis jd x уу =? The maximum bending moment curves 
from. n and (13) are shown in Fig. 285. 
Men Инн. foments for Uniformly Distributed Load, —As in Art. 
88, x may PEUT the influence line (Fig, 285) to a uniformly distributed 
load w per foot by writing W = 1 and taking the een 
and the base line. Trout (9), lar Moser e e toba 
loaded for maximum negative bending moment at G. Then maximum 
negative bending moment at G 
Pryd aaia) 
mw X area py = едх س‎ 
лол піт = п): = ал) 
MEO n4 $528 3 U) EA RSBEMÉ P152 - 07) 
Differentiating this with respect to » and equating to zero gives 
8s! — 245! 4- 185 — 3 0. hence # = 0'234 (18) 
Е Б У Наа Анни Bedia EY 
where is 


— 001883 or — J;w/ (approx.) at o's34/ rom the ends — (19) 
the loaded length being 3957. 
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For maximum positive moment the loaded length ge is /— fy 
= €. J, and the maximum positive bending moment at G is 
m a(x — n) a(x — 20) _ wala — n)(x — an) 
s dra 5.8. ov 2(3 — an) (20) | 
which is the same as (17) except in sign, hence as before the maximum | 
positive bending moment anywhere is 

+ o'o1833W7 or + wr approx. o'234/ from the ends (21) < 
the loaded length in this case being ge = o'605/ The maximum bend- | 
ing-moment curves from (17) and fac) are shown in Fig. 285. 
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Fic, 285.—For three-hinged stiffening girder 
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Shear Influence Line and Maximum Shears—For a single rolling 
load the positive shearing force (as defined in Art. 59), on the girder if X 
increased by the vertical component of the cable tension, which, if a 
vertical section be supposed, is additional vertical force on the girde 
section, hence since the tangent of cable slope is %, the shearing foree | 
ЕН а н 
where / is the shearing force fora simply supported beam on a span 


4 
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And at n/ from the end F, differentiating (x) for 2 and putting ж = л/ 


F =+ HC S38) гал Ө 
For a rolling load W, since for the two halves of the span H = уз 
апа wees) 2) 


Faf+2W(r=2n)p and £+ a2W(1 — t (24) 


These consist of two terms, the first, /, is the influence line shown in 
Fig, 132, and also by /2se, Fig. 286, and the second is the line /fe dis 
continuous at / shown in Fig. 286. The two parts being superposed, 





* t 
5 
Fic. 286.—Inflsence lines for shearing force in three-hinged stiffening girder. 


the influence line ordinates are measured from the line /Ze across the 
shaded area to the line /pse. The diagram takes the different shapes 
according to the value of s. 

The maximum shearing force curves for a single rolling load may be 
deduced from Fig. 286. 

‘The maximum shearing force curves for a uniformly distributed load 
may be easily found, also from the areas in the influence diagram, the 
loaded for the different maximum values being the projections of 
the areas of like sign in Fig. 286. The positive and negative areas are 
a and, consequently, the positive and negative 
maximum curves are similar, The most important value is the end 
shear (n = 0), a particular case of the diagram showing s less than ] 
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in Fig. 286; then gs =W = т, the loaded lengths are j/ from f for 
maximum negative shear at f, and $/ from e for maximum positive | 
shear at f, both values being } x 47. t = Yu. 


At the centre of the span 2 being zero it follows from (22) that the 
maximum shearing force is as in Fig. 116, viz. jw’ The complete 
curves are left a$ an exercise to the reader. 


200. Two-hinged Stiffening Girder.—(Fig. 287.) The girder is 
hinged to the piers at each end. It is usually assumed that the cable 
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remains in-the form of a parabola to which it is adjusted by the hangers 

so as to carry the whole dead load. Such an assumption uH | 
approximate for light loads on a. stiff girder, but is not a very 
assumption without investigation of the proportions of the cable and 
girder. If the girder were very flexible the parabolic form of the cable 
would not be retained, and the load would not be uniformly distributed; 
on the other hand, if the girder were infinitely stiff jt would transfer the 
whole load to the end supports. The assumption is that the hangers 
carry the whole load, and that the end reactions for unsymmetrical 

ing are equal and opposite. 
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Adopting the notation of the previous article (199) for a single load 
W distat x from F, taking moments about the hinges, 


w 
R= T(E )= R ea (x) 
Also ау LEE E STW) Sete) 
‘Then as before, Mepakd4Hy 2... (3 
шл МІ ۴ ji 
but H = 7 7 g; (a constant, independent of the load position) (4) 


Hence the bending-moment diagram (not shown) is found by the 
difference of the ordinates of the bending-moment diagram (tri: 
in this case) for a load W on a simple beam span FE and those of a 
parabola Hy the central ordinate of which is 4W/ (when y 2 d) The 
triangle will intersect the parabola and give some positive ordinates for 
all positions except the central one, for which it is tangential at the ends. 

For other types of loading the same principles hold, the diagram 
for a simple span is reduced by parabolic ordinates gy or gq J Where 
W = total load on the span. 


Influence Line for Bending Moment —At a distance m/ from F the 
bending moment due to a load distant x from F is from (3), 


wi we 
®+Ну=к+ уу = +401 — л) = к + {Мт — л) (5) 


the first term represents the (negative) ordinate of the influence line 
for the simple span (Fig. 130), while the second term, }Wén (x — n), is 
constant for all values of x, hence the influence line is as shown in Fig. 
287 ; it may be looked upon as the triangle 29s with the rectangle f/er 
su] 


Maximum Bending Moment—Due to a single load W, it follows 
from the influence line diagram that the maximum bending moment, 
both positive and negative at n/ from /, is jW/m (x — s). For different 
values of s this gives ordi of a parabola, the central maximum 
окне Ре (Кк aec 1WZ The diagram is shown in Fig. 287. 

For a uniformly distributed load sv foot it is evident from the 
influence line that the load must extend over a length £v for maximum 
negative bending moment, and over lengths ff and ve for maximum 
positive bending moment ; in either case writing W = x the magnitude 
is w X area = lar Mr — m) = (x — n)n, the ordinate. of à para- 
bola reaching a maximum ! value jju/* at the middle of the span where 


tn ens Line for Shear; and Maximum Shear—As in the 
previous article adding the vertical pull of the cable to the shearing 
force for a simple beam А 

F=f+ нё Щу Nj = an) m fa AW(x — am) (6) 


1 The coefficient ju often quoted is incorrect, and a glance at the influence line will 
show why. 


502 THEORY OF STRUCTURES (Сн. хуш. 


Te influence line (see Fig. 287) is as in Fig. 132 with the ordinates 
}W(x — an) added, or the base line lowered from ps to fe 

‘The maximum positive shearing force for a single load is, for a 
distance n/ from F,»W J- 3W(1 — 27) JW, and the maximum negative 
shearing force has the same magnitude, The maximum shearing forces 
are therefore the same for all sections. For a uniform load w per foot 
the maximum positive shearing force is : 


wl + You = an) +4 x Ux — an? -u 


which is independent of » and therefore the same for all sections, It 
has been pointed out in Art. 198 that the actual stresses depend 
upon the relative sections of the cable and the girder; the above theory 
is only a rough approximation. Obviously the bending moment and 
shears 2/ and se in the influence lines of Fig. 287 should be zero. The - 
su] rectangles pfes should in fact be curves on the bases ps, the 
ordinates depending upon the relative sections of the cable and girder, 
"Тһе assumptions and results of the previous article for the centrally 
hinged girder will be more reliable than those for the girder without the 
intermediate hinge. 
201, Temperature Stresses in Stiffening Girder.—If the resistance 
of the girder is small compared to the cable resistance so that the cable 
remains parabolic, the girder must sag or rise with the cable due to — 
temperature variations in such a way as to take a uniformly distributed _ 
change of load. Hence we can calculate the change in chord stress ín 
the girder due to changes in dipof the cable. This change is estimated | 
] 
\ 
| 
| 


to a first approximation in Art. 196 (11) as uL which will be 
, 


increase of dip for an increase #° and decrease dip for a fall of tempera 
шге 7°. But from (16) Art. 94, writing D for the depth of thé girder, 


the change of bending stress is f = ме x central deflection: Hence, 


4 ED 37.9 D 
саб ro a Boe S) 
where f is in the same units as Young's modulus E., the sag d being in 
the same units as the girder depth Р. It is interesting to note that this 
is independent of the length of span and the section of the girder chords, 
und is proportional to the depth of the stiffening girder. i 

The temperature stresses in the centrally hinged girder are of about 
equal itude. For from (x) Art. 199, putting « = 17, ће depth of 
cable is Hence the change of sag is about three-quarters of the 
а at the centre; but due to turning about the central hinge the 
change in level is half the change of sag at the centre, hence the central. 
change of level producing stress is one-guarter of that in the case of the 
girder not hinged at the centre: hence for the half-span length M (1) 


becomes 
Tea ED 3 ^22 
TS PS 1644, 10" 
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In either type of girder a fall of temperature reduces the sag and 
sauses positive bending moment, £e. tension in the top chord and 
thrust in the lower chord, while a rise in temperature causes moments 
and stresses of opposite signs. 

EXAMPLE.—A steel suspension bridge has a span of 1oo ft., dip ro ft., 
and the stiffening girder is 4 ft. deep. Find the change in chord stress 
due to a change of temperature of 50° F.; take E = 13,000 tons per 
sq. in., coefficient of expansion o'0000062. 


9.4 13000 X 62 X $0 _ E 
From (1) or (2) / — 2.4, ые z 145 tons per sq. inch. 

202. Stiffened Cables.—The suspension bridge in which the cable 
is replaced by two braced girders hinged together at the centre of the 
span, forms a statically determinate structure. It has great possibilities 
of economy for long spans. The determination of reactions and 
m is exactly analogous to those in the three-hinged arch treated 
in 204. 

203. The Metal Arch and Arched Rib.—An arch may be looked 
upon as a curved girder, either a solid rib or braced, supported at its 
ends and carrying transyerse loads which are frequently all vertical ; 
the arch as a whole is subjected to thrust. The dine of resultant thrust 
or dincar arch for an arch carrying vertical loads can easily be drawn 
when in addition to the vertical loads we know the horizontal component 
of the thrust of the abutments. The vertical components of the reactions 
at the abutments are determined algebraically or graphically as for a 
straight beam and are not affected by the horizontal thrust if the abut- 
ments are on the same level, as is evident if we consider moments about 
an abutment. 

‘Thus in Fig. 288, representing an abutment of an arch with vertical 
loads AB, BC, CD, if the horizontal thrust H is known, and the vertical 
reaction V has been de- 
termined algebraically or a 
graphically, and the ver- 
tical loads a, ġe, ed, etc., 
and the reaction oa = oh 
+ ha are set off as shown, 
the line of thrust AO, 
BO, CO, etc, can be 
drawn by starting from 
the centre of the abut- 
ment and drawing lines 
parallel to oa, 06, 06, etc., 
terminated by the force 
lines AB, BC, CD, re- 
spectively. At the section 
shown the resultant thrust of the remainder of the arch on the portion 
shown is DO represented by do, The first step to the solution of 
the stresses in an arch is to determine the horizontal thrust. In 
one type—the three-hinged arch—the horizontal thrust is statically 


==; 





Ето, 288.— Line of thrust. 
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determinate, but with the two-hinged and not-hinged types the horizontal 
thrust is statically indeterminate and the structure is subject to indeter- 
minate initial stresses and stresses due to changes of temperature. 

The arch may also be compared with a girder with a curved loaded 
top chord; when the bending moment curve ordinates are proportional to 
the heights of the girder (see Art. 138) there is no stress in the diagonals, 
and the vertical shear is carried by the curved top chord in thrust. In 
the arch the external thrust of the abutments replaces the tension of the 
lower chord of the girder. If the loading alters, the curved arch has to 
withstand not the whole bending moments which would arise in a 
straight girder, but a relatively small difference between them and 

ing moments of generally about the same average amount over 
the span. The possible economy of material in the superstructure İS 
obvious; on the other hand, the cost of abutments to withstand the 0 
thrust of the arch may more than neutralise this. Steel arch construê _ 
tion is very frequently adopted to span steep gorges, the sides of which 
provide natural abutments of ample resistance. 9 

The straining actions at any normal cross-section are conveniently б 

resolved into a bending moment and a shearing force, as in the case of 
a straight beam carrying transverse loads, with 
the addition in the arched rib of a thrust per 
pendicular to the section ; for, unlike the case 
of the straight beam, the loads not being all 
perpendicular to the axis of the rib, the re 
sultant force perpendicular to a radial cross 
section is not zero. Thus, at a section AB 
(Fig. 289) of an arched rib the external forces” 
give rise to (1) a thrust normal P through ће | 
centroid C, (2) a radial shearing force F on 
the transverse section AB, and (3) a bending 
Fic. 289. moment M. These three actions are statically 
equivalent to a single thrust T through a 
point D, in the section AB produced, where T is the resultant of all 
the external forces to the right of a section through C, £e. the resultant | 
of the rectangular components F and P of the force exerted by the 
One Mts portion of the structure. The distance 


ср = М. ror continuous loading the linear arch will be а еше 


having the directions of resultant thrust as tangents. The straining: 
action may thus be specified by the normal thrust, the radial shearin 
force, and the bending moment, or simply by the linear arch, and hen 
the straining actions are known, the stress intensities in the rib can be 
calculated. As in straight beams, the shearing force may often b 
neglected as producing little effect on the stresses. The curvature of 
the rib not being great, it is usually sufficient to calculate the 
stresses as for a straight beam, as in Art. 63. The uniform compres 
arising from the thrust P is added algebraically to the bending stress 
in Arts. 111 and r12, and the. radial and circumferential shearing stress 
arising from the radial shearing force may be calculated as in Art 7% 
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and, if necessary, combined with the bending and other direct stress to 
find the principal stresses, as in Arts. 18, 19, and 73. 

In all types, if y is the height of the axis of the arch at any section, 
and 4 is the bending moment ,calculated as for a straight horizontal 
beam under the vertical forces only, the actual bending moment 
M at this section of the arch (conforming to the convention of Art. 59 as 
to sign) isthe algebraic sum of j and the effect H . y of the horizontal 
thrust, or " 
MaptH.y . 2.55. (0 
where u will always have a negative value for downward loads. 

44, Three-hinged Arch.—In this statically determinate structure, 
having a hinge at each abutment or springing, and also at the crown 
the horizontal thrust H, and hence the line of thrust or linear arch, are 
found from the fact that the bending moment at the crown hinge as 
ТИМЕЙ a tha line of thrust passes through this 

e. 
‘Graphically. —In Fig. 290 let ACB represent the axis of the arch 
and W or EF a single load ; then since there is no load on the portion 
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CB, the thrust at B must pass through C and be in the direction BC. 
Hence if BC meets the vertical line EF in Z and the line cf is set off to 
represent W, then completing the triangle €f». by drawing / parallel to 
BZ and ee parallel to AZ (since Z is the point of concurrency of the 
three forces), the reactions oe and fo are completely determined, and the 
horizontal thrust H is their common horizontal component o4. 

The graphical problem for the case of several loads is to draw a 
funicular polygon through the three given points A, B, and C. This 
has been dealt with in Art sr (¢). In Fig. 291 a trial funicular polygon 
APSXZA is drawn for any pole o, then taking a pole distance 


ол = GE. x horizontal distance of a from oft, a line of thrust which ia 
the funicular polygon for the pole o, if started from A will pass through 


Cand B. 
Algebraically—In Figs. 290 and 291, if po = bending moment for 
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vertical forces, at the centre D of a span AB, since the bending momént 
at C is zero 
р + Н.уо=о ог He-* 


о 
Hence for any other section 
z 


M=p+ Hy =p— pox — 
Jo 





Eddy's Theorem.—All ordinates of the linear arch from the base AB 
are proportional to the bending moment of the vertical forces alone, 
and the ordinate at Cis equal to H. yẹ or H multiplied by the ordinate 
of the linear arch ; hence the value of p everywhere is — H X ordinate (s). 
of the linear arch (QT representing s to scale); and the actual 
moment for a section through any point U on the axis of the 
— Hs + Hy = — H (s — y), ie. — H multiplied by the height (s — J) 
the linear arch above the axis of the arch. If the linear arch les 
the axis of the arch the bending moment is positive, the signs beii 
inArt $9. (Positive moments tend to produce increased conve: 
the axis upwards.) The intercepts between the arch axis and the 
arch represent the bending moment to the same scale on which 
represents H . yo, viz. 9.9. oy lb.-ft. to one inch, where the other 
are # Ibs. to one inch, g ft. to one inch, and 0,4 is measured in it 
eae i д 
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the constant horizontal thrust H with the vertical shearing force deter- 
mined as for a straight horizontal beam. 

It is evident that if the centre line of tie arched rib is of the same 
form as the curve of p, the bending moment M is everywhere zero, e.g. 
in the case of an arched rib carrying a load uniformly spread over the 
length of span the bending-moment diagram of / is a parabola (Art, 
57, Fig, 81) symmetrically placed with its axis perpendicular to and 
bisecting the span ; if the rib is also such a parabola the bending moment 
is everywhere zero. 

EXAMPLE r.—À symmetrical parabolic arched rib has a span of 
40 feet and a rise of 8 feet, and is hinged at the springings and crown. 
If it carries a uniformly spread load of 4 ton per foot run over the left- 
hand half of the span, find the bending moment, normal thrust, and 
Jadial shearing force at the hinges and at ] span from each end, 

Taking the origin at D, Fig, 291, say, the equation to the curved 
axis or parabolic curve of the centroids is— 

#=d8—y) andatA,x=20 y=o  hencee= 50 
а d x 
wd  s-$5(68-) wjy-5-L 7 ote 
which gives the tangent of slope anywhere on the rib. 
The vertical components of the reactions are evidently— 


Vi = x 20 xX } = 75 tons Vz = 2'5 tons 
Taking moments about C— 
75X20-10X20X4—-Hx8=0 Hc 625 tons 2 
Normal Thrust at A— 
Resultant thrust R, = V (7'5) + (625) = 9'763 tons 


‘Tangent of inclination to horizontal = ў lf d = r2 = tan 50'20° 





Tangent of slope of rib from 2 is 
= = 0'8 = tan 38:67" 

Inclination of R, to centre line of rib = 50°20 — 38°67 & 1153". 
Normal thrust at A = 9°763 x сов 11"53° = 9°56 tons 
Shearing force at A = 9°763 x sin 11°53° = 1'95 tons 

Between A and C at x feet horizontally from D 
M =— 7'5(20 — ж) + i(20 — zx)! -- 625y 9 —a'se -- 13h 

This reaches a (negative) maximum for x = 10 when M = — 12'5 ton- 

feet. The vertical shearing force is then tele tek © a tons 

(upward external force to the left), the slopes o! the rib and the thrust 

are the same, viz. tan-' o'4, and the normal thrust is equal to the re- 


sultant thrust, viz. 
4 (625) ¥ (5) = 673 tons 
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At the crown, vertical shearing force = — 7°5 + 10 = 2°5 tons (down- 
ward to the left). 

Thrust Te = + (6°25)? + (2°5)* = 6°73 tons 
The direction and magnitude of the thrust on all the right-hand side 
of the rib is constant, being in the line BC (as in Fig. 290). 

At ro feet from B the bending moment, which is evidently the 

maximum value on BC, is 
— a'$ X 10 + 6'25 X 6 = + 1275 ton-feet 
i.e. 12'5 ton-feet tending to produce greater curvature of the rib, 
At B, tangent of inclination of thrust — v = 0'4 = tan 21'8° 
tangent of inclination of rib (as at A) is 
0'8 = tan 38°67° 
Inclination of reaction at B to centre line of rib = 38°67 — 21'8=16°87° | 
Normal thrust at B = 6-73 cos 16°87° = 6-44 tons 1 
Shearing force at B — 673 sin 16:87^ = 1°95 tons { 

205. Three-hinged Spandrel-braced Arch.— When the reactions 
have been obtained algebraically or graphically, as describéd in the 
previous article, the determination of the dead load stresses in the 
members of this structure, illustrated in Fig. 292, gives rise to no special — 
point. The stresses may be found by the method of sections or bya 
"stress diagram, half of which for uniform panel loads is shown at (a) in _ 
Fig. 292. 

‘The use of influence lines will make the determination of the moving 
load stresses clear. Taking a vertical section through the panel GF, the 
stress in GF is found from moments about E. Now from (1), Art. 203, _ 
the bending moment at E= M*= „+ Hy. Hence taking unit load, a the. 

quá 












influence line for E is found by superposing the influence line A'QB'(/) 


292 for a beam of span / (see Fig. 130), and that for the terms H y in whi 

isa constant (eight of E abore AB)and He — ®, so that Hy= - 
The influence line for po is a particular case of that in Fig. 130, and has — 
a central ordinate when the load is at C of — 7; bence the influence lin 


for Hy has a central ordinate ND’ = + Iz The complete influence 
line is shown at (4), Fig. 292, the base line being A'NB'. 4 
The projections of the shaded triangular areas (see Art. 88) show 
the portions to be loaded with uniform moving load for maximum | 
negative and positive bending moments at E, corresponding to maximum _ 
thrust and tension respectively in GF. And if expressions be written — 
for these areas they give the extreme bending moments at E for unit | 
load per foot, and hence the stress in GF for any uniform load w pet 
foot by multiplying by w and dividing by FE. The projection of the и 
intersection Z' gives the section at which a concentrated load would give | 
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zero bending moment at E. This is also shown at Z, the intersection 
of AE and BC, for a load over Z has a reaction in the line AE which 
is the only external force to the left of E, and has zero moment about E. 
If the load moves to the left or right of Z, the reaction line moves 
above or below E, giving a negative or positive moment at E, 


fod sete д 
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Fic. 292—Three-hinged spandrel-braced arch, 


The influence line for the point F, say, will be the same as regards 
the line A’QBY, but will differ in having the point N raised above A'B 
in the ratio that F is higher than E above the line AB, 

If all the panel points on the curved rib AECB lie on a parabola, 
ps follows that with uniformly distributed load the духаа opposite 
[positive and negative) bending moments at auy ese points are 
Sf equal agate, fr tay. Seo fom Seeding on coma tary 
portions of the span, and if both these portions are loaded simultane- 
ously, the linear arch is a parabola passing through these panel points 
and causing zero bending moment at them. 
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For the moving load stress in the diagonal GE, take moments about 
T the intersection of GF and KE. Lety = the perpendicular distance 
of T from GE, and let « = aT, /— 4= T. Then for unit load 
moving from a to G for the structure to the right of a vertical section. 
we find 


Tension on GE = *{V,(? — а) – НА) = Уз 





where 4 = height Aa = Bd, 

The first term is represented by the line A'X, a part of A', in Fig, — 
292 (c), reaching a value ٤ = > (for unit load) at 4. The second term is 
represented by the line A'N'B. — For loads from F to û the first term 


becomes Va, and is represented by the line B'U, a part of Bia’, reach- 





ing for unit load at @ ‘The variation in tension arising from vertical 
loads passing over GF is evidently linear, hence joining UX completes 
the influence line for the first term. Superposing the negative ordinates 
of A'N'B'on the positive ordinates of A'KUB' gives the resultant 
influence line for tension in GE measured from A'N'B'asa base. The 
areas give the magnitudes for the tensions for unit load per foot with. 
loads over the portions of the span projected vertically from the shaded | 
areas. The distance along the span to the change point W might also _ 
be found by the intersection of AT with BC produced. 

The influence line for stress in a vertical member may be deduced 
in a similar manner, ; 

The uniformly distributed load equivalent to any given train load 
will not be that fora simply supported girder ; the effect of load con- 
centration will be very strongly marked in its effect on the extreme 
stresses. \ 

Approximate Method. —The foregoing stress calculations for uniform — 
loads from influence line areas may be described as exact, but as in 
Chapter XII., a conventional calculation may be made by assuming full | 
panel loads. Thus for the maximum negative moment at E, instead of 
taking a load from a to a point over Z and Z’, full panel loadsat a, G, Fy” 
and S may be assumed. And for maximum positive bending moment 








load tension in GE, instead of load over the horizontal length between - 
the change points Y and W, full panel loads at F and S only, may be 
assumed, and for maximum live load thrust, full panel loads at a and 
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The coefficients are given in tabular form, and the reader is left to 
work out the results for other members, The position of the moment 
centre and their distances from the members may be scaled from a 


drawing or calculated. 





Fic. 293. 


TABLE OF COEFFICIENTS OF TENSILE STRRSS FOR UNIT PANEL LOADS IN 
Fio. 293. 
FQ 


For member FQ, T is in PQ produced, FT — jj X $0 — 114 feet. 
= 4/50" + 41" = 64°65 feet. Distance of FQ from T — 114 хө; = 72°3 feet, 
which may also be obtained by drawing to scale, 


Member FG, moment contre Member FQ, moment centre T, 
Unit load at Va H arm GQ =4r ft 9 та ести 


1| ii| 40x 250— iix 80) —07363 | (0x 186— Bx rat) — 00683 


x 723 
с [ЕП —9363ха=—о°26 x 164 Bx rat) = 407487 
$ 4 | 8 |—4 (4x 100— 3i x 80) — 407131 gas i 164-121) = 00113 
K 1|8| 4ixSo—ix 100)— +0'480 Fag 164- WX 121) =—0'3350 
L | 1хо°4Зо= +о°320 —{хо°33$о= —0°2233 
M Mu jx o'4802 --o'160 —4х0"3350= —0'1117 
RIAM 3¥ a © (approximately) 
T -ri = 
J, K,L,M +rogr = 
G - +0'7487 
F,J, K,L,M - 07492 





The points A, P, Q, S, etc., lie on ə parabola, hence the full live load 
and the dead load bending moment and top chord stresses are zero, and 
the з com peser) extreme live-load stresses in the top chord are 
equal and opposite. And considering the top joints, the diagonals 
evidently carry the horizontal com; ts of the top chord stresses ; 
hence they also have Sorti dione. And equal (pd Opposite 
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maximum and minimum stresses. Also at full loads the verticals must 
just carry the panel loads, and the arched lower chord must have a 
constant horizontal component throughout, and vertical components just 
qual to the vertical shearing force. These tests form satisfactory 
checks for the tabulated stresses in any member of the structure, It 
is instructive to check the calculations by the more exact method, 
using the influence line areas, 

\efection.—The deflection of the central hinge C and all other 
points may be found as described in Arts. 155-157. Adopting the 
graphical method of Art. 157, the two halves of Fig. 292 may be treated 
separately as if Aa and B? remained vertical, say, and their lower ends 
fixed. The changes in length in AC and BC are thus found, and hence, 
applying the graphical method again to the triangle ABC, A and B 
remaining fixed, the deflection of C is found, and, if desired, the. 
deflection of all other points may be drawn in. 

208. Flexural Deformation of a Curved Rib.—The bending of a 
curved rib results in an alteration in the shape, and in particular, 


aes 
abs, 
Y 
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chords joining points on the original centre line may be considerably 
altered in length. Let ACB (Fig. 294) represent the centre line of a. 
curved rib which is subjected to a variable bending moment. To find 
the alteration in the length AB, consider the effect of the bending of 
an element of length @s; if the remaining part of the bar were un- 
changed while the element ds turned through an angle di, the rib at A 
being supposed fixed in position and direction, B would move to E, the 
horizontal projection of this displacement being 
ا‎ ^ А 
ЕР= ЕВ соз ВЕР = СВ. 2. соѕ ВЕЕ = 2. СВ соз BCD 2 DC.4i or y.di 


And from Art, 93 the change of curvature 


di M М 
zT "4-754 


where I is the moment of inertia of cross-section, and E is the modulus 


of direct elasticity. 
Hence the alteration EF in the chord AB resulting from the bending 


of the element ds is e .y . ds j; and the total alteration due to bending is 


fafa es pror 
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ihe integral or sum being taken between limits corresponding to the ends 
A and B. Bending moments producing greater curvature evidently 
cause decrease of length of the chord, and those producing decrease cf 
curvature cause increase in length. 
Similarly the displacement of B perpendicular to AB is 
Mx 
[Ж > гыл? лнн (00) 


where x is measured along BA from B. 

If A represents a hinge fixed in position about which the rib can 
freely turn, and if B instead of being free is constrained to move in any 
given locus, the position of B after strain may be found by finding its 
displaced position, say, B', by components (1) and (2) as if the rib were 
fixed at A, and then striking an arc with centre A and radius AB’ to 
intersect the given locus. For small strains, as in Art. 157, the arc will 
be a straight line perpendicular to the original chord AB, Hence 
the actual strained position of B is found by projecting perpendicularly 
to AB. Hence taking A fixed in position and B constrained to remain 
in the line AB the shortening of the chord AB due to flexure is as 
given by (r). 

If the strain due to a variable thrust T along a rib of cross-section 


A is taken into account, an are ds is shortened by an amount я; ds, 
and if @ is the inclination of the rib to the chord, the corresponding 
shortening of the chord element dx is ds соз бо y ds. Hence 
the additional shortening of the chord is 
cos6 ая 
[to or n донес) 


where / = total length of chord. s 
In a vertically loaded arch rib the constant horizontal thrust 


H = T cos 6, hence the decrease in the chord is 


ds HS 
н/& =... то) 


where S = total I of arch rib along the axis, 

The correction (4) is small and is only important for very flat arches 
or deep ribs; it omits a correction due to the change in curvature 
which is itself only important for arches of great curvature. Thus for 

approximate results correction (4) may be added to (1) for flat arches. 
and omitted in other cases. į 

Deflection of the Crown iae os @ Three-hinged Arch Rib,—The 
deflection of C in Fig. 291 may be found by calculating the changes in 
AC and BC by (1) corrected by (4) if necessary, and then 

i 7, (Figs. 229 and 233). The integrals in (1) may not be 

raically ; in such a case they may be found by 
lividing the arcs into a number of short lengths à 


aj ximate methods, dividing 
abd taking for M the values at the centres of the short lengths, 
s 
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207. Arched Rib hinged at the Ends,—A rib. hinged at the ends 
differs ftom one having three hinges, in that bending stress may result 
from expansion or contraction of the rib if the hinges at the ends are 
rigidly fixed in position. The stresses in such a rib are statically 
indeterminate unless some condition beyond the zero bending moment 
at the two hinges is assumed, 
It is usual to suppose that 
before loading the rib is free 
from stress, and that after the 
load is applied the hin, 
ends remain at the same 
| | tance apart as previously, £4 

ia Ve i 





the span remains unchanged. 
This condition allows of the 
FiG. 295. horizontal thrust being calcu- 
lated from the principle of _ 
displacement. With the notation of Arts. 203 and 204, let M be the 
bending moment at any cross-section of which G, Fig. 295, is the 
centroid ; then 


d Mapt Hyo. o o Dy 
and from Art, z06 (1), the total decrease of span, neglecting thé effect 
is : 


of the normal thrust, 
в 
M. yy; _ | (nd Hy)yas 
d EI EI 


where I is the moment of inertia of cross-section and ds represents an _ 
element of the arc AGCB ; and by the assumption that the hinges remain 


in the same position 
[fex uc. 0 


or, = [ft =H as and n- [fin . (9 
Ja” 


the summations being taken over the whole length of the rib. Ina 
large built- arched rib I will generally be variable, but if not, and E is 
constant, (3) reduces to 
Hæ nhet, otis divans 
Stee (4) 


If y, u, and ds can be expressed as functions of a common variable 
this value of H may be found by Ordinary integration, and in any case 
it may be found approximately when the curve of » has been drawn by 
dividing the arc AGCB into short lengths às and taking the sums of the 
Products p.y. 8 and y*. 8, using values of p and y corresponding to 


the middle ofthe length Be Jf I varies, products "7. ôs and 7, 8s must 
be used in the summations, 
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In a circular arch y, ds and horizontal distances can easily be 
expressed as functions of the angle at the centre of curvature, and if 
the moment p can be expressed as in Chapter IV. as a function of 
horizontal distances along the span, the integrals in (4) can easily be 
found. In the case of concentrated loads the integral containing и сап 
be split into ranges over which p varies continuously. When H has 
been found, M and the normal thrust P may be found from (1) as in 
the previous article, or graphically from the linear arch drawn by a 
funicular polygon with a pole distance proportional to H. Fora 
flat arch the correction (4), Art. 206, may be added to the ' At side of (2). 


which adds aterm jg to the denominator in (3) and a term JS or zs 
to the denominator of (4). 

Alternative Method.—As an alternative, to find H we may adopt the 
RR REDEEM (Arts. 158 and 160). Again, neglect- 
ig the deformation due to normal thrust from ((5) Art. 108), the total 
resilience U is m i 

= + 
пума аа а 07 = $ for + spy + Hy) as 

na TU. Ыр с 
and since gy =o, | 14 = н[ 4 он = — ect [fe (3a) 

Movement of Supports.—li the two hinges instead of remaining a 
constant distance apart are forced a distance êr apart by the thrust, 
x must be added to the right-hand side of equation (2) and to the 
numerator of (3), or ET. to the numerator of (4). 

Graphical Method.—1tf the force scale is p pounds to r inch, the 
corect pole distance fot drawing the linear arch is A=, and if the 
linear scale is g inches to x inch, P (Fig. 295) being a point on the 
linear arch or line of thrust 

= к= РО х2... (Ат 58) аі у= 4.60 


[Eta pae 





fi ), Н =й = 7 
hence from (3, Kg xA 
дз.» 
therefore. =$ 
me 


If the diagram of bending moments р be drawn to any scale, the 
ordinates PQ being n times the true ordinates PQ. X 
Lad 





516 THEORY OF STRUCTURES (Cu. xvui, 


"To get the true ordinates P'Q of the linear arch, each ordinate such 
as PQ must be altered in the ratio x to » or multiplied by 2, /4 by 


[69а 


ЕІ 


a ratio which can be found for any case graphically, by approximate 
summation after subdivision of the curve into a number of equal 
lengths. 

Reaction Locus; Single Load W.—In dealing graphically with the 
effect of concentrated loads, such as live panel loads on a two-hinged 
arch, it is sometimes convenient to construct a locus of the intersections 
of the reactions. Let Fig. 290 represent a two-hinged arch, in which 
BZ does no? necessarily through C, and let s be the height of Z 
above AB, then if the horizontal distance of W from A is »4 by similar. 


triangles 






dr 


s eh ON. (1-я) 
nls Oboe Be CB 
and s=A(1 =e the locus required . . (5) 
Parabolic Rib; Single Load W.—The case of a parabolic rib is 
much simplified if we make the reasonable supposition that the value 


of I varies proportionally to the secant of the angle of slope of the 
rib, which is unity at C (Fig. 295), I = I, say. Then elsewhere 


l= Le and substituting this value in (3), E being constant gives 
H= = foyiz + fda. a n a n a (O) 
Then in Fig. 290, for a fwo-hinged arch, with single load W, a 
from A, y = Sexe — x), splitting the integration into two ranges 
= 1 
- forts „мн — ("at sae + Ata a(t = ds 


hence from (6) . 





| 
j 
! 
1 
i 


нн аии) a eca 
and substituting this in (5), we get the locus 


8 
н.а 2н) and s 1284. . . (8) 
Circular Rib; Single Load W.—Using the notation of Fig: 290 — 
296, or 319, but taking the rib as Aimged at both ends, but the load -— 
being in the angular position £, Ze. Е sin fi to the left of the centre of 
the span, the value of H is easily found by taking half the value for РОН 
loads, W, symmetrically placed at angular positions, 8 and — 8. From 
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хто отб = а юх = а or 9 = f, p = Wæ = WR(sin a = sin 6), and 
from æ = a or = {о ж == }/ ос @ = o, p = Wa = W(sin a — sin 8), 
and writing y= R(cos @—cos a) and ds = — Rað, equation (4) 
gives 





i; xf (sina—sing)(cos0 = cosa) d0 + RA(sina — sif) (cos 6— eos od 









aX 
а к «(cos 6 —cos aub 
=W. (зїп? а — sin* 8) 4- cos a(cos f — cos a — a sin «-4- B si ۰ 





a— 3 sin a COS a+ 2a COS" a 
which takes the simple form x cos! B for a semicircular arch when 
а = 90”. 

208. Temperature Stresses in Two-hinged Rib—If an arched rib 
were free to take up any position it would expand, due to increase 
of temperature, and remain of the same shape. But if the ends are 
hinged to fixed abutments the span cannot increase, and in consequence 
the rib exerts an outward thrust on the hinges, and the hinges exert 
an equal and opposite thrust on the rib; a fall in temperature would 
cause forces opposite to those called into play by an increase. In 
either case the horizontal reactions arising from temperature 
produce a bending moment as well as a direct thrust or pull in the ril 
The change in span arising from these bending moments and that 
arising from temperature change neutralise one another or have a 
sum zero. 

Let a be Sue com ene aena (see Art. 31), and ¢ be 
"ће increase of temperature of the rib; the horizontal expansion, 
being prevented by the hinges, is— 

atl 
where Z is the length of span. Hence if M is the bending moment 
produced at any section of the rib, the centroid of which is at a height y 
above the horizontal line joining the hinges, and ds is an element of 
length of the curved centre line of the rib, from Art. 206 (1) 


а |М: E eA 


and since M arises from the horizontal thrust H 
M EDU ee ае е 6 ИЕ) 


hence а-на ә oe See 
Е 
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and if E and I are constant, this becomes 
Elat? 


a CC) 


the integrals being taken in either case over the whole span. 

The bending moment anywhere, H.y, being proportional to y, 
the ordinates of the centre line of the rib measured from the horizontal. 
line joining the hinge centres are proportional to the bending moment, 
thus giving a bending-moment diagram; the straight line joining the 
hinges is the line of thrust or “ linear arch” for the temperature effects, 
"The stresses at any section due to bending, and due to direct thrust or 
pull, may be calculated separately and added, the former being the 
more important, If A is the rise of the rib above the hinges at the 
highest point or crown, and g is the depth of the section, taken as 
constant and symmetrical about a central axis, the maximum bending 


moment due to temperature change is 4 | 
1 










sa = Eat 
and the resulting change of bending stress at outside edges of this 
section is 

HA. 2 Eatlid 


умен енн Beets Od HENE 
În the case of a circular rib the term f’ “yds inthe notation of 
Fig. 296 may be replaced by R'(a — 3 sin'a cos a - 2a cos! a) as in 
(o), Art 207. In the parabolic sib, if f = f , using yd the value is 
ua ў 
EXAMPLE,—A circu - 
lar E rib of iis 
equal to the span iS 
hinged at each end. 
Find the horizontal 
resulting from.a rise of 
temperature of 50° Fa 
the coefficient of expan* - 
sion peine E 
legree : 
Tr the depth of the rib 
is d; of the span, and 
Е = 13,000 tons per 
square inch, find the 
extreme change in the 
bending stresses. 
From Fig. 296 
* Уз 


!= к snas} а= cosas" dom RA 
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y= R(cos 6 — м) 


уш = законе - V con 8 4 6 — o $393 





=. 
= о'оодд6К' 
hence, from (4), the horizontal thrust 
H=- Іа. 5o X o'ooooo62EI — . EI 
RR U ook OST Ri 


The bending moment at the crown is 
EI Е! 
на(: - Үз) = 0'03112 X O34 = жоот 
hence the extreme change of bending stress is 
d x ё z 0'0000$21 X 13,000 — 0677 ton per sq. inch. 

209. Two-hinged Spandrel-braced Arch.—This is a statically in- 
determinate frame of the kind dealt with in Art. 159. A preliminary 
design may be based on a known structure or on calculations from 
reactions deduced from (3) or (4), Art. 207, taking the braced arch as a 
rib having a constant value of I, The stresses in the members of such 
a design may then be calculated after the horizontal thrusts H have 
been determined for each position of the load by (6), Art. 159, assuming 
an infinitely stiff member between the hinges to take all the horizontal 
force. This will necessarily be tedious for all the live loads, but the 
work is much facilitated by determining the locus of the reaction lines 
with the panel load lines. This may be done by determining the inter- 
sections for say three points on the half-span (including the centre) and 
drawing a smooth curve through them. Tabulation from conventional 
whole-panel loads as in Art. 205, or influence lines, may be used. 

210. Arched Bib fixed at the Ends.\—The arched rib fixed or 
clamped in direction at both ends is statically indeterminate, and bears 
to the rib virtually hinged 
at each end much the 
same relation as that of 


ported at each end. The 
Principles of Chap. VIII. 
good for the built-in - 
arched rib. In order to 
draw the linear arch or н А 
otherwise find the bending moment at any section X of such a rib 
‘Fig. 297), it is necessary to know the fixing couples applied at the 
wuilt-in ends and the horizontal thrust, or three other quantities which 
make the problem determinate from the simple principles of statics, 
! For & method of solotion applicat je to a braced arch with fixed ends, includi 
bm ample, see papet fo, 4037, by Dr. Mason, in the Prec. Inst. Cee 
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First Method.—We may write, as in Arts. 102 to 104, allowing for 
the effect of horizontal thrust 


M = p+ Ma + (Ms — MH. . s (1) 


where p is the bending moment on a straight horizontal freely supported. 
the same vertical loads, M, and Mj are the fixing 

couples at The ends A and B respectively, H is the constant horizontal 
thrust, and y is the height of the rib at X above the supports A and B, 
Bending moments being reckoned positive if tending to increase convexity 
upwards as in Art. 204, the fixing couples M, and My will generally be 
positive quantities, as in Chap. VIII. 

The three unknown quantities M, Ms, and H may be found from 
the following three conditions :— 

(т) The assumption that A and B remain fixed leads, asin Art. 207, 
from (x), Art. 206, to the equation 


fa fita ате [rane 0 


the integrals being taken Ras complete length of the curved centre 
line ofthe rib; if E and I are constant they may be omitted from each term. 
(2) The assumption, as in Art, 103, that the total bending or change 
from original direction over the whole length of an arch is zero when 
the ends are firmly fixed gives 
M, —M, = 


M 
e = [fer + mal +] +н[ =° @ 


the integrals being over the whole length of di curve, a EI being 


omitted when constant. { 
(3) If the ends A and B remain at the same level, as in Arts. 103 


and 206 (2) 
xdi, My — M, (ads D 
fare = [ei + Mf E T ar +н/ &=° (4) 


the integrals being over the whole length of curve between A and B, 
and EI being omitted when constant, 

The three equations (2), (3), and (4) are ee to determine 
the three unknown quantities M,, Ms, and H. If all the variables 
entering into the Tcp сап екй не рген ттш О КОШ 
variable, ordinary methods of integration may be used. If not, some 
approximate form of summation by division of the arch AB into short 
p ês, or graphical methods such as are explained in Art. 103, may _ 


















In the case of symmetrical loading, M, — M, and equation (4) 
becomes unnecessary ; in that case equations (2) and (3) reduce to 


Jf arm. f +E =e. „009 o 


fe +f gi +E ffi =o... Og 
which are still further simplified if E and T are constants. Ж 
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Second Method.—Just as (1) represents a modification in the bending 
moment » for a simply supported beam, we may, as in Art, 103 and 
Fig. 158, look upon the rib fixed at both ends as a curved cantilever 
fixed at A (Fig. 297) and carrying certain loads, and in addition the 
otherwise free end B subjected to (r) a vertical supporting force Vm 
(2) a horizontal thrust H, and (3)a fixing couple Ma. Let m be the 
EE moment produced at any section if the rib at B were free. 

M=m-V,(/—2)+Ms+H.y «~~ (7) 
"The conditions stated for equations (2), (3), and (4), taking EI as con- 
stant, give— 
4 Myds e fmyds — Vaf(! — х)уй + Мь/уй + Н/уй =o . (8) 

/М4 = fm ds — Vif — х)й + М/й + Н/уй =о _. (9) 

f Mas m fmxds — Vaf(l — a)xds + Мь/хй + Н/хуй = о (10) 

In the case of symmetrical loading V = half the load, and (то) шау 
be omitted. 

As in Art. 207, the equations (2) to (1o) inclusive may easily be 
deduced from the principle of minimum resilience by writing the 


resilience— 
саја 
and substituting for M from (1) and then putting 


dU dU dU 
aE = SF aM, °: Ma ° 


Symmetrical Arches.— In the (usual) case of symmetry of the curved 
centre ames about the vertical centre line, we may simplify the equations. 
For writing for the whole length /Zs e S, fyds — y . S, where ўїз (һе 


mean height 
Az sé m ferio dive mi M 
N= 2)ds = fads = Ы/й = W.8. Ао yt = 2| ts 
Inserting these, equations (8), (9), and (ro) become— 
dmyds — M.y.S. Va Ma. y.S-- Hfyds —- o . . (8a) 
Smds = М.5.У + М».8+ў.8.Н=о . . . . (9а) 
Jmxds — (hl 8 —[xtds)Vy + My. HSH -SH = 0 (108) 
H is independent of the third condition, for from (82) and (92)— 


dra mara [ee [nO as 
raf ya ons. ys [tra Gr.s us 


52 
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Vs is independent of the first condition, for from (92) and (10a) 
y] mas — | mads 
و۷‎ = et (1) 
J ‘ds — YS 
and from the symmetry 0 
fen ш f= sys +()з (éco Tücorem 1, Art. 52) 
hence (12) becomes 


frat = ads 
T [ы-у 


«o» e (122) 








And from (9a) 
nd, 
pu ‚+. (13) 


My =}Vy- Hg - 
Also from moments about the crown the bending moment there is 
Me 2 B( - 3) = $ | mds + meo ENS 


AMproximate Summations.—1f the above integrals cannot be s 1 
calculated algebraically, approximate summations may be made. 
the whole length S be divided into 2# egua/ parts, it is only necessaryto _ 


rite 3 for /; 8s for ds, an. às forS, 7 3 yàs for j,and divide out the factor dr 


common to the humerators of (11), (12), (124), and (13). 

Varying Moment of dnertia—If the moment of inertia (I) of cross- 
sections of the rib is variable, the factor 7 will be retained in each of 
the equations (8), (9), and (1o), and the subsequent summations. 

It may happen that I = т. approximately, where 2 = secant of 
inclination of the rib, and I = I,at the crown. In this case the common 
factor I, disappears, and ds is replaced by dx and the limit S by 4 and J 
becomes the mean height of the enclosed area instead of that of the 
curved boundary. In approximate solutions the lengths à: must not be 
equal but inversely proportional to the value of I at the centre of each 
length às, Ze. so that 8s+I = constant for each length chosen, The 
See then may be divided out from the expressions for Hy Mw 
Single Concentrated Load:—For a single concentrated load W distant 
a horizontally from A (Fig. 297 or Fig. 319), from A to the load m = 
Wis n а Вапа ааа с аса equations (11), 
(12a), and (x3) fot ordinary integration or for aj te summation. 
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when the centre line is divided into am egua? parts, remembering that 
J = Š, 30) for the whole length or + 3(y) for the halfspan 

а = 
y - - ‘a — x)yds 
af e - nen - f. ار‎ 


ota - ors 
y Xo *Xe-2-5Xje-n 


Hew. 





or a me io, (84) 
Uo ae - (йо) 
uf (o = ads = f "sa — з) 


r= aras 


Fle- AE- a) 
LE E operon рое 
Z -= 
which is equal to Ve the vertical shearing force at the crown, if there is 
no change between B and the crown, £ if a is less than /; and for a 
lóad W similarly placed on the right-hand half of the arch V, is merely 


changed in sign, V being equal to the vertical upward external force to the 
right (or downward to the left) of any section in accordance with the 


convention for F in straight beams (Art. 59). 
_ owes 
Ms = }/. Va — Hy > < ا‎ = х). 


yv -EXG-FXa-9...09 


Vp 4W. 








or 
Also Ma = RA -5) - Y f a as 
or nfi- 200) Nyon). + (en) 


The advantage of these forms of H, Va, and M is that the limits 
over which the summations are to be taken are short ; consequently in 


numerical values there are few terms, The values derived 
rien in the summations since p is 


tabulating 

from (2), (3), and (4) involve more 

not anywhere zero, alth: some reduction is obtained by taking the 

value of H for two loads JW symmetrically placed apart from the crown. 
Movement of Supports—If the support B moves relatively to A, the 

movement can be taken into account by adding suitable terms to the 
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fundamental equations. If B moves &x horizontally (rom A, ôy down- 
wards below A, and rotates 8i clockwise, the terms 8x, di, and êy will 
have to be added to the right-hand sides of equations (2), (3), and (4) 
respectively, or EI times these terms to the right-hand sides of equations 


(8), (9), and (x0) respectively. 

Correction due to Shortening of Rib by Normal Thrust—As for the 
rib hinged at both ends, approximately for very flat ribs the correction 
(4), Art. 206, may be added to the left side of equation (2) or EI times 
this amount to the left side of equation (8). 

Stresses, te-—When Н, У», апі Ma determined, the bending 
moment anywhere is obtained from (7), and the normal thrust as 
explained in Arts. 203 and 204. If it is desired to draw the linear arch, 
the vertical line is drawn and the pole set off from Vs and H. A start- 
ing point is found either at a distance My + H vertically below B or 
Ma + Vs horizontally to the left of B, or H below the crown, 

ExAMPLE 1.— Find the unknown quantities for a parabolic arch, rise 
of centre line 4, and distance between centres of fixed ends /, carrying 
a load W distant @ horizontally from the left-hand support centre, 


taking 1-12, 
It is only necessary to write d instead of ds in (24), (15), and (16). 
"The equation of the centre line is 
y= Yall a) and ў = 3 


Геза -4 [е فر(‎ m S esi sas а) 
[ive = te walt + dx = Ph Gh =P 








[ж = aji =}, f'ar- эме = ДР 
; 
Substituting these in (14), (15), (16), and (17) with dx for ds, we find 


Ha BW, al =F Vp = Vo = W264 = 28) 
РЫ іф 7 
à 
Ma = – №43 00-0) Ма tts - a) — ar) 


ExAMPLE 2.—Find the horizontal thrust in a symmetrical circular 
arch, radius R, fixed at the ends, and carrying a single load W. The 
arch subtends an angle za at the centre of curvature, and the arc 
between the crown the load subtends an angle 8. Notation as in 
Fig. 296 or Fig. 319, 5 = R(a — 0), ds  — R40. 

S=2Ra y= R(cos ð — cos a) (2 — х) = R(sin 6 — sin 8). 


j-2-Rsin& J = Raî + Ra = çîn a — а сого) 


[Ce 90 — as = verint - i (o cent) 


E) 





ART. 210) SUSPENSION BRIDGES, METAL ARCHES 525 


‘The remaining integrals in (11) are simple, and the result is 
H = Wsin aa cos B -- af sin 8.— 2 cos a — a sin a) - a sin f 
a @+asinacosa—2 sina 
The calculations of V, and M, offer no difficulty. 
ү. I 2(a — B) — sin 2a + 4 cos a sin B — sin aj 
ا‎ 2a — Sin 2a. 
Mo = Ms — ). Va-/-- HR(1 — cos o) 


ёниб: – 595) wa Se n PE Rea e= sip 


For a numerical example of the approximate method, see Art. 217. 
211, Temperature Stresses in Fixed Rib.—With the same notation 
as in Art. 208, for the direction AB (Fig. 297), in which expansion is 


as for the two-hinged rib 
=-[ .&=°<...... (0 
Also as in (3), Art. 209, fur Nen 
and as in (4), Art. 209, а=. EE 


Let H and V be the vertical and horizontal thrusts at either end of 
the span resulting from a temperature change of £ degrees (V is equal 
and opposite at the two ends and is taken positive when upwards at A), 
and let M, be the fixing couple at the supports due to the temperature 
change; then 

MeM,-V.x4H.y e (0 

This value of M substituted in the three equations (1), (2), and (3), 
gives the necessary uations to find My, V, H. The bending 
moment anywhere in the rib then follows from (4). 


If the rib is symmetrical about a vertical axis throu; the middle of 
, V is zero, and the two equations (2) and (3) reduce to one, 


the 
and equation (4) becomes 
M=M.+Hy ees... (9) 


which, being substituted in (x) and (2), gives 
м, genet atmo. P IN 


RUF м[+н] ё=о- Я, аъ M 


from which M, and H may be found. у 
"The “line of thrust” in this case is a straight horizontal line the 
distance of which above AB (Fig. 297) is 


— Ma 2 m mean height of centre line (it BI = constan) 
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та the uncommon case of an unsymmetrical rib the line of thrust j 
would be inclined to the line AB, passing at distances M* and ® 
ively from A and B, where T is the thrust the components of 

which are H and V, and Ms is the fixing moment at B, vi. M= V.L | 
The necessary integrals for equations (6) and (7) have been given in ] 
the preceding articles for the circular rib and for the parabolic rib 
in which = ү | 
ExAMPLE.— Solve the problem at the end of Art, 208, in the case of 

an arched rib rigidly fixed in direction at both ends. Find also the 
points of zero bending moment. І 
To this case T 


fnm ens - ja e v - 


т 
[e o 
s 
















а 
‘yids = 0'00996R? (see Art, 208), Í a= TR = roê | 
E oa 
Substituting these values in (6) and (7)— 
0'0931M, . К? + 0'00996R*. H — o'0003rEIR = © 
1'0472M,. H + o'09310R*H = o 


909316 2 
= My = TSF HR = 0'08890HR 


hence Н = 1845 M=- КА 
At the crown (Fig. 296) у =(: - 3g =0'134R 
and Mom— соба +0°1845 X оза = + or0083 


The maximum bending moment is M, at the supports, and at those 
sections the extreme change in bending stress is 


fer Lx d PEI x  = оооло X 13,000 





акі 4° Р 
= 2°665 tons per square inch 

VIR MEE four times the value for the similar hinged arch in 

Art. 208, 5 

"The points of zero bending moment occur when Hy = -My 


y= Me _ гову = R(cos 0 - 573) id 





cos = М3 + or0889 = o'9549 berg 
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Distance (rom support z a 2 R(À ~ sin 6) & o'2036R or 0'2026 of 
the span. 


EXAMPLES XVIII, 


1. Limiting the dip to y of the span, find the greatest which a 
uniform steel wire may have without edi a stress of 7°5 enter square 
inch due to its own weight—viz. 028 Ib. per cubic inch. 

2. A suspension bridge cable of 80 feet span has to support a total load 
of } ton per foot of span, and its dip is 8 feet. Find the maximum pull in 
the steel cables, and their cross-sectional area and length if the working 
stress is to be § tons per square inch. If the cable passes over a saddle 
and the backstay is inclined 30° to the horizontal, find the tension in the 
backstay and th ‘on the pier. If the cable passes over a pulley, 
find the horizontal and vertical pressures on the pier, and draw triangles of 


forces for both 

$ A chain consisting of eyebar links has a span of 99 feet, and 10 
hangers which divide the span into 11 equal parts, and each hanger carries 
a load of 2 tons. The right-hand end is 16 feet and the left-hand end is 
4 feet above the lowest point in the centre line of the chain, Draw the form 
of the chain, and write down the tension in the successive links from the 


left-hand end. 

4A suspension cable of 100 feet span and ro feet dip is stiffened by a 
three-hinged girder. The dead load із } ton per foot run. Determine the 
maximum tension in the cable and the maximum bending moment in the 
girder due to а concentrated load of $ tons crossing the span, assuming that 
the whole dead load is carried by the cable without stressing the girder. 
Find the bending moment in the girder at to of the span from either pier 
when the concentrated load is 25 feet from left-hand pier. 

5. И the girder in Problem No. 4 is ‘by a uniform load of фу 
of a ton per foot, find the maximum positive or negative bending moment 
in the | and half of the girder due to live load and the lengths covered 
by the load when these maxima occur. 

6. Find the maximum shearing forces at $, $ апі {of the span with 
the data in Problem No. 4. 

7. Solve Problem No. 6, but using the loads of No. $. 

8. Solve Problem No. 4 if the central hinge is omitted. 

9. Solve Problem No. § if the central hinge is omitted. 

70. Solve Problem No. 6 if the central hinge is omitted. 

11. Solve Problem No. 7 if the central hinge is omitted. 

12. Find the change in the stress in the chords of a two or. three hinged 
stiffening girder of a suspension bridge due to a change of 6o* F. in tempe- 
rature if the dip is 20 feet and the depth of the girder 7 feet. (E = 13,000 
tons per square inch. Coefficient ‘of expansion 62 x 1077.) 

3. A symmetrical three-hinged is of circular form, has a span of 
o feet aids rise of 10 feet. 1f the uniformly distributed load is 1 ton per 
of span, find the horizontal thrust and the bending moment at span 


(horizontally) from one end. i eta opor a xs 
14. A paral ic arched rib, hinged a springings and cro a 
Жашо. sa fect and a rise of 10 feet ; if the ord varied uniformly with the 
Torizontal distance from the crown from $ ton per foot of span at the crown 
to 1 ton per foot run at the springings fnd the horizontal зу аза пе 
bending moment at $ span. is the normal thrust and the shearing 
force 5 feet from one of the abutments? 

15. If the rib in Problem Мо. 14 has a concentrated load of 5 tons, 
125 feet from one support, find the horizontal thrust and the bending 
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moments on the rib at the } span points ; also if it has 5 ton loads at 125 
feet from each end support. 

16. Find approximately in terms of the panel loads W, say, the extreme 
live load stresses in EF and EP (Fig. 293). 

17. Find by the exact method the extreme moving load stresses in FG 
(Fig. 293) for a uniform load w per foot. 

18, Find the horizontal thrust for the arch in problem No. 14 if It is 
ERA Md асыресе E f 4o feet and a ri 

H ic two-hin, rib has a span of 40 feet and a rise 
of 8 Dd carros a load of 10tons at the crown. The moment of inertia 
of the cross-section of the rib is everywhere proportional to the secant of 
the angle of slope of the rib. Find the horizontal thrust and the bending 
cog Rogen tee if the load i (а) + (8) } 

20. Solye Problem No. 19 if the load is at (a) 1 span, (/) span. 

21. A circular arched rib 4o feet radius hinged at both pe sd oe 
tending an angle of 90° at the centre carries a load of 1 ton ata horizontal 
distance of 20 feet from midspan. Find what horizontal thrust is caused by 








load. 

22. Find the maximum intensity of bending stress in a circular arched 
rib 50 feet n and 10 feet rise, hinged at each end, due to a rise in tem- 
perature of 60° F., the constant depth of the rib being 12 inches. (Coefficient 
of expansion j X 1075. E — 12,500 tons per square inch.) i 

23. Solve Problem No. 19 if the rib is fixed at both ends. 

24. A semicircular arched rib of span Z, and fixed at both ends, carries a 
load W at the crown. Find the bending moment, normal thrust, and 
shearing force at the ends and crown. 

25. Solve Problem No. 21 if the rib is fixed at both ends. 

26, A piece of steel 1 inch square is bent into a semicircle of 20 inches 
mean radius, and both ends are firmly clamped. Find the maximum 
ing stress resulting from a change in temperature of roo? F. in the steel. 
What is the angular distance of the points of zero-bending moment from 
the crown of the semicircle? (Coefficientof expansion 62x 1077, E=30x10! 
рор square inch.) 

27. Solve Problem No. 22 if the rib is fixed at both ends. 





CHAPTER XIX 


EARTH PRESSURE, FOUNDATIONS, MASONRY 
STRUCTURES 


differing somewhat in the assumptions made and the expressions 
deduced. Most theories are based upon the supposition that earth is 
a granular mass entirely lacking in cohesion and having for each kind 
of earth a definite angle of repose or natural slope which it will assume 
if left unsupported for a sufficient time. The various theories give 
results which in most practical cases do not materially differ from one 
another. There is very little experimental evidence that the calculated 
pressures form a reliable guide to the actual conditions which vary 
with many circumstances, "The cohesion in moist, well-rammed earth 
is often very considerable, and in consequence many structures are able 
to withstand earth which, if the granular earth theories gave 
correct values, would be quite unsafe, 

Tt is well to recognise that earth pressures cannot be calculated with 
anything aj the accuracy usually possible in say stress com- 
er for a simple steel framework or a simply supported stee) 

One theory is here given in some detail, and for others the 
reader is referred to books speciall; devoted to such matters. 
ssure,—Notation. = angle 


w = weight of unit volume of earth (say lbs, per cubic foot). 
(a) Vertical Wall Face: Horizontal Earth Surface: 
ping is about to take place downwards across the plane 
resultant force is most oblique to the normal, it follows from (6), Art. 17, 
that the smaller principal stress is, 
1- sin 
pate RS ww scu a MER 


where fs is the i ity of the maximum principal stress. 
"cfe depth A in the: earth the maximum principal stress will be 


vertical, ie. perpendicular to a horizontal face and equal to wh, since 
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one square foot say supports a column of earth A feet high, having 
contents 4 cubic feet and weight wA lbs. Hence the horizontal 
pressure is, Y 

EEL) в) 
aw ng tt e S 
which is proportional to л. Hence the total pressure per foot length of 
a vertical face is (average intensity x area), 


Р i. E $. o fo ETERS or fer taa - 19) (3) 


ааа оњ 


1—80 Ф tines that of water pressure on the same wall face, 


orpXr TF sin ¢ 
where p is the specific gravity of tbe earth. The force P acts as shown 
in Fig, 298 at a depth of $ of A from the horizontal earth surface. 


IE Jal 


Fro, 298. Fic, 299. 


It will be noticed from (2) and (3) that the magnitudes are those for — 
the pressure of a liquid of density w per unit volume multiplied by the 
coefficient T a $, which is unity for a liquid, which may be defined 
by the static property $ = o, х 

Simple graphical constructions for P and for won nt are shown 
in Fig. a99; AC = AB, BD = A, angle ADB = ¢, then P = 4. w. CD 
And if EG = w to scale and the semicircle FKG is drawn to touch и 
EK inclined ¢ to EG, EF = ALIAE. 

(0) Sloping Wail Face : Horisontal. Earth Face.—Let the slope be 
6 to the vertical (see Fig. 300). ‘Then the intensity of pressure across 
the face at a depth л Бу (3), Art. 15, is i 


P= PESO Pf OPO = VP +? . » « (A) 


where fe = wh and py as before is wh eee hence # is propor 


























1 For the depth of the centre of b 
"i depth of pressure see any elementary book dealing with | 
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tional to Ж. ‘The total pressure per foot length of wall face ish X area 
or substituting 

P= p- bh- sec 0 = jw tan" û + tan? 45 = 19. (5) 
and this pressure acts in the direction given by (5), Art. 15. 

Graphical Construction. —The value of ? may be found graphically 
by tbe method given in Fig, 17, the principal stresses and fy being 
known as above. The graphical construction is shown in Fig. gor, where 
s is across a horizontal plane. The proof, with the notation of Art. 15. 
is as follows ;— 

, ED = (4s — 2y) sin 20 = pr 
BD = А00. р) — Ks — у) соз 20 
= be (1 — cos 26) + }py(1 + cos 20) 
= p, sin? 0 + py cos 0 = pn 
BE = / BD" F ED = în + 2i 
P= hsec Qor} p$-AB . .. + + (6) 


acting parallel to BE through a point in AB, 3 of AB from A. 









(¢) Vertical Wall surcharged at^ Slope a.— Rankine assumed that 
the pressure on a vertical face was parallel to the earth slope, i 
inclined a to the horizontal Then at any depth л the vertical pressure 
# on a plane face inclined a to the horizontal, forms with the resultant 
on a vertical face a pair of conjugate stresses, i2. 


pressure intensity f& 
A; is parallel to the face across which 2, acts, and Ж, is parallel to the 
face across which f, acts. Now referring to Fig. 302, 


Jim s = wh cos a (not a principal stress) i o LH 


‘The stresses д, and A, may be looked upon as resultants of princi 
stresses pa and fy (in directions unknown), and therefore (Art. 17), of a 
normal stress }( A» + 4y) added geometrically to a stress de — fr) act. 
ing at an unknown angle 20 to the normals of the faces giving ts 
inclined « to the normals. Fig. 303 represents the vector diagram as 
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in Art. am AC being proportional to 4(f2+y) and BC (=CD) to 


(fe — The two stresses inclined æ to the normals are represented _ 
a a O ap os that 
AB 
И) 


and substituting in terms of AC and BC and writing from (9), Art. 15 
es Ф» = و‎ ү 

or (5) Art. 17, when slipping is about to take place, » T y" = sin ¢, and 

using (7) we get 








cosa — V cos! a — cos’ 


Wem sb eM 6r PE co a m Col d ++ @ | 
which reduces to (1) when a = о. j 





Fl +p‏ ا 
Fic. 303%‏ 





The total pressure per foot length of face is 


соз а — A cos! a — cos! d 
P= pA = uF cos. ET EE (о) 


If the surcharge reaches the maximum possible angle ф (то) 
becomes the maximum possible pressure on a vitia wall, viz. k 


Peduwl.coó ....-.-..-.-* (а) 


Graphical Constructions—The value , is easily found graphice 
as shown in Fig, 304, by drawing a semicircle BEC centred at O, and 
from E a tangent AE to meet the circumference in E, and from A Gre 
дав АС лоадер еі foe eile ig Band C, and 

CAN сао Е Then АИ зерно ма 
d ^ scale that represents tv, point 
limiting position of both B and C for maximum surcharge. ; 

Big be rep EE VENE OF е Во ЕСЕ 
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ЖУЛ UN айа con tics long, perpendicular to the fipure if YZ 
= 1.36 (Fig. 304), or 4.755 (Fig. 303). 

(d) Sloping Surcharged Wall (Fig. 306).—The resultant pressure 
on a sloping face AB may be found by finding that on BC as in the 
previous case, and adding geometrically the weight of a triangular prism 





Fic, 304. Fic. 305. 
of earth ABC. The algebra involved is quite simple but occupies much 
space, so is not set forth here. It should be noticed that BC. is equal to 
Җт + tan 6 . tan a) or Afcos (a — 0) sec a . sec 0). ‘The final result, 
which the reader may verify for himself, is 
Р = bw? cos (a — 0) sect 0 seca 
x 7 sin®@-+ 2K tana sin 0 cos (a — 0) + Кїсоз (а — 0) веста (12) 

ы 8 cosa — cos a= cos $ 
Moses EIT E D 








FIG. 306, Fic. 307. 
The inclination of P to the horizontal is 8 where 
tan B= sin 0 sec (a =0) + tane . . « (33) 
Wedge Theories.—Another method of estimating the pressure on say 
i triangul: 


ical face AB is to consider it as supporting a wedge or lar 
н C ld slip away if the face were 


prism of earth ABC (Fig. 307), which wou! 
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removed. This involves the assumption that the surface of rupture 
would be a plane of rupture such as BC, inclined say 6 to the vertical. 
From the principles of statics the value of the normal component pres- 
sure P exerted by the wall on the wedge may be written in terms of 6 
and constants. To find the maximum value of P this expression may 
be differentiated with respect to @ and the result equated to zero, 
hence obtained. By substituting this value of 6 the maximum value 
of P may befound. Various assumptions may be made with respect to 
the angle of friction £, say between the earth and the wall The 
commonest is to make tan Bop stan LE If we put B=o 
(ie. p= 0) and a= 0, 0= 45 — 44) and we obtain Rankine's value 
(3), which may also be written ушт + jp — н). TE we put p = i, 
resolving horizontally and vertically and eliminating R, 
1 — «tan ê 


Р = соге з нё) (1 — tan a tan 6) DIN LC 


and differentiating this with respect to © and equating to zero to find 
the conditions which give a maximum normal thrust P, we find Е 


PEETER) 


which when substituted in ( 14) gives the maximum value of P. The 
actual thrust on the face AB according to this theory is the resultant of 


P downward and P. horizontally. 
Taking the particular case of level earth, iz. a = o, and substituting 


in (15) and (14), we find, 
sau) тав ОСИ 





tan ô = 
1 مر‎ 
and لل‎ 
Pap opt EITSA + o, °. CN 


213. Resistance and Stability of Masonry, Brickwork, etce,— 
Masonry and similar structures are usually employed (without steel 
reinforcement) mainly to resist compressive forces. This, of course, 
€ `1) causes shear stress on surfaces oblique to that which withstands - 









(1) Owing to eccentricity of the resultant thrust (Arts. xxx and 112) — 
ending stresses arise which unless the eccentricity is suitably limited 
will involve to tensile stress. It is a general practice to disregard 
tensile resistance which such structures are capable of exerting in ii 
of the adhesion of the mortar or cementing material, and to attempt to 
паара eccentricity im so o prevent tensile stress. 
resistance of joints is likewise taken as negligible, 
and consequently the obliquity of thrust across any joint should bé 
limited to the angle, of friction: (Fig: 308), #4. the tangential stress o0 
a joint should not exceed the frictional resistance to sliding. Th 
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main function of mortar is not adhesive resistance, but uniform dis- 
tribution of thrust across joints. 

(3) The resistance to thrust (really dependent on the shearing 
resistance on oblique planes) is limited by the strength of the stone 
or brick or concrete. To allow for concentration of pressure due to 
wneven bedding a high factor of safety is usually adopted. 

Middle Third Rule. —The majority of masonry and brickwork joints 
are of rectangular section, and from Art. 112 and 
Fig. 170 it is evident that to avoid tension the 
eccentricity of thrust must be limited to } of the 
breadth of tho joint the thi old 
the middle third of the joint. In Fig. 308, to avoid 
tension at B, the resultant thrust P must not fall A 
outside DE. If it falls to the left of D, tension at 
B may open the joint. The result is a smaller 
bearing surface, giving increased intensity of com- Fia, 308. 
pressive stress at A. In many cases with the 
ample margins allowed no serious consequences may ensue, but too 
great an opening of the joint may result in failure by shearing asso- 
ciated with compression in the neighbourhood of A. 

‘Stresses in Masonry and Brickwork.—Stone and brick are ів general 
much less homogeneous than Say steel, and further they are often not 
even approximately isotropic; they bave different. strengths and 

icities in different directions. ‘A masonry or brickwork structure 
crates in, properties even more than does a single. piece of We. ay 
material, hence the application of the principles риу 
i ust. 





support a structure 

зро а rantation fe found by dividing the total weight Borne by the 

known allowable unit pressure, which wi i 

of compression. ‘The allowable unit pressure in loose earths is about 

from 1 to 2 tons per square 

In loose ground to prevent the earth being sq t 

horizontal pressure intensity at the depth of the foundation must be а 

certain amount. if W = total weight on a foundation in tons, and 

A = its area in square feet, the unit. pressure is A X - According to 

Rankine’s theory of earth pressure, Art, 212 (1), the least lateral 
r= sin 6 

ныз ta guru movement mat be P CES Again, to supe 

port this hotizontal pressure at the outside of, the bast, there must 

бышуу bos vertical exit prese Lp, umet he borane 
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= sil 8 ПЕРТ 
1 — sin $Y . ic quis pressure is supplied by sinking the 


pressure, or 4 Tsin4 
is wh, where w = weight of earth in tons 


horizontal surface its intensity i 
per cubic foot, and # = depth in feet, hence the minimum depth of a 


foundation for stability is given by 
Үт – зіп фр W (1= sin $y 
СЕКЕ алега) e O 
ExaMPLE—Find the necessary depth of a concrete foundation 

6 feet wide carrying a wall which supports 8 tons per lineal foot, 
including itsown weight. The weight of concrete foundation is 1T cwt. 
per cubic foot; weight of 1x cwt per cubic foot; angle of 
repose 30". 

‘Total load per foot run = 8 + 


1 —sin 30^. T 
(= eS, hence from (1) 
stos txi hence A = 2°6 feet. 


oos x 6 
Footings-—The steps in which the area of the base of a wall or pier f 
is increased to the full area of the base are 
called footings (Fig. 309). Due to the upward 
pressure at the foundation, there is bending _ 
action on the overhanging portion EB, which 1 
may be treated as a cantilever uniformly loaded, - 
giving a maximum bending moment at ED. It j 
js desirable to keep the tensile bending stress at 
E within safe limits, and also to see that the 
shear stress on ED is within safe limits, remember- 
ing Art. 72 that the maximum value may be 
Fic, 309 about rs times the mean value. Actually the 
thickness DE for a given type of masonry oF 
brickwork structure and the projections of successive courses are 
determined by empirical rules, which allow ample margins in these 











ra$ X6X4À. 4 
БОА 8+0°3754 






















Grillage Foundations.—The necessity of deep excavations to secure 
a wide base for a foundation to carry a heavy load, such as that carried 
bya stanchion, may be obviated by the use of two or more tiers 
of steel joists set in concrete. In poor bearing soils a single layer of 
steel joists may even be used in the concrete of a heavy wall foundation. 
The practical requirements are that all joists of a tier should be spaced. 
sufficiently far apart to allow of concrete being well rammed between 
them, say 4 inches or 5 inches between flanges. The nuin 
in proper position by cast-iron separators, or by bolts passing iy 
steel tubes about x inch diameter. Fig. 310 shows such a n 
foundation having two layers of joists. At least r2 inches depth 
concrete. below the joists n allowed. The resistance of thë 
joists to both bending and ing must be considered in designing 
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such a foundation, and the joists must not be placed too far apart to 
provide sufficient shearing resistance in their webs. For a given 
stanchion base as many (usually 3 or 4) joists are placed in the first 
tier as can be spaced sufficiently far apart as to allow of proper ramming: 

"The calculation of bending moment in the joists under a stanchion 
base is a conventional one, fur it depends upon what assumption is 











Fic, 310.—Grillage foundation, 


made as to the distribution of the pressure exerted by the base on the 
ill. 

Ж Let Fig. 311 represent a stanchion base resting on a single layer of 

steel eam jf they are embedded in concrete the upward pressure may 

be taken as uniformly distributed, зау т, Рет foot where W = total load 

and L = length of beam in feet. Then if the beams are so flexible in 

and алко with the (shorter) stanchion base that they bend s0 as to 
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test on the edges of the base, the diagram of bending moments is of the 
type shown (for different proportions) in Fig. 184, and as shown by the 
curve ADFEB (Fig. 311). In this case the maximum bending moment 
at D is as for a cantilever of length }(L — 4) equal to the overhang, and 


loaded Y per foot, viz. 
w 
tp. wee ee ee OD) 
Tf, on the other hand, the stanchion base is so flexible as to bend 
with the beam, the 
downward pressure 


might be taken as a 
uniformly distributed 
load  perfoot giving 
the bending moment 
diagram ADCEB | 
where DEC is a para- 
w bola, and the maxi- 
L Pe food mum OC is 
E 
WA e 
Ly. $ 
or ptus as great. 


ns disini a 



















Fro. 311. nate: both values (1). 
iem and G) S conven | 
tio: If the base were very flexible, the pressure might be more сопе 
centrated towards the centre of the base, giving some such ordinates as 
indicated by DGE (Fig. 311). In the case of the lower tier of joints 
the downward load is necessarily partially distributed by the upper tier. 
Frequently both grillage and stanchion base will be made 
square ; if not, however, appropriate values.of L ог L' and ог й 
(x) and (2) must be adopted, n. 
The maximum shearing force, whatever the distribution of pressure, 
will be practically at the edge of the stanchion base and will be м 


А 


ExaMPLE,—À stanchion designed to stand a direct load of 126 
has a base 30” square. Arrange a suitable grillage for the fe 
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to give a pressure of not more than 2 tons per square foot. Use British 
Standard Beams, and limit the bending stress in the flanges to 7} tons 
per square inch and the mean shearing stress to 4 tons per square i 
taking the web area as the thickness multiplied by the depth of joist. 
p begun - * oam ft; RE say 8’ by 8'; joists, 7 long 
ant edges, For the lower tier use 8 joists spaced the 
outside ones being 6” from the edges. a e E 
L= Z= 84 = 30 = 54". 
STB Fg (=) atin DEPTS ао лавре 
ез. 


Modulus of section per beam = 4X oe 1:6 (inches), 


Referring to Table I. Appendix, the B.S.B. 12, 8" x 4", with a 

modulus of 13-92, will suit. 
"The shearing force (3), is } x 120 x $f = 38-6 tons 
= 4-82 tons per beam, 

‘The allowable shearing force per beam is 0-28 x 8 X 4 = 9:3 tons, 
which is ample. 

‘The clear spaces between flanges is 12” — 4” = 8". 

For the upper tier, taking three joists, the modulus required is 


810 5 
IXTS = 36 (inches). 
And Table I. gives for B.S.B., 20, 12" X 5", modulus 36-66 (inches)! 


Shearing force per beam $E? = 12:9 tons. 
Allowable shearing force per beam 035 Х 12 Х 4 = 16-8 tons, 


which allows a margin. 
‘The three flanges occupy 5 X 3 = 15", leaving 15" for two spaces 


flanges. 

915. Resistance of Retaining Walls.—It has 
already been indicated that neither the earth pres- 
sure on a retaining wall nor the stress caused in 
any ay forces can be accurately calcu- 
lated. ‘The following conditions with which a re- 
taining Wall is made to comply must therefore be 
regarded as more or less empirical Let P (Fig. 
312) be the estimated earth pressure per foot run 
From one of the theories given in Art. 212; let W 
be the weight of masonry in the wall per foot run, 
and G be the position of the centre of gravity of 
this piece of the wall. "Then combining W and 
P by the triangle of forces EKL drawn to scale 
(or by tri calculation), the resultant 

R on the basis AB is ascertained in mag- Fic. 31a. 
and direction. Itis then necessary that— 

(1) R shall cut AB in a point F within the middle third to avoid 
'a vertical component tension at the inner toe B, 
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(2) That the intensity of vertical compressive stress at A calculated 
by (a), Art. 112 (taking a normal thrust W + P sin £), shall be 
within the working limits suitable to the masonry used. 

(3) The inclination of R to the normal to the base of the wall shall 
be less than the safe angle of friction between the masonry 
and the foundation. 

"The wall should also satisfy the same conditions for all horizontal 
sections. The position of F may easily be found by equating the 
opposite moments about, say, A or B, of the forces acting on the wall | 
шап the reaction of the foundation which is equal and opposite. 
to R. 

Practical Proportions.— The above conditions, in conjunction with 
the commoner rules for earth pressure, often lead to retaining wall 
proportions which are unnecessarily wasteful. The late Sir Benjamin 
Baker stated that as a result of his experience he made the width of the — 
bases of retaining walls for average ground equal to J of the height 
from the footings to the top. Also that a thickness of $ of the height 
with a batter of 1 or 2 inches per foot on the face was sufficient with _ 
favourable backing and foundation, while with a solid foundation the f 
thickness need never exceed } of the height. He also stated that good 
filling gives'a thrust equivalent to that of a fluid weighing ro Ibs. per 
cubic foot ; hence, allowing a factor of safety of 2, the wall should be _ 

ble of ining the pressure exerted by a fluid weighing 20 lbs. 
per cubic foot (see also end of Art. 216). 

Exampie.— trapezoidal retaining wall is 24 feet high, the base is 
8 feet wide, and the top 6 feet. If the earth weighs rro lbs. per cubic — 
foot and its angle of repose is 50°, and if it stands level with the top of 
the wall, find, according to Rankine's rule, the centre of pressure on the 
base of the wall, and the extreme intensities of normal stress on the base 
assuming that the intensity varies uniformly and the masonry weighs 
150 lbs. per cubic foot. 

The total horizontal force on the wall per foot, by Rankine’s rule, is 

ay 270-766 v 
1х rro х 242 х т9резбб 4200 lbs, 


Weight of masonry per lineal foot is (8 + 6)24 X 150 = 25,200 lbs. 
Horizontal distance of centre of gravity from the inner side of the 
wall 2 ((6 X 24 X 3)--( X 24 x 2 x 63) = 168 = 3:5236. 

"Taking moments about the inner toe of the wall— 
Distance of centre of pressure x 25,200 = 25,200 X 3:5236 +4200 X 
Distance of centre of pressure = 3:5236 + 1-3333 = 4:8569 feet; 

i.e, 0:8569 foot from the centre of the base, and therefore well within the - 
middle third, which extends $ ft.  1' — 4" from the centre. 

_ 216. Masonry Dams.— The thrust on the face of a masonry n 
being, unlike that on a retaining wall, due to water pressure, is calcu- 
lable with considerable exactness, But there is not, and cannot well 
be, any exact computation of the state of internal stresses in dams. 
They form, however, such large, costly, and important structures 
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much attention has, during recent years particularly, been paid to the 
estimation of such stresses. 

Most existing dams have been designed so far as strength and 
stability are concerned with a view to fulfilling the three conditions laid 
down in Art. ars for retaining walls for earth. It may be pointed out, 
however, that the falling of the resultant within the middle third of the 
horizontal section only ensures that, assuming a uniformly varying 
distribution of normal stress across the section, there is no tensile 
component across this section. 

The dam may be regarded as a vertical cantilever of cross-sectional 
dimensions (breadth) comparable with its height. To apply the theory 
of long uniform beams to such a case is at best a rough approximation. 
"The normal stresses across the horizontal sections will not generally be 
principal stresses, and there will be tangential components or shearing 
Stress on such sections, which may involve tensile stress across some 
other plane, Most recent theories of stresses in dams have been 
supported by some experimental approximations (deduced from 
models) as to the distribution of horizontal shearing stress in the dam. 
Such data and theories as representing anything like actual conditions 
in a masonry dam must for the present be regarded as tentative, and 
are here only given by references at the end of this article. 

Water Pressure-—The water face of a dam is usually so little 
curved in its vertical section that the water pressures on cither part 
or the whole may be taken as if the face were 
plane. The per foot run of the dam x 
for whole or part of the depth are then easily 
estimated by the rules of hydrostatics applic- 
able to immersed rectangles. Thus if Fig. 
313 represents a section of a dam with water 
up to the sill at A, the pressure per foot run 
on the curved face AB may be taken as that 
ona of length AB and breadth one 
foot, the mean intensity being that at E mid- 





c 8 
way between the ends A and B, i.e at half 
Vic vertical depth of B. Further, this pressure ee 


is perpendicular to AB, and acts through à point F in AB distant one- 
third of AB from B. Strictly, the weight of water within the space 
between the straight and curved faces AB should be added geometri- 
cally to this pressure, but it is usually negligible, and such approxima- 
tion is on the safe side. A still closer approximation would be obtained 
by dividing AB into a number of straight faces, and summing geometri- 
cally the partial pressures, and finding the position of the resultant by a 


funicular polygon. 

Middle Third Rule and Lines of Thrust or Resistance —If the main 
criterion as to stability is accepted as being that the line of resultant 
thrust shall pass within the middle third of horizontal sections, it becomes 
desirable to test a vertical section of a given design by drawing lines 
called Anes of resistance, ot lines of thrust which give the direction and 
position of the resultant thrust on all horizontal sections under the 


542 THEORY OF STRUCTURES [Cn. xix. 


extreme conditions of no water pressure and full water pressure. 
Fig. 314 shows how to determine graphically a single point in the lines 
of resistance for the 
reservoir full and 
the reservoir empty, | 
‘The section chosen _ 
is at the floor-level 
of the reservoir, but 
the construction is _ 
the same for any _ 
other horizontal sec: ' 
tion. Taking one 
foot perpendicular 
to the figure the 
centre of gravity G 
of the ma 
ABCD is f 
P by the well-known 
Fic. 314.— Centre of pressure on base. trapezoidal rule of 
joining NM, the 
middle points of AD and BC, and finding the intersection G with SQ, 
where AQ = CB and CS = AD. The weight of masonry W acts through 
G, and its line of action cuts the base CB in K, which is a point in the 
line of resistance for the reservoir empty. With the reservoir full the line ( 
of action of the pressure P = wå? (where w weight of 1 cubic foot 
of water say 62°4 Ibs.) is } of A above B andcuts GK in E. A triangle - 
of forces EFH gives the direction of the resultant thrust EH, which. 
cuts CB in L, which is a point in the line of resistance for the full 
reservoir. Then L and K and similarly determined points for all other 
horizontal sections are required to fall within the middle third of the 
various horizcatal sections. 3 +i 
Forms of Section.—Actual dams are rarely trapezoidal, but haye the 
flank hollowed, and the base widened by a rake of the flank, and just 
so much on the face as will keep the thrust well within the middle. 
third when the reservoir is empty. 1 
Complete curves between dotted lines marking the middle third 
are shown in Fig. 315 for a typical reservoir dam section. 
"The vector force triangles for the five horizontal sections are set out to 
the right-hand side of the diagram, It will beisufficient to indicate in” 
detail the method of finding two sample points, say D and F, for 
section 44', The weight w, of the masonry 433'4' is calculated, and its- 
centre of gravity g, found by calculation or graphically as in Fig. 314- 
The weight of masonry 300'3' (w, + w, +:2,) having been ا‎ 
calculated and its centre of gravity G, determined, the centre of gra 
G, of all the masonry above 44' is found, as indicated for clearness jus 
to the right of the dam section, by dividing the line G,g, inversely : 
the weights tb, + 2, J- w, to 2,  This'is accomplished by drawing 
line G,K proportional to w, and a parallel line gH proportional 
w, +W + w, and joining HK ; then the intersection of HK witb Ga 
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gives the centre of gravity of the masonry 432100'r'2'3'4' at G. By 
dropping a perpendicular G,D on 44/ the point D in the line of 
pressure for the empty reservoir is obtained. 

The water pressure P, on the face 01234 is taken as perpendicular to 


the line o4 and 2 of its length from О, йл. ® feet vertically below the 


water surface, "The mean pressure is taken as that ata depth of 4 of 
7° = 35 feet below the surface, viz. 35 X 62'5 lbs. per square foot, and 
1 Water Pressure , 
apr 

e720) ! 


-n 





it ine‏ پچ اب چا 
Weight of Masonry‏ 





the area per foot length of dam is equal to the number of feet in the 
straight line o4. The line of action of P, intersects GD at E. The 
direction of the resultant of zu, + 10, + w, + w, and P, is given by the 
line AB in the vector diagram. Hence, drawing EF parallel to AB to | 
meet 44 gives the point F in the line of pressure for the reservoir full 
to the sill oo’, The other points are similarly obtained. ome 
vectors Pa P, Pe P, radiating from C are so nearly parallel they 
cannot all be drawn separately. In obtaining P the effect of the weight 
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of the prism of water shown in profile by the triangle o24 is neglected. _ 
Tis effect would be to slightly lower E and slightly increase the stee] 1 

of EF, thus bringing F very slightly 
closer to the middle of 44. Alter 
natively P, might be found by cak - 
culating the true pressure on o1, I2, 
23, 34 and obtaining their vector. 
sum and true position of their re 
sultant by vector and link polygons 
or by calculation. 

Trapesoidal Retaining Wall o — 
Dam.—The limiting dimensions for 
a trapezoidal wall with vertical face 
subject to normal pressure due to 
level filling calculated by ine's 
rule, so that the thrust on the basê 
just remains in the middle third, 
may easily be estimated by moments 
Thus in Fig. 316 if the ratio of the 
= weight of one cubic foot of masonry. 

Fis. 316, to Ils. mes that of one cubic 
foot ot filling is s, where ¢ = angle of repose (so that for water on the 
face $ = o, s = specific gravity of the masonry), w have 


wre ein) Ta 


and by moments of areas, 























MR Р т 
Вр = To. Ср их 
3(%-7) 3)20 = 





1f the intersection C falls at the limit of the middle third, equating 
BD+ CD = #2, ме боа j 


pU (eT) ao. . 

a quadratic equation for à with a given batter one in s or a quadratic 
n for a given width of base b. ) 
In the particular case of a triangular section 4 =! this reduces tO — 


which also holds for a rectangular section, m being infinite. If for f 
reservoir we put, say, s = 2, then й = 0°74, while for s = 275,6 = 0" 
If we take Baker's suggestion of allowing for a fluid of density 20 Ibs 
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per cubic foot, and take masonry at то lbs. per cubic foot, s TS 
(2) gives ò = 0'3654, while if we put # = ra in (1) we get b = 0'3364. 
REFERENCES TO STABILITY OF DAMS, ETC. 
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217. Masonry Arches—The mechanics of masonry (including 
brickwork) arches presents considerable difficulty, and there is no 





Filling. 






Spandrel. 


Aburment 


Fic. 317 
theory dealing with this point which is both simple and satisfactory: 


"The arch ring supporting the load is made of material such as brick, or 
stone and mortar, which is more or less perfectly elastic, The names 
used in connection with this ring and the adjacent parts are shown in 
Fig. 317. The ring may be of uniform radial depth, or it may gradually 
thicken from the crown to the haunches. 

Such a structure is, in any case, statically indeterminate, and the 


true line of thrust or linear arch for any given loading cannot be drawn 
with great certainty. For, in the first place, the incidence of the 
i itted through the spandrel, 


are used, the load from the 


safe side. In some cases UA spandrels 
roadway being transmitted by vertical masonry columns connected 
under the roadway by short arches ;-in such a case the loading of the 


arch ring is fairly definitely vertical. E 
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Then of all the possible reactions at the skewbacks which would 
satisfy the statical conditions of equilibrium, the correct values will 
depend upon the relative elasticities of the ring and the abutments 
(including heavy semi-rigid backing over the haunches and piers). It 
is interesting to record that in Germany attempts have been made to 
localise the line of thrust at three sections in the arch by the insertion 
of blocks of lead near the curved axis between voussoirs at those 
sections, thus forming quasi hinges. Masonry arches have also been 
constructed with actual metal pin hinges. 

If we treat the arch ring as an elastic rib fixed at both ends, we 
may apply to it the theory of Art. 210, Experiments made by the 
Austrian Society of Engineers and Architects showed that masonry 
arches behaved very nearly as elastic arches with fixed ends.* This is, 
of course, equivalent to taking the rigidity of the abutments as infinite 
in comparison with the flexibility of the arch ring. 

Winkler's Criterion of Stability Neglecting the strain from normal 
thrust and considering the resilience due to bending moment, (6) Art. 108, 
е principle of minimum resilience, Arts. 158 and 16o, indicates a 

ie average square of the bending moments will be as small as possible. 
And as for vertical loads the bending moment is everywhere proportional 
to the vertical distance of thearch axis from the line of thrust (Art. 204) 
the average square of the vertical distance must be as small as possible, 
fie. the correct horizontal thrust will be such as to giye minimum devia- 
tion of the line of thrust from the axis as measured by the square of the 
vertical deviations. If the corresponding funicular polygon or linear arch. 
is wholly within the middle third of the arch ring, and if the maximum 
compressive stress is within the safe allowance for the material, the 
arch may be considered stable. If, therefore, any funicular polygon 
can be drawn for the particular system of loads such as to lie wholly 
within the middle third of the arch ring, the ring is stable for that 
system of loads. To ensure stability under all systems, the polygons 
for different positions of the movable load would have to be drawn, or 
their effect investigated. This is somewhat beyond the scope of this 
brief treatment of the subject, but it is usually sufficient to apply the _ 
criterion to the arch under (r) Dead load only, (2) Full load, (3) Dead — 
load, and full movable load on half of the span only. X 
an arch the dead load is a considerable proportion of the whole 
load, and minimises the deviation of the linear arch from the curved 
axis; and i perr ired limit 
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extrados drawn so as tO form a ring Of variable radial depth, the 
middle third of which lies eptirely outside the extreme limits of the 
line of thrust. f 

The elastic method Offers the most direct method of design, and 
gives the most probable line of thrust, according to Winkler's criterion, 
for in Art. 2xo it was sbOWp that (neglecting strain due to thrust) the 
solution given, follows from the principle of minimum resilience. If, 
however, an entirely empirical design i$ made the criterion may be 
applied by trial, either graphically, by drawing various trial lines of 
thrust, or algebraically by calculating the moments, and hence the 
deviation of the linear arch fom the curved axis. In either case three 
conditions have to be áS$ugéd for any trial line of thrust. These 
three conditions may be three points ín the linear arch (say at the 
crown and the abutments) of two points and one direction, or any 
three which make the funicula polygon determinate (see Arts. 46, 47, 
48, and $1) ; these three assumptions correspond to the three quantities 
actually computed in Art. 210, | 

The application of the criterion graphically by trial is much 
facilitated by a device due to Prof. Fuller, which is illustrated in 
Fig. 318, which represents ap arch ring, the boundaries of the middle 
third being shown dotted. Тре funicular polygon ADEKB is drawn 
with any pole distance, o, ^ corresponding to any horizontal thrust, for 
the loads Wı, Ws Wp Wa &tc., On a horizontal base AB (Art. 51) the 
points A and B being the jptersection of the curved axis with the 
skewbacks, Any length Fg On the Jine AB is then chosen, and 
the highest point K of the funicular polygon is joined to F and G, 
Then FKG represents the funicular polygon “straightened out.” The 
next step is to correspondingly modify the region between the middle 
third boundaries, This is Accomplished by projecting horizontally the 
vertices such as D and E of the funicular Polygon on о ЕК апі КС, 
giving such points as D' and E. Vertical lines through D and E 
intersect the upper boundary of the middle third region at g and e; 
horizontal lines through 4 âng Z intersect Vertical lines D' and 
E' in Z' and Z, giving points ip the modified or derived upper boundary 
of the middle third regio; other points are similarly obtained, and 
both upper and lower bOungaries are drawn in through the points 
ji d,d, k, etc. If now twO jptersecting straight lines, mn, can be 
drawn to meet in 2 on the vertical through K and &, and lie wholly 
within the modified middle third region, corresponding funicular 
polygons can be drawn within the original middle third region. Such 
a funicular polygon may ре drawn by projecting horizontally the inter- 
sections of the lines mp and pq, with the Verticals through D' and Е, 
etc., on to the verticals through D and É, etc., or by taking a pole 


а ЕУ е 
distance equal to ай х Баъ Gf p above m 24 Stating the polygon 


through 2, or through the horjzqntal projection of ™, say, on the vertical 
through A. If several Polygons are possible, a good approximation to 
the most probable one could be Obtained by drawing in the centre line 
of the modified middle third region, and drawing by inspection a pair 
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of intersecting straight lines, such as mf and fn, deviating as little as 
possible from the centre line, which is the axis, as i 

Elastic Method.—The application of the elastic method to the deter- 
mination of the line of thrust in a masonry arch may best be explained 
by an example. A segmental or circular arch is chosen and the approxi- 
mate methods for the summations given in Art. aro are used, although, 
after dividing the continuous load into several concentrated loads the 
exact formule given in Example 2, Art. 210, might have been em- 
ployed. The purpose is, however, to illustrate the method, and with 
that object the data have been simplified as far as possible, 


We Wa Wy Wy My Ws OW Wy War Wr 








FIG, 319 


Data,—Radius of centre line of symmetrical arch ring 40 feet. 
Angle at centre of arc 80° (a = 40°). Uniform radial depth of ring 
2 feet, Filling to stand level 3 feet above the top of the ring at the 
crown. A e weight of filling to include roadway, 120 Ibs. per cubic 
foot ; weight of masonry in ring 160 lbs. per cubic foot. Moving load 
150 Ibs. per foot run per foot of width of roadway. 

‘The arch is ncn per foot width of roadway гор The 
arc is divided into ro ‘of 8° each, and both dead and live load are 
as that vertit eae ars: T a e 
vertically through tS 1, 2, 3, 4, 5, 55 4, 3, 2» T, in 
tres of the 8^ arcs Thus at point 4 the dead load is that of the 


iu 
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spandrel filling and the arch ring shown cross hatched in Fig. 319. 
The estimation of the dead and moving loads assigned to these points 
is simple mensuration and is not shown in detail, any reasonable 
approximation being satisfactory. The three unknown quantities 
H, V, and Me, as given in (14), (15), and (17), Art. 210, are first calcu- 
lated for unit loads at points 2, 3, 4, and 5, the values for point т being 
zero according to the approximation. The following values are first 
tabulated (Table A), the notation being given in Fig. 319. The number 

` of significant figures used may be in excess of that warranted by the 
assumptions, but will assist the reader in tracing the work clearly. 

Half span of centre line = 40 sin 40° = 25°7116 feet. } 
Rise of centre line 4o (1 — cos 407) —9'3582 feet. 

From Table A the summations required for the expressions (14), 
(15), and (17), Art. 210, are taken, Some of these are independent of 
the load position and magnitude. For example, the denominator for 
(14) is (7 being 5) 

307) — (30) = 5 X 23082 — (31087) = 1877 

The denominator for (15) is 

X(47— x)) — 1170. 


And for (17), the coefficient 
"0868 
b - ix} = 9°35822 — PS os = 3'14086 feet. 


"Тһе values of H, V, and M, for unit load at the various points are 
next calculated. Sample calculations are as follows :— 
For unit load at 3 or 3’, from table A, columns 4 and 8 
XQ) x X(a — 2) — "3((a — х)у} 
== 31-0868 Х 14:09284 — 5 X 407407 — 2604. 
hence from (14), Art. 210 x 
260" 
H=}x II 06935. 

- For unit load at point 3, from (x5), Art. 210, taking the value from 
Table A, columns 16 and 6, Vo = Va = $ X us 7 071398, and for. 
load at 3 V; would be —0'1398, and V, would be 1 —0'1398. 

Also for unit load at 3 or 3’, using the above values and column (8). 
Table A in (17), Art. 210, 4 

Mo & o'6935 X 3714086 — 7; X 14:9284 = +0'6854. 

The other tities similarly calculated are entered in columns 2, 
and s of Table C. They may be checked by the exact formules given in | 
Example 2, Art. 210, and show the nearness of the method of approxi- 
mate summation, / E 

We propose to investigate one type of loading only, viz. movable 
load covering the left-hand half of the arch only. Then by simple 
mensuration we find approximately the loads in Table B. E 
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TABLE B, 








tht of | We of arch | Total dead 
к= | capt’, т П теала 























1 5 1790 7430 680 
2 44 1790 6250 14° 
3 3360 1790 5150 790 
1 2520 1790 4310 $20 
5 2070 1790 3860 $40 
TABLE C. 
П 5 s eea Е 
Vg 2 Vc | Vg t V. 
c | Me for | Mo for | Va for | Va m Ve | Yar Ve 
asa fota lacia aa isa саа [Ме б ай aea load lire ома Нева овд {он | fond oa 
Points. |t either |ateither lat either | „iylar poine: ^t either at either | on atA | lee point let 
Point. | point. | point. poa | point. | points. | point left poat 





o o o o o o 7430 о 
0°2835| 1772 | 210 | +0'4172| 2608) 309| 6250 0'0476 35 
06035) 3572 | §45 обви 3530] 539) 515 01398 110 
10730. 5 +0'2680 ns 220 po o'2681| 220 
172972| 5007 | 1085 | — 12382 |- 4780 | 1036 | 3 0'4199| 35t 


reves 
wae 

















Totals | — | 14976 | 27231 | — 2513] +32| 27000) — 


Total H for arch, 3 X 14976 + 2721 = 32673 lbs. 

"Total M; for arch, 2 X 25134 32 = say 5060 Ib.-feet. 

"Total V; for arch 27000 + 716 = say 27720 lbs. a 
Vo = 716, say 720 lbs. 


The loads in Table B are used with the unit load coefficients to find | 
the contribution of each load to the totals as shown in Table C. Thus 
ape 3 we have for H 06935 X 5150 7 3572, and 06935 X 799 7. | 
546. 
The three unknown quantities H, Mo, and Va or Vo, being now 
known, the funicular polygon which is the linear arch mi ‘be drawn by 
setting off the load line, and V, and H, as shown to the right of Fig. 319, 
and starting at a point 5060 + 32673 = 0155 foot vertically below C. — 
On account of the difficulty of obtaining an accurate result in the thin 
ring graphically, the work may be completed arithmetically by calculat- 
ing the bending moments, If V is the vertical shearing force, that is 
the external downward force to the left of any section (or upward to the 4 
right), V the increase of V on passing any load is equal to that load, 
hence after entering column 3, Table D, column 4 is easily obtained by 
addition or subtraction, since we know starting points Vc or V. ү 
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Also the increase 8M in bending moment between two consecutive 
loads is easily found by taxing moments about the second of the two 


to be 
8M 2 H.8y 4- Vàs, | 
which is also evident by differentiating (7), Art. 210, thus 3 
aM dm dy 
=== На 
and since 
dm 
T+V =V, M= V. ĝe + Hy. 

Columns 4and 5, Table D, follow by subtraction from columns 3 and 
4 of Table A, and from the known values of H and V, column 7 Table D, 
is easily calculated. Thus from point 3 to point 4 

8M =—or10 X 5'3644 + 32673 X 1°5384 = 1400. 

Then knowing Mc as a starting point, column 8, Table D, is com- 
pleted by additions and subtractions from column 7. Column 9, 
Table D, gives the normal thrusts on the ring sections, viz. 

P = H cos ô — V sinb. 

The radial eccentricity of thrust at any cross-section is M -+ P. 
Line x, column ro, shows that the eccentricity at the abutment A is 
0'350 foot, The limits of the middle third of the ring have an eccen- 
tricity of } of 2 ft. = 0'333 ft, so the linear arch is just outside those 
limits by o’or7 ft. or less than } of an inch. 

"The values of the extreme stressesare calculated on the assumptions 
and by the formula of Art. 112, eg. 

E e MT f 
ÁAT7Yxixstixi7s + Ib. per sq. foot, 


and at point A 

Jı = 1'5 X 15,520 + 0°5 X 44,400 = 45,500 Ib. per sq. foot. 
Jı = 1'5 X 15,520 — 0'5 X 44,400 = 1100 lb. per sq. foot, 
It will be observed from the changes in sign of M in column $, | 

Table D, that the line of thrust crosses the axis of the arch ring four times. 
. To complete the investigation it would be necessary to find the 
live load positions to give maximum bending moment at every section. 
For example, if point A be chosen, for each unit load to the left of C, 
taking a section at C and moments about A, My = Mo — HA = Vo | 
+ xı Xa, where Mo H and V; may be taken from columns 5, 2 and. 
9 respectively, of Table C. For each unit load to the right of C the 
corresponding values from the left are modified by the omission of the 
term Wa = a (since W — 1) and reversal of the sign of Vo. When all 
the coefficients for unit loads are obtained, live load may be taken af 
points which give like signs for M,, and M, then calculated for the 
extreme variations in conditions. Influence lines for M, V, H, P, etcs 
may also be plotted approximately by setting up ordinates at the load 
points 1, a, 3, 4, 5, etc. 4 
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EXAMPLES XIX. 


1. À concrete foundation has to be provided for a wall to carry 6 tons 
per linear foot at 15 tons per square foot bearing pressure. Estimate the 
depth of foundation according to Rankine's rule if the angle of 


neces: 
repose of the earth is 35°, and its weight 110 lbs. cubic foot. 
4. Using British Standard beams, find suitable dimensions for a two- 


tier grillage foundation to carry a stanchion designed to carry 100 tons, the 
base being 2 feet square. The earth is to be limited to a pressure of 175 
tons per square foot and the tensile and shear unit stresses in the joists to 7°5 
and 4 tons per square inch respectively. 

3. A retaining wall, trapezoidal in cross-section, 24 feet high and 8 feet 
wide at the base, has a vertical face and a batter of 1 in 12 at the back. 
Find according to Rankine's rule how far from the centre of the base the 
resultant thrust passes (a) for horizontal filling to the level of the top of the 
wall, (0) for the maximum surcharge of earth if the angle of repose is 45°, 
nn earth filling 120 Ibs., masonry He lbs. cubicfoot. Assuming 

iformly varying intensity of stress in each case find the extreme values of 
the normal unit stress across the base of the wall. ^ 

4. For the same height, batter and constants as in Problem No. 3, 
find the minimum width of base to prevent the resultant passing outside the 
middle third of the base. 

5. Assuming uniformly varying normal stress across the base, find the 
limit of height of a triangular masonry dam with water up to the vertical 
face in order that the vertical compressive stress across the base shall not 
exceed 6 tons per square foot if the masonry weighs 150 lbs. per cubic foot. 

6. Assuming uniform variation in the intensity of vertical stress across 
the base of the dam in Fig. 315, find the extreme unit stresses at the up- 
stream and downstream toes § and 5’, given that the widths at the levels 

3) 4) 5p are 12', 12’, 18, 32,47 ‘and 65’ respectively, and the masonry 


9, 1,2, : 
weighs 160 lbs. per cubic foot. 
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164. Circular Diagram of Stress.—The main points relating to 
the analysis of two-dimensional stress demonstrated in Arts. 15 and 16 
may conveniently be summarised in a simple geometrical construction 
sometimes known as the “ Mohr " circle or '' stress circle." 

Referring to Fig. 11, across a face the normal of which is inclined 
to the axis OX, the normal stress as found at (1) of Art. 15 may 
alternatively be written— 

Pa =U. +2) +40. — 2) 00528.» » + (1) 
also as in (2) of Art. 15, 
BM. —2)snz0 . . . . . . (2) 
It will be noticed that ?, and the part of 2, which varies with the 
angle Ø may be represented by the two rectangular projections of a 
radius vector of length }(, — #,) and making an angle 20 with OX, 
which immediately suggests a simple graphical construction for 
finding the component and resultant stresses on the plane under 
consideration (£e. the plane the normal to which is inclined 8 to OX). 

If along an axis OX, Fig. 14, a distance OB be set off to represent 
to scale the magnitude of p, and OA similarly to represent й, then if 
AB be bisected in D, OD = (2, -- 4) and AD = DB = 4(, —4,). 
If a circle ACB be described with D as centre and AD — DB as radius, 
then the stress on the plane under consideration is found by drawing 
the radius vector DC inclined 20 to DB (£e. to the direction OX). 
For DE = DC cos 28 = }(p, — 2.) cos 20, hence 

OE — OD 4- DE — Kf, -- 2) -- M. — 0) cos 20 . (3) 
and therefore represents py» 
and EC = DC sin 20 = (f, —2)sina0.— . . (4) 
and therefore represents f,. 

Hence OC, the vector sum of the two rectangular components 
OE and EC, gives the magnitude of f, the resultant stress, and the 
angle ¢ or COE gives the angle of inclination of the resultant stress 
to the normal. 

‘An inspection of the circular diagram of stress (Fig. 144) 
i ly brings out clearly certain points, e.g. that of maximum 
values of p, viz. M9, — 2, occur when 20 — ° ог 270°, £e. where 
@ = 45° or 135°, that the maximum value of ф, the obliquity of the 










558 THEORY OF STRUCTURES 


resultant stress to the normal of the plane across which it acts, occurs 
where OC touches the stress circle, #.e. when 


n4 hh 
афо 00) 





as in (g) of Art, 15. 

The case of the circle illustrated in Fig. 14A is that of two like 
stresses, and in this case the point O falls outside the circle. But it is 
evident that as %,, say, diminishes to zero the points O and A approach 
one another so that when p, =o, O and A coincide, and when 2, is of 








chord terminated 
in the centre (D) of the circle which can then be drawn. pri 
stresses and stresses on any other plane are then easily found. The 
solution of a problem may be obtained entirely by drawing lines 
scale or by tri ical calculation from the diagram. e 
A rather important case occurs when the normal and 
stresses are known on two planes at right angles. If 
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of the planes to that of the major principal stress 2, be бу ап бу + 90°, 
then the corresponding radii vectors on the circle of stress are inclined 
20; and 26; + 180° to OX (Fig. 14A), that is, they are in the same 
straight line and constitute a diameter of the circle. It follows, from 
inspection of the diagram, that not only are the tangential stresses 
on the two planes of equal magnitude, but that the projections оп О. 
of the two radii vectors are of equal length, so that one normal com- 
ponent, or value of A, say. , exceeds }(Ż, + 2,) being as much as the 
other, say s, is in defect -+ 2,), or in other words— 
AYAM S. + ss ss - + © 

A relation which is obvious from an inspection of equation (1), when 
9, and 8; +90” are substituted in turn for б. 

A further treatment of the Stress Circle is given in Art. 194.1 

19a. More General Case of Circular Stress Diagram.—As graphical 
methods make a strong appeal to some minds an alternative method 
of aj to the analysis of the three preceding articles may be 
сопзі! In order to find the component stresses in any direction 
in a material subj 
one plane, let ABC (Fig. 25. 


ect to stresses all of which have no component to 
A) represent an indefinitely small prismatic 


B 
4 
E r 
4 
3 
A gro 
в 
Fro. apa. 


element of material, the normal stress intensities being 2; and Js, on 
two mutually i faces BC and AC, both normal to the 
plane of the diagram, perpendicular to which there is no stress. 

1 A different method of and some applications are to be found in ap 
po I D ‘A Graphical Analysis of Stress," in 74e Engineer, 
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iiis. 


Then taking the faces of the prism as unit length perpendicular 
to the diagram and resolving perpendicular to the face AB, 
Pu» AB = дү. BC.cos 0 4- /,ACsin 0 4- 2. BC. sin Ó -- g . AC. cos 6. 

Pn = py 008" 8 +- pg sin? Ó -|- 2g sin Û cos Û 
or 2.— Ms -F29 Mi — 29) cos 20-Fgsinab. . . . (9) 
and resolving along the face AB— 
i AB — 24 BC sin 0 — 23AC cos 0 -- gAC sin  — gBC cos 0 
№, = р sin 0 cos Ó — p, sin Ó cos 0 -- 2 (sint 0 — cos? 0) 

or = КР — 29) sin 20 — g cos 20. t (2) 

"These two component stresses and their resultant are conveniently 
represented by a simple diagram known as the Circular. Diagram of. 
Stress. To construct this set off from O (Fig. 258) along a base line 















Fio. 255. 


OP, lengths OP; to represent ^, and OP, to represent дз to scale. 

From P, set off at ri; B agies 42 tha base Hoe & Ide PI ол 
sent g to the selected scale. Then if P,P be bisected in C, evidently 
OC represents +22) апа СР; = ČP; represents $ (%1 — 23). 

, If a circle descril with C as centre ing through Qj, 
this is the circle of stress from which may be found the component 
and resultant stresses on any plane, perpendicular to the plane of 
Fig. 254, through the point at which the given stresses дуй: and g 
act. To find the stresses across a plane (perpendicular to the plane 
of Fig. 254) inclined 0 to the plane across which 2, is the normal stress, 
fa dent Ee ee ae 

a diameter QyCQs, set off an angle CQ.Q’ equal to @) which 
determines the point Q’ on the права саа аи ораи 
a perpendicular O'N be drawn from Q' to the base line OB, the length, 
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ON = OC + CN 
= Hr + As) + (01 — ps) cos 20 = gsin 20 . . (3) 

which is the value of 2, given at (1) ; and the length 
ОМ = р — 22) sin 20 — g cos20 . . . (4) 


which is the value of 2, given at (2). 

These two relations (3) and (4) will easily be realised 1 by conceiving 
the radius vector CQ; turned through an angle 20 ing with it 
CB and P,Q, to the positions CB' and P'Q' pee M then 
projecting the length CP', which represents Y, — 9, and P'O', 
which represents g to the base line and perpendicular to it, It is 
then clear that ON and NQ' represent the components №, and 9, 
respectively, and consequently OQ' represents the resultant stress 2 
across the plane considered. 

It is easy to study from Fig. 25 the variations of A, 2, and f. 
Remembering that the radius R of the circle is— 

R = VCP F PQ = VIP 201 +02 . . (0 
it is evident that, for this case of 2, and s positive— 

(a) The value of 2, varies between the upper limit— 


KA 22 t Vini 29! t e? 


when a8 — Bor tan 40 — 257. 0. 
4e. when Q' falls on B, and the lower limit (when Q' falls on A) 


КА +20 – УКР PF + 
when 20 = B + 180° or 8 = $8 + 90°, 
fe. on a plane at right angles to that for which /, reaches its 


T 

® For these two values of @ corresponding to the limits of critical 
values of 2, the value of 2, is zero. 

(e) The value of 2, varies between the limit— 


bi — P9* +0 
when 20 — B -- 9o? or 0 — 38 -- 45^; and 
УКА =P F a 
when 20 = B + 270° or 0 — 48 = 135", the planes giving 
extreme values of 2, being at 45? to the DE giving 
extreme values of 2,. 1 5 e 
(d) The resultant stress reaches its limits with the limits of A, 
for 20 == В апа 20 = + 180° and has the same values as 
Iterna! if the radius of the stress circle, ibstituting R cos A 
ee Janda fr Gyr да б) me av 
- 2 
= EEG SA OCF ON ON 


and fora (jj y iin 20 cos 8 — R cos 20 sin 8 
Z Rsin(20— B) = Q'N' 
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$, on these planes, since /, is there zero. These values are 
therefore principal stresses and may be designated, say— 
P. — +РӘ) + УК: —РӘ# + % 
when 20 — , and D Uer 
б К 22 — VIG — 22? e? 
when 20 = B + 180° ] 

(e) Since tan 0 — 4/ 2, the angle ¢ or Q'ÓN gives the inclination 
of the resultant stress (Ø) to the normal of the plane across 
which it acts, and the maximum value of ¢ occurs when the 
vector OQ’ giving the values of p is a tangent to the stress 





Sree 
ше VEA IIF y bih 
sin Assn (os Re At OCA Eis 


If the stresses ?; and 25 are of opposite signs, say py is 
negative, it is only necessary to use the appropriate si 
in the foregoing conclusions. But it will be instructive for 
the reader to sketch the stress circle for this case and draw 
the important conclusions. Evidently the point O will 
fall within the circle, between P; and Ps. In this case the 
following conclusions are of some importance, and will be 
obvious from a sketch of the stress circle. 

(£) There will be two planes subject to pure shear stress, the normal 
stress being zero (when the point N falls on the fixed point O); 


(g) In the case of simple tension in the direction of fy, fe is zera _ 


and O coincides with Ps at one end (A) of the diameter AB. 
(Fig. 258). The maximum shear stress then has a magnitude 


1 

(A) If 2 = — ру апі о = о, ѓе. ру апі 2з аге principal stresses, 
é coincides with C and the аа shear 2 has a 
magnitude equal to у, the radius of the circle, and occurs 
on planes inclined 45° to the principal planes (28 = 90°). 

54a, Moments and Products of Inertia —It is sometimes con- 


venient to be able to calculate the principal moments of inertia of an 
area from the moments and products of inertia about two perpendicular _ 


(but not principal) axes. Let OX and OY to the right-hand side of 
Fig. 73 represent any two perpendicular axes through the centroid 
O of a plane figure, for which 3(xy8A) is not generally zero, and let 
OX" and OY" be any other pair of rectangular axes through O. Then 
(1) of Art. 54 becomes 

Iy = I, costa + Iş sin? a + X(ay3A)sinza . . (14) 
and (2) becomes 

Iy = lysin? a + I, cos* a — X(ayBA) sin 2a. . (24) 
Differentiating with respect to a, 

d1,/da = —(I, — I,) sin 2a — 23(xy8A) cos2a . (34) 

which vanishes when 
tan 2a = —23(ay8A)/(Iz—I,). . . . (4) 


CaS oe 
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d1y|da has the same value as (3A) but is of opposite sign and becomes 
zero for the same values of a, viz. those shown in (4a). Also the values 
of the second differential coefficients of Iy and Iy are of opposite sign. 
Hence Iy and Iy reach turning value for the same values of a, 90° 
apart, but when one is a maximum the other is a minimum, Sub- 
tracting (1A) from (2A) and reducing, 

Ir — Iy — (I, — Lj) cos 2a — 23(xy6A) sin 2a (5a) 


and for a maximum or minimum value of Ly, substituting for X(xy8A) 
in (5a) its value from (4A) and reducing we obtain 


l.—1y-—(,—1)seza . . + + (6a) 


The value of Iy and Iy the maximum and minimum values of I can 

be found from (24) and (14) by substituting the value of a given 
by (4A) if Ip L, and product of inertia 3(xy8À) are known, or can 
be easily calculated from given dimensions (¢.g. in a figure divisible 
into rectangles). 

By adding (14) and (24) and (6A), we should obtain 

Iy—ML- Ip. —1)sea) 2... (7А) 

а Iy = Het Iy (l lp) secz} . . . (8а) 


where a has the value given by (44) for critical values of I. 
If the product of inertia 3(x’y'3A) be found in terms of In Ip and 
X(xy8A) by writing the values of x’, and y’ from Art. 54 and reducing, 


xét cst cem TT ese . (n 


But under the condition (44) for maxi- 
mum and minimum values of Iy and 
Iy substitution in (9A), say, for sin 2a 
from (44) shows that 


X(x'y'8A) — o 

That is, for the principal axes the 
product of inertia is zero, a point 
assumed as a definition in Art. 54. 

Graphical Method: —If v E m 
XC are given, equations 
(4А) provide for a simple graphical 
construction for finding the principal 
moments of inertia and position of the 





Fic. 734+ 
rincipal axes. In . 73A, make 
ROTE AC oi ede Bisect AB in O and describe the circle 


AEBF. Set of (xy8A) perpendicular to AB, join OD, and 
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complete the diameter FODE. Then OC = }(BC — AC) =4(1, — I); 
hence the angle 


COD = tan-3{23(2y8A)/(L.—I,)} = 20 
1 


and OD = ОС вес за = #(1„ — Ip) sec 2a — 41e — I) 





TABLE OF ULTIMATE COMPRESSION OR CRUSHING STRENGTH. 





Breaking strength ia tons 
per square inch, 
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TABLE OF APPROXIMATE WORKING STRESSES ¥OR DEAD LOADS. 
Material. Kind of stress. Magnitude of allowable stress. 


Structural steel. . . . . . | Tension 8 to 9 tons per square inch, 
i 75 „ ” » 
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APPENDIX 11 


DIMENSIONS AND PROPERTIES OF BRITISH 
STANDARD SECTIONS. 


THESE Tables are based on Report No. 6 of the British Standards 
Institution and are published by permission of the Institution. Some 
of the Tables are slightly modified in form, and some contain the 
properties of sections of thicknesses not given in the above Report. All 
the tables have been taken by permission of Messrs. Dorman, Long & 
Co., Ltd., from their “ Pocket Companion.” 
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TABLE I. 
DIMENSIONS AND PROPERTIES OF 





Weight 
ра 
is. 
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TABLE I.—continued. 


BRITISH STANDARD I BEAMS, 
rep 








About. 


























579 THEORY OF STRUCTURES $ 


ТАВІЕ П. 
DIMENSIONS AND PROPERTIES OF 





0525 
0'525 
0:500 
9375 
0475 
9475 


0475 





х 
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1 
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TABLE II.—continued. 
BRITISH STANDARD CHANNELS. 


‘Moments of inertia | Section modu | Radii of gyration 
Area | Dimen- 
‘sion. Reference 
About 
YY 








TABLE III.—continued. 
BRITISH STANDARD ZED BARS. 





12/876 | 23573 
12418 | 19'531 
12'024 | 15932 
11618 | 127745 


"es | a 
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TABLE IV. 
DIMENSIONS AND PROPERTIES OF | 
X BRITISH STANDARD UNEQUAL | 
1 ANGLES. Я 
Radi 4, Moments. Section. A 
a all 
x | кете! › |» | ЬШ en 
з | |а |е е | |е |ә [1 [u 1 1234 
on [5s ] 
^1 | 428,558 | 56 1431074]. 
Eleg Hus d E 
$958 11 | 2°26 14 о 
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TABLE IV.—continued. 


ENSIONS AND PROPERTIES OF BRITISH STANDARD 
fie UNEQUAL ANGLES. 














3 
Refer- Hi 
ence Ё 
mark 
14 
x 4 
BSUA p6s 
15 pes 
15 6 
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4 
14 
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4 74 
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12 " 
12 n 
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п oe 
и e 
n pé 
п 
2 62 
: 61 
2 1 
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TABLE V. 


DIMENSIONS AND PROPERTIES 
OF BRITISH STANDARD EQUA 
ANGLES. 


Weight 
(oot 
Pin. 
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25 
3889 
"ar 
2118 
28°70 
12727 
1615 
19°92 
1190 
ih 
972 
12°75 
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TABLE VI. 


DIMENSIONS AND PRO- 
PERTIES OF BRITISH 
STANDARD TEES. 
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ANSWERS TO EXAMPLES 


EXAMPLES I. 


(1) 396 tons per square inch ; 13,700 tons per square inch; 1°98 tons 
per square inch. 

2) 20° s4h/; 2°62 tons per square inch ; 2°80 tons per square inch, 

(3) 327 tons per square inch ; 3°60 tons per square inch. 

(4) 00318 inch. 

& 23,200,000 Ibs. per square inch ; 3:385. 

) 3°5 tons per square inch; 0°866 ton per square inch ; 60 tons per 
square inch inclined 76° 5 to the plane. 

(7) 32°5° and 354 tons per square inch, or 72° and 2°27 tons per square 
inch. 
8) 458 tons per square inch 40'9? to plane ; 4 tons per square inch. 

@ за per square inch; normal of plane inclined 38° to axis of 
5-ton stress. 

(10) 665 tons per square inch ; normal of plane inclined 22]? to axis of 
5-ton stress. 

(11) 4828 tons per square inch tensile on plane inclined 22]? to cross- 
section. 0828 ton per square inch compressive on plane inclined 674° to 
cross-section. 

(12) 416 and 3716 tons per square inch, 

(13) 4375 tons per square inch. 

mi-m-i 

OD mm- 

(15) 19,556 lbs. per square inch (steel); 10,222 lbs. per square inch 
(brass) ; 48°89 per cent. 


EXAMPLES II. 
@) аза 21°6 tons per square inch ; 23°§ per cent.; 13,120 tons per 


eee 
20 inch-pounds. 

2760 and 16726 inch- 4з. 

8 tons per square inch ; 0'0738 inch ; 4°06 tons. 
) (a) 55 tons ; 407 square inches ; (4) 25 tons: 185 square inches. 
) $46 tons per square inch. 
(9) 3°50 inches. 

10) 4°17 tons inch (Launhardt) ; 3°33 tons inch 

Фф ) per square ); 333 tons per square. 


(11) 1°56 square inch rum 171 square inch (Dynamic). 
п 


К (а) 1577 tons; (/) 69/1 tons. 
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EXAMPLES Ill. 


1) 11746 Ibs,, 28°6 inches, 197°. 

2) 1777 tons right, 11'3 tons left. 

G) Left 10 tons, right 3 tons. 

2 21:6 ІЫз, 134° measured clockwise. 

3°55 inches, 
2°52 inches from outside of flange. 
312 (inches). 
741 (inches)', 2747 inches. 


EXAMPLES IV. 


2650 tons-feet. 
8 tons-feet ; 6 feet from left end; 9°75 tons-feet. 
- (à) 10% 958 feet from left support ; 88-1 tons-feet; 87 tons-feet. 


(5) = Vite Er onsfeet; 10'4 feet; 41'5 tons-feet. 


j 158 tons-feet ; 20 tons ; 50 tens-feet ; 14 tons. 


9 0207! and 02931 from ends. 
To) 46 tons-feet; 0°5 ton-foot ; 4°9 feet from left support; 474 feet 


from pu PPO 
(11) 13 tons-feet; 2:89 feet from left support; 1°46 feet from right 


support. 
(12) 27°5 tons-feet ; 52 tons-feet ; 16 tons-feet ; 415 feet (left) and 1'41 
feet (right). 


(13) (а) WZ; (8) iwi = 5) 

(14) (a) AWE; (0) awh + 2) 
EXAMPLES V. 

g 4/8 tons per inch, 


(3, 15625 tons ; 7312 tons. 
93775 feet ; 2532 tons-inches. 
d) Mio ite per square inch; 609'5 fcet. 


7) 13'1 inches. 

8) 144. 

9) 12 feet. 

10) 327 to t. 

11) 7 tons per square inch. 

12) 21,750 

13, зро аа 

1) 257 t E Eaton 9s tonspst сага fadle 


UR 
16) 7°t5 tons per square inch. 
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(17) 16 inches. 
(18) F inch. 
(19) 1437 lbs. ; 6930 Ibs. per square inch. 
'20) 0°63 square inch ; 386 Ibs. 
21) 467 square inches. 
22) 0'565 square inch ; 14,580 Ibs. per square Inch. 
23) 3 square inches ; 18,900 lbs, per square inch. 
24) 9580 Ibs. per square inch ; 1,040,000 Ib.-inches. 
25) 351,900 Ib.-inches ; 18,000 Ibs. per square inch, 
26 1502. T 
(27) 5°80 tons per square inch ; 3°93. 
(28) 4:68 tons per square inch tension inclined 53° 44’ to section ; 2:60 
tons per square inch inclined 36? 46' to section. 





EXAMPLES VI. 


a 1875 tons; —16:875 tons; --7'5 tons; 337'5 and 450 tons-feet, 
2) Positive, 0'33, 0°67, and 1 ton; negative, 1°67, 133 and 1 ton; 833 
Vons-feet; 1333 tons-feet ; 15 tons-feet, 

(3) 1125, 375 and 525 tons ; 162'5, 306 and 318775 tons-feet ; 0255 ton 
per foot. 

4) 243 tons-feet ; 2*5 feet from centre ; 240 tons-feet. 

5) 100 tons-feet at centre ; 27°24 feet. 

(6) 31'2 feet from an abutment ; 779 tons-feet. 

p 3,238,500 Ib.-feet ; 615,000 Íb.-feet. 

(8) 137,700 Ibs, 

9). 5,500 Ibs. per foot ; 4,400,000 Ib.-feet : 4,320,000 Ib.-feet, 

1o) 12752 feet. 

(11) 612 tons-feet ; 7'5 tons ; 13'5 tons- 


"EXAMPLES VII, 


qu D) 696 tons ; 474 tons per square inch ; 7°94 tons; 379 tons per square 
inch. 





(3) з коне (реш) from centre of span; o'262 Inch, 
(0 IW; y xr. 

(5) AW; WE; WI; 
© н. 

O) h ge 

д) 0'134 inch ; 0148 inch ; 9725 inches from centre ; 0'148 inch. 


9) 9°18 tons ; 3'3 tons. 0 
5 88 inches from centre ; inch, 





1 1 w^ 
4 from free end; ; 92038 W. 
48/5 EI * 


11) 12'083 tons (centre) ; 3°958 tons (ends), 
12) 0414; 0°68. 
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m 929; 0337 ; 9644. 
(15) 00186 inch ; 0-224 inch ; o'o181 inch (apward) ; 987 feet. 
(16) c'o988 ; 0073 inch (upward) ; o'409 inch ; 4°63 feet to left of D. 
wi 
7 esp 
8 inch 
(18) 2°98 p 
(19) e'o2417g T, 


mE 


WE, 
(20) 90153 ET, 
ExAMPLES VIII. 


E SEAR ul: RUN; Goss lom cente 
(O) EWL; AWI; sta Si rh Ep 3 dd from ends. 
W AWG AWE AW: BW: rie YE nir pr) f from light 
end; 3.2; $l and f from light end. 
@ узар f ); 19475 tons-feet (right). — 
т and; 5 o'182/ and 43/ from heavy end ; 0443 from heavy 


Nt RN AS Ih em nis gris 


end ; 0'00134 57" 


` 


2 P. 
(7) e1108W7 ; 01392W/ j 0'007 Yr 


we 
(8) 00759W/ ; 00491 W1 ; 90037 T" 


(9) o, диер, дуи, оз anl, Yael, Fwi, ool. 
(10) o, 175 tons-feet, 125 tons-feet, 0; 24:16 tons, 577685 tons, 55 tont, 


23°75 tons. 
Gr) 7429 tons-feet at B, 4'913 tons-feet at C; in order A, B, C, D, 3°45) 
734, 639, 382 tons. 
(12) (4) From fxed end, yl, Vus, wl, o; iet, Mt На 
kl. (6) Тае? at cach ; Fat ends, w/ at inner supports. T 
(13) In order A, B, C, D, 6'193, 5661, 5486, 0 tons-feet j 4/441, боз, 1 
"703 tons. 
14) 2°94 and 8°65 tons-feet ; 401, 5°60, 8:32, 3°07 tons. Е 
15) 3'2t0 1, 1 to 3. 
16) 7°4 per cent. 1 


от € Vs +) at centre, wa ~ 5) sends x 
a (i) st etre a(t >) mt 
(18) (а) Wa — J) at centre w 1 + )ي‎ at e 


в wa + j) at centre, Wi(x + zip) at ends, 
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EXAMPLES IX. 

(х) 1936 and 0'844 tons per square inch. (8) 354 tons. 
@ 5/6 and 2*4 tons per square inch. (9) 324 tons. 
(3) 77417 and 6'583 tons per square inch. (10) 36°6 tons. 
n ene i X tons. 

ji 12) 0°48 inch, 
à 4 feet 66 inches, us 95 inches. 
(7) 989 tons. (14) 343 inches. 
(15) 2441 and 0'339 tons per square inch. 
(16 959 inch, 
17) 463 inches ; 0°34 ton per square inch. 
18) 770 tons. 
19) Ig'o6 tons ; 542 tons per square inch. 
20) 27275 incl 
21) 13 tons ; 4'06 tons per square inch. 


4 
22) 4571 and 521 pounds per square inch compression. 


23) 00308 inch ; 3173 pounds per square inch. 


EXAMPLES X. 


(1) At bearings 392 Ibs., at apex and struts 784 lbs, at bearings and 
apex 940 lbs., at strut 1880 Ibs. 


(2) 7390 lbs. UNA 
(3) At shoe and apex 1155 Ibs. 5 at intermediate joints 2310 Ibs, 


EXAMPLES XI. 


(т) Dead loads, Main rafters and short strut 2630, 2280 and 700 Ibs. 
thrust, Main ties and inclined ties 2350, 1568 and 786 Ibs. tension. Wind 
Toads. Main rafters and short strut 3290, 3290 and 1880 Ibs. thrust. Main 
ties and inclined tie 3680, 1575 and 2100 lbs. tension. 

(2) Main rafters 7700, 6060, 7700 Ibs. thrust, short struts 3980 Ibs. thrust, 
main ties 8610 and 3100 Ibs. tension, inclined tie 5510 Ibs. tension. 

(3) Main rafters 14,680, 13,830, 13,000, 12,300 lbs. thrust; truss 
struts 1680, 3360, 1680 Ibs. thrust; main ties 15,19 21259; 7500 Ibs.. 
second truss ties 3750 and 5625 Ibs., sub-truss tie 1875 

4) Add to aes НЕ аце омот о Ibs., 
24 5,1bs., 12,440, 150 Ibs., 5530, 8300 Ibs., 3 

E y Prim ici end, + for Кал. — for thrust Diagonals — 16°96, 
+1 — 1119, + 11°19, — 7089 + 5089,+ 036, — 0" eS, pee 
4+ 902, – 902, + 902, — 9702, + 902, — 9°02 tons. Тор thrusts 16° 
28°16, 33°26, 32 90, 2678, 1778, 878 tons. Lower Chord tensions 848, 


22:56, 50°71, 33°08, 29°84, 22°28, 13°28, 4°28 tons. 
KL Diagonals (tension) $4, 
(6) Coefficients of W from left en jage ы cat Pd њо 


Уа oed dona (asta) o, &, Me fh 
ido 

опе е0. №, 

н-м. 


9 Top chord thrusts firm support to centre 1294, 1230, 1295, 1423, 1402, 
1378 tons. Lower chord tensions, 915, 915) 931+ 1290, 1290, 1444, 1444 


1422 tons. 
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ExAMPLES XII. 


(r) From support to centre (in tons) ^ Lower chord maximum 
tensions, 4T, 44, 756, 945; minimum tensions, 12'6, 126, 21°6, 270; 
TER chord maximum thrusts, 756, 945, 1008. ; minimum thrusts, 216, 27'0, 
a8 


(2) + tension, — thrust (in tons). End posts,— 73:5, — 21. Diagonals, 
support to centre first, + 54°4, +_13'1, second +37'I, + 3'4, third + 21°8, 
—8'3. More exactly diagonals: first +53'7, +13°9, second +35°8, +4°8, 
third +201, —65. : 

(3) From support to centre (in tons); lower chord tensions (pax 
233, 603, 787, (min.) 603, 15°3, 19°9; upper cord thrusts (max. 
2r 73:9, 83'1, (min.) 115, 185, 208; extreme stresses in diagonals, еп 
to centre (tension +) max. —468, +45°65, —29'65, --28'50, —15735, 
+1420, min. —12°, + 10°95, —6'11, +4'96, +2°66, —3°81. 

(4) 2°8 tons per foot. 1 

From end to centre (in tons) ; lower chord maximum tensions o, 30, 
42°86 ; top chord maximum thrusts 30°9, 43°3, 48'2; diagonals maximum 
tensions 42°1, 23°3, 12°6; verticals maximum thrusts 37°5, 17:8, 97, о. 





EXAMPLES XIII. 


1) =1250w, +3750w and +2500 tons-feet. 
(2) Maximum tension 115°8 tons ; maximum thrust 261 tons-feet. 

) Вау QE ; 67’0 tons ; 121 tons. 

9 MF and FG. 

5) t11'4 and 1375 tons (tension). 

б) 104 and 12'6 tons. 

(7) 49°3 tons thrust ; 21674 tons tension. 

8 62'8 апа 21'2 tons tension. 

(9) 185,600 and 66,900 Ibs. tension. 

To) Thrusts 14 tons ; tension 17'4 tons. 

11) Thrusts 14 tons , tensiva 9*9 tous. 

12) Stresses in Ibs. ; tension + ; tie, +1000 ; jib '—1732 ; shear k 
(a)--650 each, ()--1060 and +170, (c)+1154 and o; post (@)+370, (6) 
+310, (c) +260; strict RS, (a)— 485, (4)—785, (c)—8703 strut RT (a)~ 485, 
(4)= 125, (¢) о. 

(13) AB 1450 Ibs., AD 1280 Ibs., AC 800 Ibs, 





EXAMPLES XIV. у 


9 0252 inch; 0*00762 inch. 
2) 02124 inch. 
a ACD BC 549 tons, DC 
» 2*4 ; Ў "25 tons. 
(5) Sides оу Ша; табса! Diagonal 707 
diagonal 293 Ibs. thrust. 
e 07357 W and 0467W.. 
1540 lbs. tension, 2180 Ibs. thrust. 
(8) 25°98 tons, (a) 40 tons, (4) 38 tons. 


lbs. tension ; horizontal 





ANSWERS TO EXAMPLES 587 


EXAMPLES XV. 
(1): 242 Ibs. ; 6703 tons per square inch ; 1°33 ton per square inch, 





3) 59,130 Ib-feet. 
3) 56,318 Ib.-feet. 
2'625 tons-feet; 1'125 tons-feet. 
d 0'393 inch, 
2'5 tons-feet ; 1°25 tons-feet, 
(7) 0'357 inch. 
(8) 12455 ; 10446 and 21797 tons-inohes. 
(9) 01148 inch. 
EXAMPLES XVI. 
1) to ($) Indefinite ; refer to Plate Il, 
6) 4°91 tons. 
7) 2749 tons. 
8) 2943 tons. 


EXAMPLES XVII. 


1) 6 feet 8 inches and 12 feet 10 inches. 

2) 16 feet 1 inch. 

3) 1'25 inch; 23 feet 6 inches ; 32 feet. 

4, Tn rivets, pitch 5°8 inches theoretical, 4 inches actual ; or 1 inch 
rivets, 6-inch pitch changing to J-inch rivets at first stiffener. * 

(5) 24 inches or 21 inches according to 4-inch or 6-inch pitch. 

(6) (a)6 tons 12 cwt. 1 qr. 13 Ibs. ; (6) 17 cwt. 2 qrs. 22 Ibs. ; (c) 8 cwt. 
3 qrs. 17 Ibs, 


ExawPLES XVIII. 


& 3710 feet. 
2) i tons; 1077 sq. inches ; 82°13 feet, 5777 tons ; 48°85 tons; 3°36 


tons ; 46'9 tons. 
'3) (by calculation) left end 30°79, right end 31°10 tons. 
4) 473 tons ; 48 tons-feet; left — 15 tons-feet, ight + Io tons-feet. 
'5). + 18°83 tons-feet ; — 18°83 tons-fect at 234 feet from left, 6o'5 feet 
from right and 39°5 feet from left loaded. 
(6) + 175625 and — 3'4375 tons; + 2'5 and — 2°5 tons ; + 2°8125 and 
— 2'1875 tons. 
@ + and — 09450, 0625, 17055 tons. 





8) 40'39 tons + and — 62°5 tons-feet ; — 15 tons-feet, -- 10 tons-feet. 

9) + and — 31°25 tons-feet ; for + value, 25 feet from each end ; for 
— value $o feet central. 

10) 3- and —.2*5 tons for all sections. 

11) + and — 1°25 tons for all sections. 


tons-feet ; 251 tons-feet ; 25'I tons; 0'57 ton. 
bu) I DT OS tons; 
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16) + and — 0:563 W and 09945 W. 
9 Thrust 1'032 Чу, tension DIE W ; (W = load per 50 feet panel), 
30°5 tons, 


yeu tons ; 21'9 tons-feet. 

'96 tons; 5'66 tons-feet ; 5'8 tons ; 6*4 tons-feet. 
(29) 0'421 ton. 

(22) 0°43 ton per sq. inch. 

(23) 11°72 tons ; — 18775 tons-feet. 


(24) Ends — 0'0553 W/; -¥; 0'459 W; Crown — 00757 WZ; 0459 


W ; zero. 

(25) 03103 ton. 
26) 1950 Tbs. per sq. іпсћ ; 50'5°, 
(27) 1°62 tons per sq. inch. 


EXAMPLES XIX. 

(1) 2724 feet. 

(2) Three 12" x 5" beams on eight 8" x 4" beams all 7 feet long in. 
Sg rere ES i 

(3) (а) г", . 36, ibs. tl it and 168 Ibs. tension sq. ft. ; (2) 1; 

5 he thrust thrust and 4 4 Ibs. tension per sq. ft ES. iso 

OO: a) VUL (6) 804 

(6) ы toe 622 tons per sq. ft.; downstream toe 4'98 tons per 


sq. foot. 


American Ry. Eg. and maintenance of 
Way impact experiments and 
е 


Angle of repose of earth, $29 


Aid ibs dox ro 





455 
“Arches, Chaps. KII, and XIX. Bridge Stress Committee, 58 
circular, $16, 518, 524, 549 Bridges cantilever, 373 
dead loads on, 33t 





masonry, 545 








parabolic, 507) e 524 
—, 14, 51 
d ае 514. S 9 a8 
B 
Baker, Sir B., 47 
Baltimore truss, 327, E 368 
Bamford, H., on moving loads, 168 
N P, ХА уш. 
کو ا ا و‎ Chap, VE c 
—, connections, 5! 
—} deflection a chaps. Vil. and e hanging, 488, 493 
S Dien amete E a. A юата 
— of uniform st 142 
—, resilience of, 254 у 254, 373 
x stresses. i E v. f, 200, 212, 223 
rage seating 271 
iron, Б 
ait ing, PE س‎ 131 
— Saat imit, ia Cini Deiat bridge, 380 
force on зза 
Een 
Chains, Chane an 376 
Chr J» on vor ve 
Circle of stress, 16, 


Circular arch, 5195 БИ or 549 
r ин ett 


Clark, T. р, со ал, эю 
589 





590 


Cleat connections, 4 

Coefficient of elasticity, 4; table, 563 

Columns, 281. See Stanchions 

Combined bending and direct stress, 
er 313 
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